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PREFACE 


Why have I chosen to write a book on convection heat transfer when 
several already exist? Although I appreciate the available publications, in 
recent years I have not used a text book to teach our graduate course in 
convection. Instead, I have relied on my own notes, not because existing 
textbooks are unsatisfactory, but because I preferred to select and organize 
the subject matter to cover the most basic and essential topics and to strike 
a balance between physical description and mathematical requirements. As 
I developed my material, I began to distribute lecture notes to students, 
abandon blackboard use, and rely instead on PowerPoint presentations. I 
found that PowerPoint lecturing works most effectively when the presented 
material follows a textbook very closely, thus eliminating the need for 
students to take notes. Time saved by this format is used to raise questions, 
engage students, and gauge their comprehension of the subject. This book 
evolved out of my success with this approach. 

This book is designed to: 

• Provide students with the fundamentals and tools needed to model, 
analyze, and solve a wide range of engineering applications involving 
convection heat transfer. 

• Present a comprehensive introduction to the important new topic of 
convection in microchannels. 

• Present textbook material in an efficient and concise manner to be 
covered in its entirety in a one semester graduate course. 

• Liberate students from the task of copying material from the 
blackboard and free the instructor from the need to prepare extensive 
notes. 

• Drill students in a systematic problem solving methodology with 
emphasis on thought process, logic, reasoning, and verification. 

• Take advantage of internet technology to teach the course online by 
posting ancillary teaching materials and solutions to assigned 
problems. 



Hard as it is to leave out any of the topics usually covered in classic 
texts, cuts have been made so that the remaining materials can be taught in 
one semester. To illustrate the application of principles and the construction 
of solutions, examples have been carefully selected, and the approach to 
solutions follows an orderly method used throughout. To provide 
consistency in the logic leading to solutions, I have prepared all solutions 
myself. 

This book owes a great deal to published literature on heat transfer. As 
I developed my notes, I used examples and problems taken from published 
work on the subject. As I did not always record references in my early 
years of teaching, I have tried to eliminate any that I knew were not my 
own. I would like to express regret if a few have been unintentionally 
included. 

Latif M. Jiji 

New York, New York 

January 2006 
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1 


BASIC CONCEPTS 


1.1 Convection Heat Transfer 

In general, convection heat transfer deals with thermal interaction between 
a surface and an adjacent moving fluid. Examples include the flow of fluid 
over a cylinder, inside a tube and between parallel plates. Convection also 
includes the study of thennal interaction between fluids. An example is a 
jet issuing into a medium of the same or a different fluid. 

1.2 Important Factors in Convection Heat Transfer 

Consider the case of the electric bulb shown in 
Fig. 1.1. Surface temperature and heat flux 
are T s and q", respectively. The ambient fluid 
temperature is T x . Electrical energy is dissipat¬ 
ed into heat at a fixed rate determined by the 
capacity of the bulb. Neglecting radiation, the 
dissipated energy is transferred by convection 
from the surface to the ambient fluid. Suppose 
that the resulting surface temperature is too high 
and that we wish to lower it. What are our 
options? 

(1) Place a fan in front of the bulb and force the 
ambient fluid to flow over the bulb. 

(2) Change the fluid, say, from air to a non-conducting liquid. 

(3) Increase the surface area by redesigning the bulb geometry. 

We conclude that three factors play major roles in convection heat transfer: 
(i) fluid motion, (ii) fluid nature, and (iii) surface geometry. 



Other common examples of the role of fluid motion in convection are: 
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• Fanning to feel cool. 

• Stirring a mixture of ice and water. 

• Blowing on the surface of coffee in a cup. 

• Orienting a car radiator to face air flow. 

Common to all these examples is a moving fluid which is exchanging heat 
with an adjacent surface. 

1.3 Focal Point in Convection Heat Transfer 

Of interest in convection heat transfer problems is the determination of 
surface heat transfer rate and/or surface temperature. These important 
engineering factors are established once the temperature distribution in the 
moving fluid is determined. Thus the focal point in convection heat transfer 
is the determination of the temperature distribution in a moving fluid. In 
Cartesian coordinates this is expressed as 

T = T(x,y,z,t) . (1.1) 

1.4 The Continuum and Thermodynamic Equilibrium Concepts 

In the previous sections we have invoked the concept of temperature and 
fluid velocity. The study of convection heat transfer depends on material 
properties such as density, pressure, thermal conductivity, and specific 
heat. These familiar properties which we can quantify and measure are in 
fact manifestation of the molecular nature and activity of material. All 
matter is composed of molecules which are in a continuous state of random 
motion and collisions. In the continuum model we ignore the characteristics 
of individual molecules and instead deal with their average or macroscopic 
effect. Thus, a continuum is assumed to be composed of continuous matter. 
This enables us to use the powerful tools of calculus to model and analyze 
physical phenomena. However, there are conditions under which the 
continuum assumption breaks down. It is valid as long as there is 
sufficiently large number of molecules in a given volume to make the 
statistical average of their activities meaningful. A measure of the validity 
of the continuum assumption is the molecular-mean-free path X relative to 
the characteristic dimension of the system under consideration. The mean- 
free-path is the average distance traveled by molecules before they collide. 
The ratio of these two length scales is called the Knudson number, Kn, 
defined as 
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Kn = , (1.2) 

D e 

where D e is the characteristic length, such as the equivalent diameter or 

the spacing between parallel plates. The criterion for the validity of the 
continuum assumption is [1] 


Kn <10 _1 . (1.3a) 

Thus this assumption begins to break down, for example, in modeling 
convection heat transfer in very small channels. 

Thermodynamic equilibrium depends on the collisions frequency of 
molecules with an adjacent surface. At thermodynamic equilibrium the 
fluid and the adjacent surface have the same velocity and temperature. 
This is called the no-velocity slip and no-temperature jump, respectively. 
The condition for thermodynamic equilibrium is 

Kn< 10' 3 . (1.3b) 

The continuum and thermodynamic equilibrium assumptions will be 
invoked throughout Chapters 1-8. Chapter 9, Convection in Microchannels, 
deals with applications where the assumption of thermodynamic 
equilibrium breaks down. 

1.5 Fourier’s Law of Conduction 

Our experience shows that if one end of a metal bar is heated, its 
temperature at the other end will eventually begin to rise. This transfer of 
energy is due to molecular activity. Molecules at the hot end exchange their 
kinetic and vibrational energies with neighboring layers through random 
motion and collisions. A temperature gradient, or slope, is established with 
energy continuously being transported in the direction of decreasing 
temperature. This mode of energy transfer is called conduction. The same 
mechanism takes place in fluids, whether they are stationary or moving. It 
is important to recognize that the mechanism for energy interchange at the 
interface between a fluid and a surface is conduction. However, energy 
transport throughout a moving fluid is by conduction and convection. 
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We now turn our attention to 
formulating a law that will help us 
determine the rate of heat transfer by 
conduction. Consider the wall shown 
in Fig. 1.2. The temperature of one 
surface (x = 0) is T si and of the other 
surface (x = L) is T so . The wall 
thickness is L and its surface area is 
A. The remaining four surfaces are 
well insulated and thus heat is 
transferred in the x-direction only. 

Assume steady state and let q x be 
the rate of heat transfer in the x- 
direction. Experiments have shown 
that q x is directly proportional to A 
and (T si - T so ) and inversely proportional to L. That is 

A (T si - T so ) 



q x cc ~ 


L 


Introducing a proportionality constant k, we obtain 

AIT —T\ 

q x =k Ksi L so) , (1-4) 

where k is a property of material called thermal conductivity. We must 
keep in mind that (1.4) is valid for: (i) steady state, (ii) constant k and (iii) 
one-dimensional conduction. These limitations suggest that a re¬ 
formulation is in order. Applying (1.4) to the element dx shown in 
Fig. 1.2 and noting that T si —> T (x), T so —>T(x + dx), and L is replaced 
by dx, we obtain 


q x 


k r a T( x ) ~ T(x + dx) 
dx 


^ a T(x + dx) - T (x) 
dx 


Since T(x+dx) - T(x) = dT, the above gives 

, , dT 

q x =~ kA — - (1-5) 

dx 

It is useful to introduce the term heat flux q" x , which is defined as the 
heat flow rate per unit surface area normal to x. Thus, 
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q 


tt 

x 


= <h 
A ’ 


Therefore, in terms of heat flux, (1.5) becomes 


q 


rr 

x 



(1.6) 


(1.7) 


Although (1.7) is based on one-dimensional conduction, it can be 
generalized to three-dimensional and transient conditions by noting that 
heat flow is a vector quantity. Thus, the temperature derivative in (1.7) is 
changed to partial derivative and adjusted to reflect the direction of heat 
flow as follows: 


q 


n 

x 





( 1 . 8 ) 


where x, y, and z are the rectangular coordinates. Equation (1.8) is known 
as Fourier’s law of conduction. Four observations are worth making: (i) 
The negative sign means that when the gradient is negative, heat flow is in 
the positive direction, i.e., towards the direction of decreasing temperature, 
as dictated by the second law of thermodynamics, (ii) The conductivity k 
need not be uniform since (1.8) applies at a point in the material and not to 
a finite region. In reality thermal conductivity varies with temperature. 
However, (1.8) is limited to isotropic material, i.e., k is invariant with 
direction, (iii) Returning to our previous observation that the focal point in 
heat transfer is the determination of temperature distribution, we now 
recognize that once T(x,y,z,t ) is known, the heat flux in any direction can be 
easily determined by simply differentiating the function T and using (1.8). 
(iv) By manipulating fluid motion, temperature distribution can be altered. 
This results in a change in heat transfer rate, as indicated in (1.8). 


1.6 Newton's Law of Cooling 

An alternate approach to determining heat transfer rate between a surface 
and an adjacent fluid in motion is based on Newton’s law of cooling. Using 
experimental observations by Isaac Newton, it is postulated that surface 
flux in convection is directly proportional to the difference in temperature 
between the surface and the streaming fluid. That is 

-tj. 
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where q" s is surface flux, T s is surface temperature and T x is the fluid 
temperature far away from the surface. Introducing a proportionality 
constant to express this relationship as equality, we obtain 

q"s=h{T s ~T x f). (1.9) 

This result is known as Newton's law of cooling. The constant of 
proportionality h is called the heat transfer coefficient. This simple result is 
very important, deserving special attention and will be examined in more 
detail in the following section. 


1.7 The Heat Transfer Coefficient h 


The heat transfer coefficient plays a major role in convection heat transfer. 
We make the following observations regarding h: 

(1) Equation (1.9) is a definition of h and not a phenomenological law. 

(2) Unlike thermal conductivity k, the heat transfer coefficient is not a 
material property. Rather it depends on geometry, fluid properties, motion, 
and in some cases temperature difference, AT = (T s - T r/ ). That is 


h = f (geometry, fluid motion, fluid properties, AT). (1.10) 


(3) Although no temperature distribution is explicitly indicated in (1.9), the 


analytical determination of h 
distribution in a moving fluid. 
This becomes evident when both 
Fourier’s law and Newton’s law 
are combined. Application of 
Fourier’s law in the v-direction 
for the surface shown in Fig. 1.3 
gives 


requires knowledge of temperature 



q 


ft 

S 


-k 


8T(x,0,z) 

dy 


( 1 . 11 ) 


Fig. 1.3 


where y is normal to the surface, ST (x,0, z) / dy is temperature gradient in 
the fluid at the interface, and k is the thermal conductivity of the fluid. 
Combining (1.9) and (1.11) and solving for h, gives 
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h = 


8T(x, 0, z) 

dy 

(T-T.) 


( 1 . 12 ) 


This result shows that to determine h analytically one must determine 
temperature distribution. 

(4) Since both Fourier’s law and Newton’s law give surface heat 
flux, what is the advantage of introducing Newton’s law? In some 
applications the analytical determination of the temperature distribution 
may not be a simple task, for example, turbulent flow over a complex 
geometry. In such cases one uses equation (1.9) to determine h 
experimentally by measuring q” , T s and T x and constructing an empirical 
equation to correlate experimental data. This eliminates the need for the 
determination of temperature distribution. 

(5) We return now to the bulb shown in Fig. 1.1. Applying Newton’s law 
(1.9) and solving for surface temperature T s , we obtain 


ff 

T s = T* + ■ (113) 

h 

For specified q" and T r/j , surface temperature T s can be altered by 

changing h. This can be done by changing the fluid, surface geometry 
and/or fluid motion. On the other hand, for specified surface temperature 


T s and ambient temperature T r , , 

equation (1.9) shows that surface 
flux can be altered by changing h. 

(6) One of the major objectives of 
convection is the determination of h. 

(7) Since h is not a property, its 
values cannot be tabulated as is the 
case with thermal conductivity, 
enthalpy, density, etc. Nevertheless, 
it is useful to have a rough idea of 
its magnitude for common processes 
and fluids. Table 1.1 gives the 
approximate range of h for various 
conditions. 


Table 1.1 

Typical values of h 

Process 

/j(W/m 2 -°C) 

Free convection 

Gases 

Liquids 

5-30 

20-1000 

Forced convection 

Gases 

Liquids 

Liquid metals 

20-300 

50-20,000 

5,000-50,000 

Phase change 

Boiling 

Condensation 

2,000-100,000 

5,000-100,000 
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1.8 Radiation: Stefan-Boltzmann Law 

Radiation energy exchange between two surfaces depends on the geometry, 
shape, area, orientation, and emissivity of the two surfaces. In addition, it 
depends on the absorptivity a of each surface. Absorptivity is a surface 
property defined as the fraction of radiation energy incident on a surface 
which is absorbed by the surface. Although the determination of the net 
heat exchange by radiation between two surfaces, q n , can be complex, the 
analysis is simplified for an ideal model for which the absoiptivity a is 
equal to the emissivity s. Such an ideal surface is called a gray surface. 
For the special case of a gray surface which is completely enclosed by a 
much larger surface, <y p is given by Stefan-Boltzmann radiation law 

q n = ctv4j (T’i -T 2 ), (1-14) 

where £ x is the emissivity of the small surface, A , its area, T x its absolute 
temperature, and T 2 is the absolute temperature of the surrounding surface. 
Note that for this special case neither the area A 2 of the large surface nor 
its emissivity e 2 affect the result. 


1.9 Differential Formulation of Basic Laws 

The analysis of convection heat transfer relies on the application of the 
three basic laws: conservation of mass, momentum, and energy. In 
addition, Fourier’s conduction law and Newton’s law of cooling are also 
applied. Since the focal point is the determination of temperature 
distribution, the three basic laws must be cast in an appropriate form that 
lends itself to the determination of temperature distribution. This casting 
process is called formulation. Various formulation procedures are 
available. They include differential, integral, variational, and finite 
difference formulation. This section deals with differential fonnulation. 
Integral formulation is presented in Chapter 5. 

Differential formulation is based on the key assumption of continuum. 
This assumption ignores the molecular structure of material and focuses on 
the gross effect of molecular activity. Based on this assumption, fluids are 
modeled as continuous matter. This makes it possible to treat variables 
such as temperature, pressure, and velocity as continuous function in the 
domain of interest. 
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1.10 Mathematical Background 

We review the following mathematical 
definitions which are needed in the differential 
formulation of the basic laws. 

(a) Velocity Vector V . Let u, v, and w be the 
velocity components in the x, y and z directions, 
respectively. The vector V is given by 

V = ui + vj + wk . (1.15a) 



(b) Velocity Derivative. The derivative of the velocity vector with respect 
to any one of the three independent variables is given by 


8V du . dv . dw. 

-= —z +— / + —k. 

6x 8x 5x Gx 


(1.15b) 


(c) The Operator V . In Cartesian coordinates the operator V is a vector 
defined as 


Vs 


d . d . d . 

-H-/ 5- k . 

dx Gy dz 


(1.16) 


In cylindrical coordinates this operator takes the following form 


d . Id. 8 . 

- 7 ,. H- In H-Z T . 

dr r 86 dz 


(1.17) 


Similarly, the form in spherical coordinate is 

„ d . Id. 1 d . 

V = —l H- In H-7^ . 

dr r 89 rsinO 8(j> ' 


(1.18) 


(d) Divergence of a Vector. The divergence of a vector V is a scalar 
defined as 


„ t 7 8u 8v 8w 
div.V = V V = —+—+ — . 

dx 8y dz 


(1.19) 
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(e) Derivative of the Divergence. The derivative of the divergence with 
respect to any one of the three independent variables is given by 


d_ 

dx 



d f du dv dw' 

-- 1 - 1 - 

dx ^ dx dy dz y 


( 1 . 20 ) 


The right hand side of (1.20) represents the divergence of the derivative of 
the vector V . Thus (1.20) can be rewritten as 


or 



d_ 

dx 


(ui + vj + wk). 




( 1 . 21 ) 


(f) Gradient of Scalar. The gradient of a scalar, such as temperature T, is a 
vector given by 


GradT = V • T 


dT dT dT , 

— 1+ — / + —k . 
dx dy dz 


( 1 . 22 ) 


(g) Total Differential and Total Derivative. We consider a variable of 
the flow field designated by the symbol f This is a scalar quantity such as 
temperature T, pressure p, density p, or velocity component u. In general 
this quantity is a function of the four independent variables x, y, z and t. 
Thus in Cartesian coordinates we write 


f = fix, y,z, t). 


(a) 


The total differential of/ is the total change in / resulting from changes in 
v, y, z and t. Thus, using (a) 


df J df , df , df , 

df = — dx^ - dy + —dz + —dt. 

dx dy dz dt 


Dividing through by dt 
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df _ Df _ df dx df dy df dz df 

dt Dt dx dt dy dt dz dt dt 


However 

dx dy dz 

— = u, — = v, — = w. 

dt dt dt 


(c) 


Substituting (c) into (b) 


# 

dt 


Df_ 

Dt 


df df df df 

= u — +v— + W — —I——— 

dx dy dz dt 


(1.23) 


df / dt in the above is called the total derivative. It is also written as 
Df / Dt , to emphasize that it represents the change in / which results 
from changes in the four independent variables. It is also referred to as the 
substantial derivative. Note that the first three tenns on the right hand side 
are associated with motion and are referred to as the convective derivative. 
The last term represents changes in / with respect to time and is called the 
local derivative. Thus 


df df df . , . . 

u - 1- V -b w —= convective derivative, 

dx dy dz 


(d) 


dff 

dt 


= local derivative. 


(e) 


To appreciate the physical significance of (1.23), we apply it to the velocity 
component u. Setting / = n in (1.23) gives 


du Du du du du du 

— =- = u — +v — +w —+—. (1.24) 

dt Dt dx dy dz dt 


Following (d) and (e) format, (1.24) represents 


du du dw . 

u -b V -b w -= convective acceleration in the x-direction, 

dx dy dz 


(f) 
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— = local acceleration . 
dt 


(g) 


Similarly, (1.23) can be applied to the y and z directions to obtain the 
corresponding total acceleration in these directions. 

The three components of the total acceleration in the cylindrical 
coordinates r,6,z are 


dv r Dv.. dv,. dv,. vl dv,. dv,. 

—- = —- = v,. —- + —— -- + v, —- + —-, 

dt Dt dr r d6 r ~ dz dt 


(1.25a) 


dv e 

dt 


Dv 


e ^0 , v e dv e 


Dt 


= v r 


- + ■ 

dr r d6 


+ 


V r Vg 


+ V- 


dv a dVt 


dz dt 


(1.25b) 


dii Dv 


dt 


Dt 


dv, v 0 dv, 

= v ,.—- + ——- + v. 


dr r d6 


dv, dv. 


dz dt 


(1.25c) 


Another example of total derivative is obtained by setting / = T in 
(1.23) to obtain the total temperature derivative 


dT DT dT dT dT dT 

— =-= u -b v -1- w -1-. 

dt Dt dx dy dz dt 


(1.26) 


1.11 Units 

SI units are used throughout this text. The basic units in this system are: 

Length (L): meter (m). 

Time (t): second (s). 

Mass ( m ): kilogram (kg). 

Temperature (7): kelvin (K). 

Temperature on the Celsius scale is related to the kelvin scale by 

T(°C) = T( K)-273.15. (1.27) 

Note that temperature difference on the two scales is identical. Thus, a 
change of one kelvin is equal to a change of one Celsius. This means that 
quantities that are expressed per unit kelvin, such as thermal conductivity, 
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heat transfer coefficient, and specific heat, are numerically the same as per 
degree Celsius. That is, W/nr-K = W/ m 2 -°C. 

The basic units are used to derive units for other quantities. Force is 
measured in newtons (N). One newton is the force needed to accelerate a 
mass of one kilogram one meter per second per second: 

Force = mass x acceleration, 

N =kg - m/s 2 . 

Energy is measured in joules (J). One joule is the energy associated with a 
force of one newton moving a distance of one meter. 

2 2 

J = Nxm = kg-m /s . 

Power is measured in watts (W). One watt is energy rate of one joule per 
second. 


W = J/s = Nxm/s =kg-m 2 /s 3 . 


1.12 Problem Solving Format 

Convection problems lend themselves to a systematic solution procedure. 
The following basic fonnat which builds on the work of Ver Planck and 
Teare [2] is used throughout the text. 

(1) Observations. Study the situation, operation, process, design, etc. 
under consideration. Read the problem statement very carefully and note 
essential facts and features. Identify cueing information in the problem 
statement. Show a schematic diagram describing the situation. Where 
appropriate show the origin and coordinate axes. 

(2) Problem Definition. Identify the key factors which must be 
determined so that a solution can be constructed. Distinguish between the 
question asked and the problem to be solved. Look for cues in the problem 
statement to construct a problem definition that cues a solution plan. 

(3) Solution Plan. Identify the problem's basic laws and concepts. 

(4) Plan Execution. This stage is carried out in four steps. 

(i) Assumptions. Model the problem by making simplifications and 
approximations. List all assumptions. 
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(ii) Analysis. Apply the basic laws identified in the solution plan. 
Carry out analysis in terms of symbols representing variables, parameters 
and constants rather than numerical values. Define all terms and give their 
units. 

(iii) Computations. Execute the necessary computations and 
calculations to generate the desired numerical results. 

(iv) Checking. Check each step of the solution as you proceed. Apply 
dimensional checks and examine limiting cases. 

(5) Comments. Review your solution and comment on such things as the 
role of assumptions, the form of the solution, the number of governing 
parameters, etc. 

Example 1.1: Heat Loss from Identical Triangles 

Consider two identical triangles drawn on the surface of a flat plate as 
shown. The plate, which is maintained at uniform surface temperature T s , 
is cooled by forced convection. The free stream temperature is T m . Under 
certain conditions the heat transfer 
coefficient varies with distance x 
from the leading edge of the plate 
according to 

h{x) = - 
fx 

where C is constant. Determine the 
ratio of the heat transfer rate from 
the two triangles, qfq 2 - 

(1) Observations, (i) Convection heat transfer from a surface can be 
determined using Newton’s law of cooling, (ii) The local heat transfer 
coefficient varies along the plate, (iii) For each triangle the area of an 
element dx varies with distance along the plate, (iv) The total heat transfer 
rate can be determined by integration along the length of each triangle. 

(2) Problem Definition. Determine the heat rate by convection from an 
element dx of each triangle. 

(3) Solution Plan. Apply Newton's law of cooling to an element of each 
triangle and integrate over the area. 

(4) Plan Execution. 
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(i) Assumptions. (1) Steady state, (2) one-dimensional variation of heat 
transfer coefficient, (3 ) uniform free stream temperature, (4) uniform 
surface temperature, and (5) negligible radiation. 

(ii) Analysis. Of interest is the ratio of the total heat transfer rate from 
triangle 1 to that of triangle 2. Since both the heat transfer coefficient and 
area vary along each triangle, it follows that Newton's law of cooling 
should be applied to an element dA at a distance x from the leading edge: 

dq = h(x)(T s - T x )dA , (a) 


where 

dA = area of element, irr 

h(x ) = local heat transfer coefficient,. 

dq = rate of heat transfer from element, W 

T s = surface temperature, 0 C 

T r/ = free stream temperature, 0 C 

x = distance along plate, m 

The local heat transfer coefficient is given by 

(b) 

Vx 


Using the subscripts 1 and 2 to refer to triangles 1 and 2, respectively, the 
infinitesimal area dA for each triangle is given by 


dA x = y x {x)dx , 
and 

dA 2 = y 2 (x)dx , 

where 

y x (x) = side of element in triangle 1, m 
y 2 (x) = side of element in triangle 2, m 

Similarity of triangles gives 


(c) 

(d) 


yi( x ) = —(L- x ), 


(e) 



16 1 Basic Concepts 


y 2 (x) = ^-x. 

(f) 

Substituting (e) into (c) and (f) into (d) gives 


dA x = — (L - x)dx , 

L 

(g) 

dA 7 = —xdx , 

- L 

(h) 


where 

H = base of triangle, m 
L = length of triangle, m 


Substituting (b) and (g) into (a) and integrating from x = 0 to x = L, gives 

l L 

g, = U, = f C(T S -T x )^-^fdx = C(T,-T x )^~ f dx. 

J Jq L x f *g r 

Carrying out the integration yields 

q l =(4/3)C(T s -T o0 )HL m . (i) 

Similarly, substituting (b) and (h) into (a) and integrating from x = 0 to x = 
L gives 

L L 

W = f C(T S -Tjty-^dx = C(T S - for 1 ' 2 *. 

J J o L X L J Q 

Carrying out the integration yields 

q 2 =(2/3)C(T s -T o0 )HL 112 . (j) 

Taking the ratio of (i) and (j) 


<h 


= 2 . 


q 2 


(k) 
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(iii) Checking. Dimensional check. Units of q\ in equation (i) should 
be W. First, units of C are 

C= W/m 3/2 -°C 

Thus units of q x are 

q x = C (W/m 3/2 -°C)( T s - T K , )(°C)H(m)L m (m 1/2 ) = W 

Since q 1 has the same form as q ] , it follows that units ofq 2 in equation (j) 
are also correct. 

Qualitative check: The result shows that the rate of heat transfer from 
triangle 1 is greater than that from triangle 2. This is expected since the 
heat transfer coefficient increases as the distance from the leading edge is 
decreased and triangle 1 has its base at x = 0 where h is maximum. 
According to (b), the heat transfer coefficient is infinite at x = 0. 

(5) Comments, (i) Although the two triangles have the same area, the rate 
of heat transfer from triangle 1 is double that from triangle 2. Thus, 
orientation and proximity to the leading edge of a flat plate play an 
important role in determining the rate of heat transfer. 

(ii) The same approach can be used to determine heat transfer for 
configurations other than rectangles, such as circles and ellipses. 
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PROBLEMS 


1.1 


Heat is removed from a rectangular surface by convection to an 
ambient fluid at T (f .. The heat transfer coefficient is h. Surface 
temperature is given by 


where A is constant. Detennine 
the steady state heat transfer 
rate from the plate. 


< J 




t 

w 

\ 

^ X 


1.2 A right angle triangle is at a unifonn surface temperature T s . Heat is 
removed by convection to an ambient fluid at T ri . The heat transfer 
coefficient h varies along the surface according to 


C 


where C is constant and x is the 
distance along the base measured 
from the apex. Determine the total 
heat transfer rate from the triangle. 



1.3 A high intensity light bulb with surface heat flux (q / A) s is cooled 
by a fluid at T r/ . Sketch the fluid temperature profiles for three 
values of the heat transfer coefficient: hi, h 2 , and h 2 , where hi . h 2 ./?;?. 


1.4 Explain why fanning gives a cool sensation. 

1.5 A block of ice is submerged in water above the melting tempera¬ 
ture. Explain why stirring the water accelerates the melting rate. 

1.6 Consider steady state, incompressible, axisymmetric parallel flow in 
a tube of radius r o . The axial velocity distribution for this flow is 
given by 

r 2 

u = 2u (l- -), 


where u is the mean or average axial velocity. Detennine the three 
components of the total acceleration for this flow. 
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1.7 Consider transient flow in the neighborhood of a vortex line where 
the velocity is in the tangential direction, 
given by 


V(r,t)= r ° 


2nr 


1-exp 


2 A 


4 vt 


Here r is the radial coordinate, t is time, 
r 0 is circulation (constant), and V is 
kinematic viscosity. Determine the three 
components of total acceleration. 



1.8 An infinitely large plate is 
suddenly moved parallel to its 
surface with a velocity U Q . The 

resulting transient velocity dis¬ 
tribution of the surrounding fluid 
is given by 


JC 







_ 

plate 0 U 0 


u = U n 


1 - ( 2 / 


^1 


exp(-7;“)fib7 


where the variable // is defined as 





Here t is time, y is the vertical coordinate and v is kinematic 
viscosity. Note that streamlines for this flow are parallel to the plate. 
Determine the three components of total acceleration. 


1.9 Consider two parallel plates with 
the lower plate stationary and 
the upper plate moving with a 
velocity U 0 . The lower plate is 
maintained at temperature 7j 
and the upper plate at T 0 . The 
axial velocity of the fluid for 
steady state and parallel stream¬ 
lines is given by 


s 

T 

° - TT 


> u c 
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u = U Q ^, 

° H 

where H is the distance between the two plates. Temperature 
distribution is given by 


T = 


MU 2 0 


2kH 


y- — 

H 


HT 0 ~T x )jj + T Xi 


1.10 


where k is thennal conductivity and // is viscosity. Determine the 
total temperature derivative. 

One side of a thin plate is heated electrically such that surface heat 
flux is uniform. The opposite side of the plate is cooled by 
convection. The upstream velocity is V x and temperature is T. t . 
Experiments were carried out at two upstream velocities, V rfA and 
Foo 2 where V., 2 > V , A . All 
other conditions were 


unchanged. The heat transfer 
coefficient was found to 
increase as the free stream 
velocity is increased. Sketch 
the temperature profile T(y) 
of the fluid corresponding to 
the two velocities. 


V x 

t' 


y 

A 


f f f 


tt 

q'o 


TTT 


X 


1.11 Heat is removed from an T-shaped area by convection. The heat 
transfer coefficient is h and the ambient 
temperature is T fj . Surface temperature q 
varies according to 


cx 


T(x) = T 0 e 


where c and T 0 are constants. Determine 
the rate of heat transfer from the area. 


x 


2 a 


2 a 



2 


DIFFERENTIAL FORMULATION 
OF THE BASIC LAWS 


2.1 Introduction 

In a moving fluid the three fundamental laws, conservation of mass, 
momentum, and energy, must be satisfied at every point in the domain. 
Thus the first step is to formulate (cast) the three laws in a form that 
satisfies this condition. This is accomplished by applying each law to a 
differential (infinitesimal) element. Following this approach, each law is 
described by a partial differential equation. Differential formulation of the 
three laws will be presented using rectangular coordinates. The 
corresponding forms in cylindrical and spherical coordinates will be stated 
without details. 

2.2 Flow Generation 

Since fluid motion is central to convection heat transfer we will be 
concerned with two common flow classifications: 

(a) Forced convection. Fluid motion is generated mechanically through the 
use of a fan, blower, nozzle, jet, etc.. Fluid motion relative to a surface can 
also be obtained by moving an object, such as a missile, through a fluid. 

(b) Free ( natural) convection. Fluid motion is generated by gravitational 
field. However, the presence of a gravitational field is not sufficient to set 
a fluid in motion. Fluid density change is also required for free convection 
to occur. In free convection, density variation is primarily due to 
temperature changes. 
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2.3 Laminar vs. Turbulent Flow 

One classification of fluid flow and convection heat transfer is based on 
certain flow characteristics. If the flow is characterized by random 
fluctuations in quantities such as velocity, temperature, pressure, and 
density, it is referred to as turbulent. On the other hand, in the absence of 
such fluctuations the flow is called laminar. These two basic flow patterns 
are illustrated in Fig.2.1. Since flow and heat transfer characteristics differ 
significantly for these two modes, it is essential to establish if a flow is 
laminar, turbulent, or mixed. Transition from laminar to turbulent flow 
takes place at experimentally determined value of the Reynolds number 
known as the transition Reynolds number, Re t . The magnitude of this 
number depends primarily on flow geometry but can be influenced by 
surface roughness, pressure gradient and other factors. For uniform flow 
over a semi-infinite flat plate Re t = V,, x t / v~ 500,000, where V, is the 
free stream velocity, x t is the distance along the plate, measured from the 
leading edge to where transition occurs, and V is the kinematic viscosity. 
On the other hand, for flow through tubes Re t = uD/v& 2300, where D is 
tube diameter and u is the mean fluid velocity. 


li A 


laminar 



Fig.2.1 


2.4 Conservation of Mass: The Continuity Equation 
2.4.1 Cartesian Coordinates 

Consider an element dxdydz as a control volume in the flow field of Fig. 
2.2a. For simplicity, the z-direction is not shown. The element is enlarged 
in Fig. 2.2b showing the flow of mass through it. Conservation of mass, 
applied to the element, states that 


Rate of mass added to element - Rate of mass removed from element = 
Rate of mass change within element 


( 2 . 1 ) 
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Assuming continuum and using the notation of Fig. 2.2b, equation (2.1) is 
expressed as 


5m x +5m + 5m z 



+ 


d(5m x ) 

—z- dx 

ox 


where 


5m , 


d(5m ) 

+ —t _ dy 

dy 


+ 


5m, 


+ £(* k ) 

dz 


d(5m ) 
dt 


Sm x = mass flow rate entering element in the x-direction 
5my = mass flow rate entering element in the ^-direction 
5m z = mass flow rate entering element in the z-direction 
5m = mass within element 


(a) 


To express (a) in terms of fluid density and velocity, we utilize the one¬ 
dimensional flow rate equation 

m = pVA , (b) 


where V is the velocity nonnal to the flow area A, and p is density. It 
should be emphasized that in this form both p and V must be uniform over 
the flow area A. Applying (b) to the element, gives 


Sm x = pudydz , 

(c) 

5m y = pvdxdz, 

(d) 

5m z = pwdxdy, 

(e) 


where u, V and w are the velocity components in the x, y and z-direction, 
respectively. The mass, 5m , within the element is given by 


5 m = pdxdydz. 


(f) 
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Substituting (c)-(f) into (a) and dividing through by dxdydz, gives 


^■ + yM+-^-(pa)+y(pw) = 0. 

dt ox dy dz 


(2.2a) 


This result is called the continuity equation. An alternate form is obtained 
by differentiating the product terms in (2.2a) to obtain 


dp dp dp dp 

— + U — + V— + W—+ p 

dt dx dy dz 


du dv dw 

- 1 - 1 - 

dx dy dz 


= 0. (2.2b) 


Note that the first four terms in (2.2b) represent the total derivative of Q 
and the last three terms represent the divergence of the velocity vector V. 
Thus, (2.2b) is rewritten as 


^- + p y.f = 0 . 

Dt 


(2.2c) 


An alternate form of (2.2c) is 


—+ V ■ pV = 0. 
dt 


(2.2d) 


For constant density (incompressible fluid) the total derivative in (2.2d) 
vanishes. That is 


Dp 

Dt 


= 0 . 


Substituting into (2.2d) gives 


V -V = 0. 


(2.3) 


Equation (2.3) is the continuity equation for incmopressible fluid. 

2.4.2 Cylindrical Coordinates 

Applying (2.1) to an infinitesimal element rdOdrdz in the cylindrical 
coordinates shown in Fig. 2.3, gives 
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dp 1 d 
dt r dr 


C P™ r ) 


]__d_ 
r d6 


[pv e ) 


+ ^~(pv z )=0, 

dz 


(2.4) 


where V r , V 0 and V, are the velocity 
components in r, 6 and z-direction, respectively. 


2.4.3 Spherical Coordinates 



Fig. 2.3 


Applying (2.1) to an infinitesimal element 
rd6rd(/)dr in the spherical coordinates shown in 
Fig. 2.4 and following the procedure of Section 
2.4.1, gives 


dp 

dt 


1 d 




+ ^— \p r v r l+ 

or 


i 


d 


+ ■ 


rsind dd 

1_ d_ 

r sin 6 d<f> 


(pv 0 sin (9) 

(pvf)=0 

(2.5) 



Fig. 2.4 


Example 2.1: Fluid in Angular Motion 

A shaft rotates concentrically inside a tube. The 
annular space betn’een the shaft and the tube is 
filled with incompressible fuid. Neglecting fluid 
motion in the axial direction z, write the 
continuity equation for this case. 



(1) Observations, (i) Use cylindrical coordinates, (ii) No variation in the 
axial and angular directions, (iii) The fluid is incompressible (constant 
density). 

(2) Problem Definition. Simplify the three-dimensional continuity 
equation for this flow. 

(3) Solution Plan. Apply the continuity in cylindrical coordinates. 

(4) Plan Execution. 

(i) Assumptions. (1) Continuum, (2) incompressible fluid, (3 no 
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motion in the axial direction, and (4) shaft and tube are concentric. 

(ii) Analysis. The continuity equation in cylindrical coordinates is 
given by (2.4) 


dp 1 d 

- 1 - 

dt r dr 


(prv r ) 


18 _ 

r d6 


(p v e) 


+ ^(/^z) =0 - 

dz 


(2.4) 


This equation is simplified based on: 

Incompressible fluid: p is constant, dp / dt = 0 . 

No axial velocity: v z = 0 . 

Axisymmetric: d/ d6 = 0. 

Introducing the above simplifications into (2.4), gives the continuity 
equation for this flow 

j~(r"V r ) = 0. ( a ) 

dr 

(iii) Checking. Dimensional check : Each term in (2.4) has units of 
density per unit time. 

(5) Comments, (i) Equations (a) and (d) are valid for transient as well as 
steady state as long as the fluid is incompressible. 

(ii) Continuity equation (a) can be integrated to give the radial 
velocity v r 

rv r =C, (b) 


where C is constant or a function of 0. Since the radial velocity v r 
vanishes at the shaft’s surface, if follows from (b) that 


Equation (b) gives 


c = o. 

v r = 0. 


(c) 

(d) 


(iii) Since v r = 0 everywhere in the flow field, it follows that the 
streamlines are concentric circles. 
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2.5 Conservation of Momentum: The Navier-Stokes Equations 
of Motion 

2.5.1 Cartesian Coordinates 

We note first that momentum is a 
vector quantity. Thus conservation of 
momentum (Newton’s law of motion) 
provides three equations, one in each 
of the three coordinates. Application 
of Newton’s law of motion to the 
element shown in Fig. 2.5, gives 

= (8m)a , (a) 

where 

a = acceleration of the element 
5F = external force acting on the element 
5m = mass of the element 

Application of (a) in the x-direction, gives 

^ 5F x =(5m)a x . (b) 

The mass of the element is 

5m = pdxdydz . (c) 

Based on the assumption of continuum, the total acceleration of the 
element in the x-direction, a x , is 

da Du da du du du . 

a r = — =- = u - bv-b w -1 -. (d) 

dt Dt dx dy dz dt 

Substituting (c) and (d) into (b) 

y 5F x = p^-dxdydz . 



Fig. 2.5 


(e) 
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Next we determine the sum of all external forces acting on the element in 
the x-direction. We classify external forces as: 

(i) Body force. This is a force that acts on every particle of the material or 
element. Examples include gravity and magnetic forces. 

(ii) Surface force. This is a force that acts on the surface of the 
element. Examples include tangential forces (shear) and normal 
forces (pressure and stress). 

Thus we write 

1^=1^ <*> 

We consider gravity as the only body force acting on the element. The x- 
component of this force is 

X SF x ) ho dy = PSx dxd y dz > (g) 

where g v is gravitational acceleration component in the plus x-direction. 

Next we formulate an expression for the surface forces in the x-direction. 
These forces are shown in Fig. 2.6. They are: 

<J XX = normal stress on surface dydz 

T yx = shearing (tangential) stress on surface dxdz 

T zx = shearing (tangential) stress on surface dxdy 



Fig. 2.6 


Summing up all the x-component forces shown in Fig. 2.6 gives 
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surface 


r)(j dz vr Qt 

uu xx _j_ yx u 1 zx 


dx 


dy 


dz 


dxdydz. 


GO 


Similar expressions are obtained for surface forces in the y and r-directions. 
Substituting (f), (g) and (h) into (e), gives the x-direction equation 


dz- 


Du da xx dr yx 

P — = Pg x +—— +—— + ■ 

Dt dx dy dz 


(2.6a) 


Similarly, applying Newton’s law of motion in the y and z-directions gives 
the two coiTesponding momentum equations. By analogy with (2.6a), these 
equations are 


and 


Dv 

p n =ps ' + 


d da 


xy 


dx 


+ - 


yy 


dz 


dy 


+ ■ 


zy 


dz 


(2.6b) 


P 


Dw 

Dt 


= pgz + 


dz v 


dz,„ da 


dx 




'yz 


dy 


+ - 


dz 


(2.6c) 


Equations (2.6a), (2.6b), and (2.6c) are general in nature since they are 
based on fundamental laws of motion. The only restriction is the 
assumption of continuum. Examination of these equations shows that they 
contain 13 unknowns: u, V, w, p, a xx , a yy , a zz ,z xy , z yx , z xz , z zx , z yz 
and z zy . Application of the moment of momentum principle to a 
differential element gives 


' xy 


= T 


yx ■ 


^ zx ’ ^ yz 


= Z 


zy ■ 


(i) 


To further reduce the number of unknown variables, an important 
restriction is introduced. The basic idea is to relate normal and shearing 
stresses to the velocity field. This is accomplished through the introduction 
of experimentally based relations known as constitutive equations. These 
equations are [1]: 


'do du'' 
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r xz ^ zx P\ 


dw du 
^ dx dz ) 


(2.7b) 
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f dv 

dz dy) 


(2.7c) 
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(2.7e) 

(2.7f) 


where // is a property called viscosity and p is the hydrostatic pressure. A 
fluid that obeys (2.7) is referred to as Newtonian fluid. Examples of 
Newtonian fluids include air, water and most oils. Fluids such as tar, honey 
and polymers are called non-Newtonian. Substituting (2.7) into (2.6), we 
obtain 
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J 
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The following observations are made regarding (2.8): 

(1) These equations are known as the Navier-Stokes equations of motion. 
They apply to Newtonian fluids. 

(2) The number of unknowns in the three equations are 6: u, V, w, p, p, 
and //. 

(3) The assumptions leading to (2.8) are: continuum and Newtonian fluid. 
Expressing equations (2.8x), (2.8y) and (2.8z) in a vector form, gives 

p— = pg-Np + - v(//V • v)+ v(v • V//) 

Dt F 3 ^ ’ V (2.8) 

- TV 2 // + V// x (v x v)- (v • f)vp - V x (v x pv). 
Equation (2.8) is now applied to two simplified cases: 

(i) Constant viscosity. For this case 

V// = 0, (j) 

and 

Vx(vx//f)= v(v • pV)- V • VpV = /rv(v • f)- pV 2 V . (k) 

Substituting (j) and (k) into (2.8) 

p^- = pg -Vp + ^//v(v -v)+ pW 2 V . (2.9) 

Thus (2.9) is valid for: (1) continuum, (2) Newtonian fluid, and (3) constant 
viscosity. 
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(ii) Constant viscosity and density. The continuity equation for incom¬ 
pressible fluid is given by equation (2.3) 


V -V = 0 . 


(2.3) 


Substituting (2.3) into (2.9) gives 


P 


DV 

Dt 


= pg -Vp + pV 2 V . 


( 2 . 10 ) 


Equation (2.10) is valid for: (1) continuum, (2) Newtonian fluid, (3) 
constant viscosity and (4) constant density. Note that this vector equation 
represents the three components of the Navier-Stokes equations of motion. 
These three x, y, and z components are 
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2.5.2 Cylindrical Coordinates 

Applying Newton’s law of motion to an infinitesimal element 
rdOdrdz in the cylindrical coordinates shown in Fig. 2.3 and 
following the procedure of Section 2.5.1, gives the three Navier- 
Stokes equations in cylindrical coordinates. We limit the result to the 
following case: 

(1) Continuum, (2) Newtonian fluid, (3) constant viscosity, and (4) constant 
density. The r, 9, and z components for this case are 
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2.5.3 Spherical Coordinates 

Applying Newton’s law of motion to an infinitesimal element rddrd(j)dr 
in the spherical coordinates shown in Fig. 2.4 and following the procedure 
of Section 2.5.1, gives the three Navier-Stokes equations in spherical 
coordinates. We limit the result to the following case: 

Continuum, (2) Newtonian fluid, (3) constant viscosity, and (4) constant 
density. The r, d , and (j) components for this case are 
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Note that in equations (2.12) the operator V in spherical coordinates 
is defined as 
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Example 2.2: Thin Liquid Film Flow over an Inclined Surface 

A thin liquid film flows axially down an 
inclined plane. Consider the example of 
incompressible, steady flow with parallel 
streamlines. Write the Navier-Stokes 
equations of motion for this flow. 


(1) Observations, (i) The flow is due to 
gravity, (ii) For parallel streamlines the vertical component V = 0. (iii) 
Pressure at the free surface is unifonn (atmospheric), (iv) The component 
of gravity in the direction tangent to the surface causes the fluid to flow 
downwards, (v) The geometry is Cartesian. 

(2) Problem Definition. Detennine the x and y components of the Navier- 
Stokes equations of motion for the flow under consideration. 
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(3) Solution Plan. Start with the Navier-Stokes equations of motion in 
Cartesian coordinates and simplify them for this special case. 

(4) Plan Execution. 

(i) Assumptions. (1) Continuum, (2) Newtonian fluid, (3) steady, (4) 
flow is in the x-direction, (5) constant properties, (6) uniform ambient 
pressure, and (7) parallel streamlines. 

(ii) Analysis. Start with the Navier Stokes equations of motion in 
Cartesian coordinates for constant properties, equations (2.10x) and (2.10y) 


^ du Gu du Gu 
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r dv dv dv drv' 
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^ d 2 v d 2 v d 2 
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The two gravitational components are 

§x = gsin# , g v =-gcos0. 


(2-10y) 


(a) 


Based on the above assumptions, these equations are simplified as follows: 


Steady state: 


Axial flow (x-direction only): 
Parallel flow: 


du dv 

(b) 

dt dt 

d n 


w= — = 0 . 

(c) 

dz 

v = 0. 

(d) 


Substituting (a)-(d) into (2.10x) and (2.10y), gives 


du . . dp 
pu — =pgsmO - — + // 

dx dx 


( d 2 u d 2 u ^ 

—- +—X 


dx dy z 


(e) 
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0 =- pg cos 6 


dp 

dy 


(f) 


The x-component (e) can be simplified further using the continuity 
equation for incompressible flow, equation (2.3) 


- du dv dw 

V ■ V = — + — +-= 0 . 

dx dy dz 


(g) 


Substituting (c) and (d) into (g), gives 


du 

dx 


= 0 . 


(h) 


Using (h) into (e) gives the x-component 

. dp d 2 u 

pgsm0- — + ju — -=0. (l) 

dx dy 

Integrating (f) with respect to y 

P = ~{pg cost ?)y + f{x) , (j) 

where f(x) is constant of integration. At the free surface, y = H , the 
pressure is uniform equal to p rfj . Therefore, setting y = H in (j) gives 

f(x) = Poo +pgHcos0. (k) 

Substituting (k) into (j) gives the pressure solution 

P = pg(H -y)cos0 + p m . 

Differentiating (1) with respect to x gives 

^= 0 . 

dx 

Substituting (in) into (i) gives the x-component of the 
equations 


( 1 ) 

(m) 

Navier-Stokes 
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. _ d 2 u 
pg sm9+p - - 

dy 


(n) 


(iii) Checking. Dimensional check : Each tern of the y-component 
equation (f) must have the same units: 

pg cos 9 = (kg/m 3 )(m/s 2 ) = kg/m 2 -s 2 . 

—— = (N/m 2 )/m = N/m 3 =(kg - m/s 2 )/m 3 = kg/m 2 -s 2 . 

dy 

Similarly, units of the x-component equation (n) must also be consistent 
pg sin 9 = kg/m 2 -s 2 . 

7 2 

p —y = (kg/m -s)(m/s)/(m 2 ) = kg/m 2 -s 2 . 

dy 

Limiting check : For the special case of zero gravity the fluid will not flow. 
That is, u = 0. Setting g = 0 in (n) gives 



(o) 


It can be shown that the solution to (o) gives u = 0. 

(5) Comments, (i) For two-dimensional incompressible parallel flow, the 
momentum equations are considerably simplified because the vertical 
velocity v, vanishes. 

(ii) The flow is one-dimensional since n does not change with x and is a 
function of y only. 


2.6 Conservation of Energy: The Energy Equation 
2.6.1 Formulation: Cartesian Coordinates 

Consider an element dxdydz as a control volume in the flow field of Fig. 
2.7. Fluid enters and leaves the element through its six surfaces. We 
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introduce the principle of conservation of energy (first law of 
thermodynamics). We begin with the statement 


Energy cannot be created or 
destroyed 

This statement is not very useful in 
solving heat transfer problems. We 
rewrite it as an equation and apply it 
to the element: 



A 

B 

Rate of change of 

Net rate of internal and kinetic 

internal and kinetic — 

energy transport by convection 

energy of element 


C 

D 

, Net rate of heat added _ Net rate of work done by 

by conduction 

element on surroundings 


Note that net rate in equation (2.14) refers to rate of energy added minus 
rate of energy removed. The objective is to express each term in equation 
(2.14) in tenns of temperature to obtain what is known as the energy? 
equation. This formulation is detailed in Appendix A. In this section we 
will explain the physical significance of each term in equation (2.14) and 
its relation to temperature. The resulting energy equation will be presented 
in various forms. The formulation assumes: (1) continuum, (2) Newtonian 
fluid, and (3) negligible nuclear, electromagnetic and radiation energy 
transfer. 

(1) A = Rate of change of internal and kinetic energy of element 

The material inside the element has internal and kinetic energy. Internal 
energy can be expressed in terms of temperature using thermodynamic 
relations. Kinetic energy depends on the flow field. 

(2) B = Net rate of internal and kinetic energy transport by convection 

Mass flow through the element transports kinetic and thermal energy. 
Energy convected through each side of the element in Fig. 2.7 depends on 
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mass flow rate and internal and kinetic energy per unit mass. Mass flow 
rate depends on density and velocity field. Thus this component of energy 
balance can be expressed in terms of temperature and velocity fields. 

(3) C = Net rate of heat addition by conduction 

Energy is conducted through each side of the element in Fig. 2.7. Using 
Fourier’s law this component of energy can be expressed in terms of 
temperature gradient using equation (1.6). 

(4) D = Net rate of work done by the element on the surroundings 

The starting point in formulating this term is the observation that a moving 
force by the element on the surrounding represents work done or energy 
supplied by the element. That is 

Rate of work = force x velocity 

Thus we must account for all surface forces acting on each side of the 
element as well as on the mass of the element (body forces). Examination 
of Fig. 2.6 shows that there are three forces on each side for a total of 18 
forces. Each force moves with its own velocity. Body forces act on the 
mass of the element. Here the only body force considered is gravity. 
Accounting for all the forces and their respective velocities determines the 
net work done by the element on the surroundings. 

Formulation of the four terms A, B, C and D and substitution into (2.14) 
give the following energy equation (See Appendix A) 

pc„ — = V-kWT + j3T^-+u0, (2.15) 

p Dt Dt 


where 

c p = specific heat at constant pressure 
k = thermal conductivity 
p = pressure 

f = coefficient of thermal expansion (compressibility) 

0 = dissipation function 

The coefficient of thermal expansion f> is a property of material defined as 
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P = 


1 

P 



(2.16) 


The dissipation function 0 is associated with energy dissipation due to 
friction. It is important in high speed flow and for very viscous fluids. In 
Cartesian coordinates 0 is given by 
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(2.17) 


2.6.2 Simplified Form of the Energy Equation 

Equation (2.15) is based on the following assumptions: (1) continuum, (2) 
Newtonian fluid, and (3) negligible nuclear, electromagnetic and radiation 
energy transfer. It can be simplified under certain conditions. Three cases 
are considered. 

(1) Incompressible fluid. According to (2.16), J3 = 0 for incompressible 
fluid. In addition, thermodynamic relations show that 

c p — c v — c , 

where c v is specific heat at constant volume. Equation (2.15) becomes 

pc n — = VkVT+u0. (2.18) 

p Dt 

(2) Incompressible constant conductivity fluid 

Equation (2.18) is simplified further if the conductivity k is assumed 
constant. The result is 


P C p 


DT 

Dt 


kV 2 T + p0 . 


(2.19a) 
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Using the definition of total derivative and operator V, this equation is 
expressed as 


pc. 


f ST dT dT dT) 


f d 2 T d 2 T 

d 2 T) 

-b U - b V -b W - 

= k 

^ + 

+ ^ 

v dt dx dy dz j 


(ck 2 dy 2 

dz 2 J 


+ ju0. (2.19b) 


Note that for incompressible fluid, the last term in the dissipation function, 
equation (2.17), vanishes. Furthermore, if dissipation is negligible equation 
(2.19b) is simplified by setting 0 = 0. 

(3) Ideal gas. The ideal gas law gives 
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RT 


Substituting into (2.16) 


J3 = -L( d P^ 
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\dT j 


1 p _ 1 

P RT 2 T 


( 2 . 20 ) 


( 2 . 21 ) 


Equation (2.21) into (2.15), gives 

DT 


Dp 

pc n -= V • kVT + -C-+ u0 . 

p Dt Dt 


( 2 . 22 ) 


This result can be expressed in terms of c v using continuity (2.2c) and the 
ideal gas law (2.20) 


pc v — = W-kWT-pV-V + p0. (2.23) 

2.6.3 Cylindrical Coordinates 

The energy equation in cylindrical coordinates will be presented for 
the simplified case based on the following assumptions: 

(1) Continuum, (2) Newtonian fluid, (3) negligible nuclear, electromagnetic 
and radiation energy transfer, (4) incompressible fluid, and (5) constant 
conductivity. The energy equation for this case is 
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The dissipation function in cylindrical coordinates for incompressible fluid 
is given by 
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2.6.4 Spherical Coordinates 

The energy equation in spherical coordinates will be presented for the 
simplified case based on the following assumptions: 

(1) Continuum, (2) Newtonian fluid, (3) negligible nuclear, electromagnetic 
and radiation energy transfer, (4) incompressible fluid, and (5) constant 
conductivity. The energy equation for this case is 


pc P 


f dT dT v, dT 

-h V -1-h 

v dt dr r d<p 


v e dT' 

rsin^ d& z 


’ i d | 

( r 2 dT^ 

r 2 dr' 

K dr, 


+ ■ 


1 


d 


f 


r 2 sin 0 d(/> 


. dT 
sin </> — 


V 


+ 


d 2 T 


2 ■ 2 

r sin 


dO 


+ JU0. 
(2.26) 


The dissipation function in cylindrical coordinates for incompressible fluid 
is given by 
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Example 2.3: Flow between Parallel Plates 

A fluid flows axially ( x-direction ) 

between parallel plates. Assume: y _ 

Newtonian fluid, steady state, > x * 

constant density and conductivity, * 

and parallel streamlines. Taking 
dissipation into consideration, 

write the energy equation for this flow. 

(1) Observations, (i) For parallel streamlines the vertical component 
V = 0. (ii) Density and thermal conductivity are constant, (iii) Dissipation 
must be included in the energy equation, (iv) The geometry is Cartesian. 

(2) Problem Definition. Determine the energy equation for parallel flow. 

(3) Solution Plan. Start with the energy equation in Cartesian coordinates 
for constant density and conductivity and simplify it for this special case. 

(4) Plan Execution. 

(i) Assumptions. (1) Continuum, (2) Newtonian fluid, (3) steady state, 
(4) axial flow, (5) constant density and conductivity, (6) negligible nuclear, 
electromagnetic and radiation energy transfer, and (7) parallel streamlines. 

(ii) Analysis. The energy equation in Cartesian coordinates for 
incompressible constant conductivity fluid is given by equation (2.19b) 
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where the dissipation function in Cartesian coordinates is given by equation 
(2.17) 



f du do'\^ f dv dw \" f dw duY^ 2 f du dv dw ^ 
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(2.17) 

Based on the above assumptions, these equations are simplified as follows: 


Steady state: 

®:=o. 

dt 

(a) 

Axial flow: 

& 

(b) 

Parallel flow: 

v = 0. 

(c) 


Substituting (a)-(c) into (2.19b), gives 


dT , 
pc,M — = k 
p dx 


d 2 T d 2 T 


+ jU$> ■ 


The dissipation function (2.17) is simplified using (b) and (c) 
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Continuity equation (2.3) gives 



dx 

Using (f) into (e) gives 
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(g) 
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Substituting (g) into (d) gives the energy equation 


dT , 

d 2 T d 2 T^ 


'du' 

pcpii — = k 
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dx 

l dx 2 dy 2 ) 


UtJ 


(h) 


(iii) Checking. Dimensional check : Each term in (h) has units of 
W/m 3 . 

Limiting check : If the fluid is not moving, the energy equation should 
reduce to pure conduction. Setting u = 0 in (h) gives 

B 2 T d 2 T A 
^ + ^ = 0 . 

a * 2 dy 2 

This is the correct equation for this limiting case. 

(5) Comments. In energy equation (h), properties c p ,k,p and// 
represent fluid nature. The velocity u represents fluid motion. This 
confirms the observation made in Chapter 1 that fluid motion and nature 
play a role in convection heat transfer (temperature distribution). 


2.7 Solutions to the Temperature Distribution 

Having formulated the three basic laws, continuity (2.2), momentum (2.8) 
and energy (2.15), we examine the mathematical consequence of these 
equations with regard to obtaining solutions to the temperature distribution. 
Table 2.1 lists the governing equations and the unknown variables. 


TABLE 2.1 


Basic law 

No. of 
Equations 

Unknowns 











Energy 

1 

T 

ll 

V 

w 


p 

p 

k 

Continuity 

1 


u 

V 

w 


p 



| Momentum 

3 


u 

V 

w 

p 

p 

p 


Equation of State 

1 

T 




p 

p 



Viscosity relation 

ju = /u(p,T) 

1 

T 




p 


p 


Conductivity relation 

k = k{p,T) 

1 

T 




p 



k 
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The following observations are made regarding Table 2.1: 

(1) Although specific heats c p and c v , and the coefficient of thermal 
expansion appear in the energy equation, they are not listed in Table 2.1 
as unknown. These properties are determined once the equation of state is 
specified. 

(2) For the general case of variable properties, the total number of 
unknowns is 8: 72, u, V, w, p, p, p, and k. To detennine the temperature 
distribution, the eight equations must be solved simultaneously for the eight 
unknowns. Thus the velocity and temperature fields are coupled. 

(3) For the special case of constant conductivity and viscosity the number 
of unknowns is reduced to six: T, u,V, w, p and p. Thus the six equations, 
energy, continuity, momentum and state must be solved simultaneously to 
determine the temperature distribution. This case is defined by the largest 
dashed rectangle in Table 2.1. 

(4) For the important case of constant density (incompressible fluid), 
viscosity and conductivity, the number of unknowns is reduced to five: T, 
u, V , w, p. This case is defined by the second largest dashed rectangle in 
Table 2.1. However a significant simplification takes place: the four 
equations, continuity, and momentum, contain four unknowns: u, V, w and 
p, as defined by the smallest rectangle in Table 2.1. Thus the velocity and 
temperature fields are uncoupled. This means that the velocity field can be 
determined first by solving the continuity and momentum equations 
without using the energy equation. Once the velocity field is detennined, it 
is substituted into the energy equation and the resulting equation is solved 
for the temperature distribution. 

2.8 The Boussinesq Approximation 

Fluid motion in free convection is driven by density change and gravity. 
Thus the assumption of constant density cannot be made in the analysis of 
free convection problems. Instead an alternate simplification called the 
Boussinesq approximation is made. The basic approach in this 
approximation is to treat the density as constant in the continuity equation 
and the inertia term of the momentum equation, but allow it to change with 
temperature in the gravity term. We begin with the momentum equation for 
constant viscosity 
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P~^~ pg-Vp + ^/jv(y -V^+ /jV 2 V . (2.9) 

This equation is valid for variable density p . However, we will assume that 
p is constant in the inertia (first) term but not in the gravity term pg . Thus 
(2.9) is rewritten as 


uv _ o - 

Poo — = Pg~Vp + PV V , 


(a) 


where p M is fluid density at some reference state, such as far away from 
an object where the temperature is uniform and the fluid is either stationary 
or moving with uniform velocity. Thus at the reference state we have 

DV , - 

-^ l = V 2 F 00 = 0. (b) 

Applying (a) at the reference state oo and using (b), gives 

p*g - Yp*, = 0 • (c) 


Subtracting (c) from (a) 


p— = (p-Pao)g-V(p-Pao)+pV 2 V. (d) 


The objective of the next step is to eliminate the (p — p ,,) term in (d) and 
express it in terms of temperature difference. This is accomplished through 
the introduction of the coefficient of thermal expansion ft , defined as 


/? = 


1 

P 



(2.16) 


Pressure variation in free convection is usually small and in addition, the 
effect of pressure on is also small. In other words, in free convection (3 
can be assumed independent of p. Thus we rewrite (2.16) as 
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P~ 


1 dp 
Poo dT 


(e) 


We further note that over a small change in temperature the change in 
density is approximately linear. Thus we rewrite (e) as 


This result gives 


1 P-Pv 
Poo T-T m 


P-Poo =-PPao(T-T OD ). 


(f) 

(2.28) 


Equation (2.28) relates density change to temperature change. Substituting 
(2.28) into (d) 


^ = - J 3g(T-T 00 )-—V{p-p x )+vV 2 V. (2.29) 

Dt p x 

The simplification leading to (2.29) is known as the Boussinesq 
approximation. The importance of this approximation lies in the 
elimination of density as a variable in the analysis of free convection 
problems. However, the momentum and energy equations remain coupled. 

2.9 Boundary Conditions 

To obtain solutions to the flow and temperature fields, boundary 
conditions must be formulated and specified. Boundary conditions 
are mathematical equations describing what takes place physically at 
a boundary. In convection heat transfer it is necessary to specify 
boundary conditions on the velocity and temperature. The following 
are commonly encountered conditions. 

(1) No-slip condition. Fluid velocity vanishes at a stationary boundary 
such as the wall of a tube, surface of a plate, cylinder, or sphere. Thus all 
three velocity components must vanish. In Cartesian coordinates this 
condition is expressed mathematically as 


V(x,0 ,z,t) = 0, 


(2.30a) 
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where y is the coordinate normal to the surface and the origin is at y = 0. 
It follows from the above that 

u(x,0, z, t ) = v(x,0, z, t ) = w(x, 0, z,t) = 0. (2.30b) 

Equation (2.30) is referred to as the no-slip condition. 

(2) Free stream condition. Far away from an object it is common to 
assume a uniform or zero velocity. For example, a uniform x-component 
velocity at y = go is expressed as 


u(x,co,z,t) = V (X> . (2.31) 

Similarly, uniform temperature far away from an object is expressed as 

T(x,cc,z,t) = T a0 . (2.32) 

(3) Surface thermal conditions. Two common surface thermal conditions 
are used in the analysis of convection problems. They are: 

(i) Specified temperature. This condition is written as 

T(x,0,z,t) = T s . (2.33) 


Note that surface temperature T s need not be uniform or constant. It can 
vary with location x and z as well as time. 

(ii) Specified heat flux. The boundary condition for a surface which is 
heated or cooled at a specified flux is expressed as 


^ 8T(x,0,z,t) _ + „ 
dy 


(2.34) 


Note that in (2.34) the heat flux q" 0 points in the positive y-dircction. It 
need not be uniform or constant. It can vary with location x and z as well as 
time. 


Example 2.4: Heated Thin Liquid Film Flow over an Inclined Surface 

A thin liquid film flows axially down an inclined plate. The film thickness 
H is uniform. The plate is maintained at uniform temperature T 0 and the 
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free surface is heated with a flux q" a . 

Write the velocity and thermal boundary 
conditions at these two surfaces. 

(1) Observations, (i) The free surface is 
parallel to the inclined plate, (ii) The no¬ 
slip condition applies at the inclined 
surface, (iii) The temperature is specified 
at the plate. The flux is specified at the 
free surface, (iv) Cartesian geometry. 

(2) Problem Definition. Write the boundary conditions at the two surfaces 
for the velocity components u and V and for the thermal field. 

(3) Solution Plan. Select an origin and coordinate axes. Identify the 
physical flow and thermal conditions at the two surfaces and express them 
mathematically. 

(4) Plan Execution. 

(i) Assumptions. (1) Continuum, (2) Newtonian fluid, (3) negligible 
shearing stress at the free surface, and (4) constant film thickness. 

(ii) Analysis. The origin and Cartesian coordinate axes are selected as 
shown. The velocity and thermal boundary conditions at the two surfaces 
are: 


(1) No-slip condition at the inclined surface: 


u(x, 0) = 0, 

(a) 

z>(x,0) = 0. 

(b) 

(2) Free surface is parallel to inclined plate: 


v(x,H) = 0. 

(c) 



(3) Negligible shear at the free surface: Shearing stress for a Newtonian 
fluid is given by equation (2.7a) 


r 


yx 


= M 


' dv du ' 
y dx dy , 


(2.7a) 


Applying (2.7a) at the free surface and using (c), gives 
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du(x,H) _ o 

dy 


(4) Specified temperature at the inclined surface: 

T(x, 0) = T o . 


(d) 


(e) 


(5) Specified heat flux at the free surface. Application of equation (2.34) 
gives 

dy 

(iii) Checking. Dimensional check : Each term in (f) has units of flux. 

(5) Comments, (i) To write boundary conditions, origin and coordinate 
axes must be selected first. 

(ii) Since the heat flux at the free surface points in the negative y-di recti on, 
a minus sign is introduced on the right hand side of equation (f). 


2.10 Non-dimensional Form of the Governing Equations: 

Dynamic and Thermal Similarity Parameters 

Useful infonnation can be obtained without solving the governing 
equations by rewriting them in dimensionless form. This procedure is 
carried out to: (1) identify the governing parameters, (2) plan experiments, 
and (3) guide in the presentation of experimental results and theoretical 
solutions. To appreciate the importance of this process we consider an 
object of characteristic length L which is exchanging heat by convection 
with an ambient fluid. For simplicity we assume constant properties. In 
general the unknown variables are: u, V, w, p and T. These variables 
depend on the four independent variables x, y, z and t. In addition various 
quantities affect the solutions. They are: p r ,, , V. r , T s , L, g and fluid 

properties c p , k, fi p, and p. Furthermore, the geometry of the object is 
also a factor. To map the effect of these quantities experimentally or 
numerically for a single geometry requires extensive effort. Flowever, in 
dimensionless fonnulation these quantities are consolidated into four 
dimensionless groups called parameters. This dramatically simplifies the 
mapping process. 
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2.10.1 Dimensionless Variables 

To non-dimensionalize the dependent and independent variables, we use 
characteristic quantities that are constant throughout the flow and 
temperature fields. These quantities are g, L, T s , T r , p , f , p ,,, and V ro . 

We consider Cartesian coordinates and define the following dimensionless 
dependent and independent variables: 

1 

g 

(2.35) 


t7* V * (P-Pao) 

V = IT’ p = - T 

Poo F® 


T *_(T-T^ . 


X 


y 


v„ 


x = —, v = —, z = —, t =- 1. 

L - L L L 


Note that in the above the subscript oo refers to the characteristic 
condition, say far away from the object. V, r is the magnitude of the 
velocity vector at co and g is the magnitude of the gravitational 
acceleration vector. Equation (2.35) is first used to construct the 
dimensionless form of the operators V and D / Dt 


d d d d d d 1* 

V —-1-1-—-1-1-— —V , 

dx dy dz Ldx* Ldy* Ldz* L 


(2.36a) 


V 2 


d 2 | d 2 | e 2 

dx 2 + 8y 2 + dz 2 


d d d 

r-2 ^ *2 r2o *2 r2o *2 

L dx L dy L dz 



(2.36b) 


D _ D _ Vqo D 
~Dt ~ D(Lt* /F^) _ ~ p ~Dt* 


(2.36c) 


2.10.2 Dimensionless Form of Continuity 

Substituting (2.35) and (2.36) into continuity equation (2.2c) gives 

^P- + p y.V*= 0. (2.37) 

Dt 


We note that the dimensionless form of continuity reveals no parameters. 
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2.10.3 Dimensionless Form of the Navier-Stokes Equations of Motion 

Substituting (2.35) and (2.36) into (2.29) gives 


^_ = —^Lt’V-v*p*+— v* 2 v* 

Dt Re 1 g Re 


(2.38) 


where the parameters Re and Gr are the Reynolds and Grcishof numbers, 
defined as 


Re = ——-— = ——, Reynolds number , 
// V 

Gr = s — 0 °°- — , Grashof number. 


(2.39) 


(2.40) 


2.10.4 Dimensionless Form of the Energy Equation 

We consider two special cases of the energy equation. 

(i) Incompressible, constant conductivity 

Substituting (2.35) and (2.36) into (2.19) gives 

£I_ = 1 y'2 T * + &L0\ 

Dt* RePr Re 


(2.41a) 


where the parameters Pr and Ec are the Prandtl and Eckert numbers, 
defined as 


Pr = P U = P = —, Prandtl number, 
k k! pc p a 


(2.42) 


Ec =---, Eckert number. 

c p {T s -T x ) 


(2.43) 


The dimensionless dissipation function 0 is determined by substituting 
(2.35) and (2.36) into (2.17) 


0 =2 


du*] 2 fdv*Y 


dx J l dy 


(2.44) 
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(ii) Ideal gas, constant conductivity and viscosity 

Substituting (2.35) and (2.36) into (2.22) yields 

— = — V* 2 T* +Ec^ + — &*. 
Dt* RePr Dt* Re 


(2.41b) 


2.10.5 Significance of the Governing Parameters 

The non-dimensional form of the governing equations (2.37), (2.38), and 
(2.41) are governed by four parameters: Re, Pr, Gr, and Ec. Thus the 
temperature solution for convection can be expressed as 

T = f(x* ,y*,z* ,t *; Re, Pr, Gr, Ec) . (2.45) 

The following observations are made: 

(1) The Reynolds number is associated with viscous flow while the Prandtl 
number is a heat transfer parameter which is a fluid property. The Grashof 
number represents buoyancy effect and the Eckert number is associated 
with viscous dissipation and is important in high speed flow and very 
viscous fluids. 

(2) In dimensional formulation six quantities, p,, , T rf , T s , V x , L, g and 
five properties c p , k, fi p, and p , affect the solution. In dimensionless 
formulation these factors are consolidated into four dimensionless 
parameters: Re, Pr, Gr and Ec. 

(3) The number of parameters can be reduced in two special cases: (i) If 
fluid motion is dominated by forced convection (negligible free 
convection), the Grashof number can be eliminated, (ii) If viscous 
dissipation is negligible, the Eckert number can be dropped. Thus under 
these common conditions the solution is simplified to 

T* = f(x*,y*,z*,t*; Re, Pr) (2.46) 

(4) The implication of (2.45) and (2.46) is that geometrically similar bodies 
have the same dimensionless velocity and temperature solutions if the 
similarity parameters are the same for all bodies. 

(5) By identifying the important dimensionless parameters governing a 
given problem, experimental investigations can be planned accordingly. 
Instead of varying the relevant physical quantities, one can vary the 



2.10 Non-dimensional Form of the Governing Equations 55 


similarity parameters. This will vastly reduce the number of experiments 
needed. The same is true if numerical results are to be generated. 

(6) Presentation of results such as heat transfer coefficient, pressure drop, 
and drag, whether experimental or numerical, is most efficiently done when 
expressed in terms of dimensionless parameters. 


2.10.6 Heat Transfer Coefficient: The Nusselt Number 


Having identified the important dimensionless parameters in convection 
heat transfer we now examine the dependency of the heat transfer 
coefficient h on these parameters. We begin with equation (1.10) which 
gives h 


-k dT(x,0,z) 
(T S ~TJ ~dy 


( 1 . 10 ) 


Using (2.30) to express temperature gradient and h in dimensionless form, 
(1.10) becomes 


hx 

k 


= -x 


dT* (x*,0,z*) 
dy* 


(4.47) 


where the dimensionless heat transfer coefficient hx / k is known as the 
Nusselt number. Since it depends on the location x* it is referred to as the 
local Nusselt number and is given the symbol Nu x . Thus we define 


Nu x 


hx 

k 


(2.48) 


Similarly, the average Nusselt number Nu L _for a surface of length L is 
based on the average heat transfer coefficient h and is defined as 


Nu l 


hL 

= X’ 


where h for the one-dimensional case is given by 

L 



(2.49) 


(2.50) 
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Since T depends on four parameters, it follows from (2.45), (2.47) and 
(2.48) that the local Nusselt number also depends on the same four 
parameters and is expressed as 

Nu x = f(x* ;Re,Pr,Gr,Ec). (2.51) 

This is an important result since it suggests how experiments should be 
planned and provides an appropriate form for correlation equations for the 
Nusselt number. As was pointed out in Section 2.10.5, for the special case 
of negligible buoyancy and viscous dissipation, (2.51) is simplified to 

Nu x = f(x*;Re,Pr). (2.52) 

Similarly, for free convection with negligible dissipation we obtain 

Nu x = /(x*; Gr, Pr). (2. 53) 

Equations (2.51)—(2.53) are for the local Nusselt number. For the average 
Nusselt number, which is based on the average heat transfer coefficient, the 

variable x* is eliminated according to (2.50). Thus (2.51) takes the form 
_ hi 

Nu l = —£■ = / {Re, Pr, Gr, Ec ) . (2.54) 

Equations (2.52) and (2.53) are similarly modified. 

It should be noted that much has been learned by expressing the 
governing equations in dimensionless form without solving them. 
Flowever, although we now know what the Nusselt number depends on, the 
form of the functional relations given in (2.51)-(2.54) can only be 
determined by solving the governing equations or through experiments. 


Example 2.5: Heat Transfer Coefficient for Flow over Cylinders 

You carried out two experiments to determine the average heat 
transfer coefficient for flow normal to a cylinder. The diameter of 
one cylinder is Di =3 cm and that of the other is D 2 = 5 cm. The free 
stream velocity over Dj is V / = 15 m/s and the velocity over D 2 is 
V 2 = 98 m/s. Measurements showed that the average heat transfer 
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coefficient for P/ is h x = 244 W/m 2 -°C and for P 2 is h 2 = 144 W/m 2 - 
°C. In both experiments you used the same fluid. To check your 
results you decided to compare your data with the following 
correlation equation for flow normal to a cylinder: 

m, D = —p- = CRe®' 6 Pr n , (a) 

k 


where C and n are constants. What do you conclude regarding the 
accuracy of your data ? 

(1) Observations, (i) Experimental results for h\ and h 2 should be 
compared with those predicted by the correlation equation, (ii) The heat 
transfer coefficient appears in the definition of the Nusselt^number Nu D . 
(iii) The correlation equation can not be used to determine h x and /?, since 
the fluid and the constants C and n_ are not given. However, the equation 
can be used to determine the ratio h\ / h 2 . (iv) The absence of the Grashof 
and Eckert numbers in the correlation equation implies that it is applicable 
to cases where buoyancy and viscous dissipation are negligible. 

(2) Problem Definition. Determine hflh 2 using experimental data and the 
correlation equation. 


(3) Solution Plan. Apply the correlation equation to determine h x l h 2 and 
compare with the experimentally obtained ratio. 

(4) Plan Execution. 

(i) Assumptions, (i) Correlation equation (a) is valid for both 
experiments, (ii) Fluid properties are constant. 


(ii) Analysis. Noting that Nu D 


hD 

k 


and Re D 


is rewritten as 


where 


hD 

k 


C 


f \ 0.6 

2 VP 
\ V V 


Pr n . 


-, equation (a) 

V 


(b) 


P = diameter, m 

h = heat transfer coefficient, W/nr-°C 
k = thennal conductivity, W/m-°C 
Pr = Prandtl number 
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V = free stream velocity, m/s 

V = kinematic viscosity, nr/s 

Solving equation (b) for h 

- _ CkV°' 6 Pr" 
h v °- 6 D 0A 


Applying (c) to the two experiments 


and 


h 


CkV^Pr" 

y 0.6 D M 


- _ CkV 2 0(, Pr r 
2 v°- 6 D, 0A 


Taking the ratio of (d) and (e) gives 


K 

h 2 


n 

V V 2J 


0.6 s 


vA j 


, 0.4 


(C) 


(d) 


(e) 


(f) 


(iii) Computations. Substituting the experimental data for V\, V 2 , D\ 
and D 2 into (f) 


h 

15(m/s) 

0.6 

5(ctn) 

h 2 

98(m/s)_ 


3(cm) 


The experimentally obtained ratio h\!h 2 is 

K 244(W/m 2 C) t 6 . 

h 2 144(W/m 2 -° C) 

The two results differ by a factor of 4.2. This points to an error in the 

experimental data. 

(iv) Checking. Dimensional check : Equation (f) is dimensionally 
consistent since each tenn is dimensionless. 
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Limiting check : If V , = V 2 and D\ = D 2 , then /?, = /z 2 . (f) confirms this. 

Qualitative check : If F is increased, /? should increase. This is 
substantiated by (c). 

(5) Comments, (i) The assumption that the correlation equation is valid 
for both experiments is critical. If, for example, the effects of viscous 
dissipation and/or buoyancy are significant in the two experiments, 
equation (a) is not applicable. 

(ii) The analysis suggests that there is an error in the experimental data. 
However, it is not possible to establish whether one experiment is wrong or 
both are wrong. 

(iii) A more conclusive check can be made if C, n and the fluid are known. 


2.11 Scale Analysis 

Scale analysis, or scaling, is a procedure by which estimates of useful 
results are obtained without solving the governing equations. It should be 
emphasized that scaling gives order of magnitude answers, and thus the 
approximation is crude. Scaling is accomplished by assigning order of 
magnitude values to dependent and independent variables in an equation. 
Excellent applications of scaling in heat transfer is found in reference [2]. 


Example 2.6: Melting Time of Ice Sheet 


An ice sheet of thickness L is at the 
freezing temperature Tf. One side is 
suddenly maintained at temperature T a 
which is above the freezing temperature. 
The other side is insulated. Conserva¬ 
tion of energy at the melting front gives 


where 


, dT dx; 

k — = pdL — 
dx dt 


(a) 


\ / 

x l solid (J 

) 1 

/ 

f 

> 

X 

M 

liquid / 

( 

3 T n 


k = thermal conductivity 

T = temperature distribution in the liquid phase 
t = time 
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X — coordinate 

Xj = interface location 

Jd = latent heat of fusion 

Use scale analysis to determine the time needed for the entire sheet to melt. 


(1) Observations, (i) The entire sheet melts when x i = L. (ii) The largest 
temperature difference is T 0 - Tj. (iii) Scaling of equation (a) should be 
helpful in determining melt time. 

(2) Problem Definition. Determine the time t = t 0 when x t (t) = L . 

(3) Solution Plan. Apply scale analysis to equation (a). 

(4) Plan Execution. 

(i) Assumptions, (i) Sheet is perfectly insulated at x = L . (ii) Liquid 
phase is stationary. 

(ii) Analysis. Equation (a) is approximated by 


k — 
Ax 


= pJl 


A*,- 

At ' 


(b) 


We now select scales for the variables in (a). 


scale for AT : 
scale for Ax: 
scale for Ax t : 
scale for At: 


AT~(T 0 -T f ) 
Ax ~ L 
Ax t ~ L 
At ~ t 0 


Substituting the above scales into (a) 


/: C Tp-Tf) 

L 



Solving for melt time t 


t, 


p I L l 


(c) 


W 0 -T f ) 

(iii) Checking. Dimensional check : Each tern in (c) should have units 
of time: 
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f _ P (kg/m 3 )-l(J/kg)Z 2 (m 2 ) _ ^ 

° £(W/m-°C )(T o -T f )( 0 C) 

Limiting check : (1) If the latent heat of fusion 1 is infinite, melt time 
should be infinite. Setting 1 = co in (c) gives t a = oo. 

(2) If sheet thickness is zero, melt time should vanish. Setting L = 0 in (c) 
gives t 0 = 0. 

Qualitative check : Melt time should be directly proportional to mass, latent 
heat and thickness and inversely proportional to conductivity and 
temperature difference (T 0 - T f ). This is confirmed by solution (c). 


(5) Comments, (i) With little effort an estimate of the melt time is 
obtained without solving the governing equations for the two phase region. 


(ii) An exact solution based on quasi-steady process gives the melt time t 0 


as 


pi L 
2 k (T 0 - T f ) ' 


Thus scaling gives an approximate answer within a factor of 2. 
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PROBLEMS 

2.1 [a] Consider transient (unsteady), incompressible, three dimensional 
flow. Write the continuity equation in Cartesian coordinates for this 
flow. 

[b] Repeat [a] for steady state. 

2.2 Far away from the inlet of 
a tube, entrance effects 
diminish and streamlines 
become parallel and the 
flow is referred to as fully 
developed. Write the 
continuity equation in the fully developed region for incompressible 
fluid. 

2.3 Consider incompressible flow 
between parallel plates. Far 
away from the entrance the axial 
velocity component does not 
vary with the axial distance. 

[a] Determine the velocity component in the y-di recti on. 

[b] Does your result in [a] hold for steady as well as unsteady flow? 
Explain. 

2.4. The radial and tangential velocity 
components for incompressible 
flow through a tube are zero. Show 
that the axial velocity does not 
change in the flow direction. Is 
this valid for steady as well as 
transient flow? 

Show that T xy = T yx . 

A fluid flows axially between ’ *_ 

parallel plates. Assume: Newto- > Y * 

nian fluid, steady state, constant "*• 

density, constant viscosity, neg¬ 
ligible gravity, and parallel streamlines. Write the three components 
of the momentum equations for this flow. 


2.5 

2.6 



fully developed 



fully developed 
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2.7 A fluid flows axially (z-direction) through a tube. Assume: Newto¬ 
nian fluid, steady state, constant density, constant viscosity, 
negligible gravity, and parallel streamlines. Write the three 
components of the momentum equations for this flow. 

2.8 Consider two-dimensional flow (x,y) between parallel plates. Assume: 
Newtonian fluid, constant density and viscosity. Write the two 
components of the momentum equations for this flow. How many 
unknown do the equations have? Can they be solved for the 
unknowns? If not what other equation(s) is needed to obtain a 
solution? 

2.9 Consider two-dimensional, (r,z) flow through a tube. Assume: 
Newtonian, constant density and viscosity. Write the two 
components of the momentum equations for this flow. How many 
unknowns do the equations have? Can the equations be solved for the 
unknowns? If not what 
other equation(s) is needed 
to obtain a solution? 

2.10 In Chapter 1 it is stated that 
fluid motion and fluid nature play a role in convection heat transfer. 
Does the energy equation substantiate this observation? Explain. 

2.11 A fluid flows axially (x- 

direction) between parallel ‘_ 

plates. Assume: Newtonian r * 

fluid, steady state, constant — -*• 

density, constant viscosity, 

constant conductivity, negligible gravity, and parallel streamlines. 
Write the energy equation for this flow. 



2.12 An ideal gas flows axially (x-direction) between parallel plates. 
Assume: Newtonian fluid, steady state, constant viscosity, constant 
conductivity, negligible gravity, and parallel stream- lines. Write the 
energy equation for this flow. 


2.13 Consider two-dimensional free convection over a 
vertical plate. Assume: Newtonian fluid, steady 
state, constant viscosity, Boussinesq approximation, 
and negligible dissipation. Write the governing 
equations for this case. Can the flow field be 
determined independent of the temperature field? 



g 


■*. y 
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2.14 Discuss the condition(s) under which the Navier-Stokes equations of 
motion can be solved independent of the energy equation. 

2.15 Consider a thin film of liquid condensate which is 
falling over a flat surface by virtue of gravity. 

Neglecting variations in the z-direction and assuming 
Newtonian fluid, steady state, constant properties, and 
parallel streamlines 

[a] Write the momentum equation(s) for this flow. 

[b] Write the energy equation including 
dissipation effect. 

2.16 A wedge is maintained at T\ along one side and T 2 along the opposite 
side. A solution for the flow field is obtained based on Newtonian 
fluid and constant properties. The 
fluid approaches the wedge with 
unifonn velocity and temperature. 

Examination of the solution 
shows that the velocity distribu¬ 
tion is not symmetrical with 
respect to the x-axis. You are 

asked to support the argument that the solution is incorrect. 

2.17 Starting with the equations of motion for constant properties and 
Boussinesq model 

^ = -j3(T-T o0 )g--V(p-p a0 ) + vV 2 V, 

Dt p 

and the energy equation for an ideal gas with constant k 

pc — = kV 2 T + ^ + p0 , 
p Dt Dt 




show that the dimensionless form of these equations is 

T*g* -V*P* + — v* 2 v\ 


DT 1 *?-r* _ DP Ec * 

- t = -V T +E - + — 0 . 

Dt RePr Dt Re 


and 
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2.18 Consider two-dimensional (x and y), steady, constant properties, 
parallel flow between two plates separated by a distance H. The 
lower plate is stationary while the upper plate moves axially with a 
velocity U a . The upper plate is maintained at uniform 
temperature r o and the lower 
plate is cooled with a flux cj" Q . 

Taking into consideration 
dissipation, write the Navier- 
Stokes equations of motion, 
energy equation and boundary 
conditions at the two plates. 



2.19 A shaft of radius r x rotates concentrically 
inside a sleeve of inner radius r 2 . 
Lubrication oil fills the clearance between 
the shaft and the sleeve. The sleeve is 
maintained at uniform temperature T 0 , 
Neglecting axial variation and taking into 
consideration dissipation, write the 
Navier-Stokes equations of motion, energy 
equation and boundary conditions for this 
flow. Assume constant properties. 



2.20 A rod of radius r ; moves axially with velocity U 0 inside a concentric 
tube of radius r o . A fluid having constant properties fills the space 
between the shaft and tube. The tube surface is maintained at uniform 
temperature T 0 . Write the Navier-Stokes equations of motion, 
energy equation and surface boundary conditions taking into 
consideration dissipation. Assume that the streamlines are parallel to 
the surface. 
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2.21 A rod or radius r ; rotates concentrically 
inside a tube of inner radius r o . Lubrication 
oil fills the clearance between the shaft and 
the tube. Tube surface is maintained at 
uniform temperature T 0 . The rod generates 
heat volumetrically at uniform rate q'". 
Neglecting axial variation and taking into 
consideration dissipation, write the Navier- 
Stokes equations of motion, energy 
equation and boundary conditions for this 
flow. Assume constant properties. 



2.22 Air flows over the two spheres shown. The 
radius of sphere 2 is double that of sphere 1. 
However, the free stream velocity for sphere 
1 is double that for sphere 2. Determine the 
ratio of the average heat transfer coefficients 
h x / h 2 for the two spheres. 



2.23 The average Nusselt number for laminar free convection over an 
isothermal vertical plate is determined analytically and is given by 


Nu l 


h_L_ 

k 


4 

3 



f(Pr), 


where Gr L is the Grashof number based on the length of the plate L 
and /(TV) is a function of the Prandtl number. Detennine the percent 
change in the average heat transfer coefficient if the length of the 
plate is doubled. 

2.24 An experiment was performed to determine the average heat transfer 
coefficient for forced convection over spheres. In the experiment a 
sphere of diameter 3.2 cm is maintained at uniform surface 
temperature. The free stream velocity of the fluid is 23.4 m/s. 
Measurements showed that the average heat transfer coefficient is 

62 W/m 2 -°C. 

[a] Predict the average heat transfer coefficient for the same fluid 
which is at the same free stream temperature flowing over a sphere of 
diameter 6.4 cm which is maintained at the same surface 
temperature. The free stream velocity is 11.7 m/s. 
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[b] Which sphere transfers more heat? 

2.25 Atmospheric air at 25 °C flows with a mean velocity of 10m/s 
inside a tube. The surface of the tube is maintained at 115 °C. 


[a] Calculate the Eckert number. Can dissipation be neglected? 

[b] Use scale analysis to compare the magnitude of radial 
conduction, kd 2 T/dr 2 , with dissipation, // (dv z / dr) 2 . Is 
dissipation negligible compared to conduction? 


2.26 An infinitely large plate is immersed in an infinite fluid. The plate is 
suddenly moved along its plane with velocity U 0 . Neglect gravity 
and assume constant properties. 


[a] Show that the axial Navier-Stokes 
equation is given by 


du 


d 2 u 


p a“V 


[b] Due to viscous forces, the effect of 
plate motion penetrates into the fluid. The 
penetration depth S(t) increases with 
time. Use scaling to derive an expression for 8(t) . 



2.27 An infinitely large plate is immersed in an infinite fluid at uniform 
temperature 71. The plate is suddenly maintained at temperature T 0 . 
Assume constant properties and neglect gravity. 

[a] Show that the energy equation is given by 

ST d 2 T 

dt dy 2 

[b] Due to conduction, the effect of plate 
temperature propagates into the fluid. 

The penetration depth 8(f) increases 
with time. Use scaling to derive an 
expression for 8(t). 
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EXACT ONE-DIMENSIONAL SOLUTIONS 


3.1 Introduction 

Although the energy equation for constant properties is linear, the Navier- 
Stokes equations of motion are non-linear. Thus, in general, convection 
problems are non-linear since the temperature field depends on the flow 
field. Nevertheless, exact solutions to certain simplified cases can easily be 
constructed. One of the objectives of this chapter is to develop an 
appreciation for the physical significance of each term in the equations of 
continuity, Navier-Stokes and energy and to identify the conditions under 
which certain terms can be neglected. Simplification of the governing 
equations is critical to constructing solutions. The general procedure in 
solving convection problems is, whenever possible, to first detennine the 
flow field and then the temperature field. 

3.2 Simplification of the Governing Equations 

Simplified convection models are based on key assumptions that lead to 
tractable solutions. We will present these assumptions and study their 
application to the governing equations. 

(1) Laminar flow. The assumption of laminar flow eliminates the effect of 
fluctuations. Mathematically this means that all time derivatives are set 
equal to zero at steady state. 

(2) Constant properties. Returning to Table 2.1, we recall that for 
constant density (incompressible fluid), viscosity and conductivity, the 
velocity and temperature fields are uncoupled. This means that the velocity 
field can be determined first by solving the continuity and momentum 
equations without using the energy equation. 
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(3) Parallel streamlines. Consider 
the parallel flow of Fig. 3.1. This 
flow pattern is also referred to as 
fully developed. Since the velocity 
component normal to a streamline is 
zero, it follows that 

v = 0 . 


y »_ 

- >X -> 

Fig. 3.1 

(3.1) 


Using this result into the continuity equation for two-dimensional constant 
density fluid, gives 


du 

dx 


0 . 


(3.2) 


Since (3.2) is valid everywhere in the flow field, it follows that 


d 2 u 

dx 2 


= 0 . 


(3.3) 


Significant simplification is obtained when these results are substituted in 
the Navier-Stokes and energy equations. This is illustrated in Examples 3.1, 
3.2 and 3.3. It should be emphasized that equations (3.1 )-(3.3) are valid for 
constant density flow with parallel streamlines. 

(4) Negligible axial variation of temperature. For the case of axial flow 
in the x-direction, this condition leads to 


dT 

dx 


0 . 


(3.4) 


Equation (3.4) is exact for certain channel flows and a reasonable 
approximation for others. The following are conditions that may lead to the 
validity of (3.4): 

(1) Parallel streamlines. 

(2) Uniform surface conditions. 

(3) Far away from the entrance of a channel (very long channels). 

In cases where (3.4) is valid everywhere in the thermal field, it follows that 
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d 2 T 
dx 2 


= 0 . 


(3.5) 


Similar results are obtained for certain rotating flows. In Fig. 3.2 a shaft 
rotates concentrically inside a sleeve. The streamlines are concentric 
circles. For axisymmetric conditions and no axial variations, we have 


It follows that 


^ = 0 . 
d6 


d 2 T 

dd 2 


= 0 . 


3.3 Exact Solutions 


(3.6) 


(3.7) 



Fig. 3.2 


The simplifications described in the previous section will be invoked to 
obtain exact solutions. We will consider various cases to show how these 
assumptions lead to tractable differential equations and solutions to the 
temperature distribution [1-4]. 

3.3.1 Couette Flow 

In this class of flow configuration a fluid between parallel plates is set in 
motion by moving one or both plates in their own plane. Fluid motion can 
also be driven by axial pressure gradient. A general case of Couette flow 
includes the effects of both plate motion and pressure gradient. The plates 
are assumed infinite and thus there are no end effects. It will be shown that 
the streamlines in this flow are parallel to the plates. 

Example 3.1: Couette Flow with Dissipation 

Two infinitely large parallel plates form a channel of width H. An 
incompressible fluid fills the channel. The lower plate is stationary while 
the upper plate moves with constant velocity U 0 . The lower plate is 
insulated and the upper plate is maintained at uniform temperature T 0 . 
Taking into consideration dissipation, determine the temperature 
distribution in the fluid and the rate of heat transfer at the moving plate. 
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Assume laminar flow and neglect gravity, end effects and pressure 
variation in the channel. 


(1) Observations, (i) Moving plate sets fluid in motion in the x-direction. 
(ii) Since plates are infinite, the flow field does not vaiy in the axial 
direction x. (iii) Pressure gradient is zero, (iv) The fluid is incompressible 
(constant density), (v) Use Cartesian coordinates. 

(2) Problem Definition. Determine the velocity and temperature 
distribution. 

(3) Solution Plan. Apply continuity and Navier-Stokes equations to 
determine the flow field. Apply the energy equation to determine the 
temperature distribution. 

(4) Plan Execution. 

(i) Assumptions. (1) Continuum, (2) Newtonian fluid, (3) steady state, 
(4) laminar flow, (5) constant properties (density, viscosity, conductivity 
and specific heat), (6) infinite plates, (7) no end effects, (8) parallel plates, 
and (9) negligible gravitational effect. 

(ii) Analysis. Since the objective is the determination of temperature 
distribution and heat transfer rate, it is logical to begin the analysis with the 
energy equation. The energy equation for constant properties is given by 
(2.19b) 


8T 8T 8T 8T\ , 

-b U -b V -b W - -k 

dt 8x dy dz) 


8 2 T d 2 T 8 2 T 


+ pd>, (2.19b) 


where the dissipation function 0 is given by (2.17) 


f du')2 f dv^ f dw\^ 

\dx) ydy) ydz) 

_ fdii dv^ f8v dw^ (8w 8u\^ 2(8u 8v 8w^\ 

dy 8x J K dz dy J (_ dx dz J 3 v dx dy dz J 

(2.17) 

Thus it is clear from (2.19b) and (2.17) that the determination of 
temperature distribution requires the determination of the velocity 
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components u, V and w. This is accomplished by applying continuity and 
the Navier-Stokes equations. We begin with the continuity equation in 
Cartesian coordinates 


dp dp dp dp 
— + U — + V— + W—+P 
dt dx dy dz 


du dv dw 

- 1 - 1 - 

dx dy dz 


0 . 


(2.2b) 


For constant density 


dp _dp _dp _dp _ q 
dt dx dy dz 


Since plates are infinite 


d_ 

dx 


d_ 

dz 


= w= 0 . 


(a) 


(b) 


Substituting (a) and (b) into (2.2b), gives 


Integrating (c) 


dy 

v = f{x). 


(c) 

(d) 


To determine the “constant” of integration f (x) we apply the no-slip 
boundary condition at the lower plate 


Equations (d) and (e) give 


Substituting into (d) 


z?(x,0) = 0. 


/(*) = o. 

v = 0 . 


(e) 


(f) 


Since the vertical component V vanishes everywhere, it follows that the 
streamlines are parallel. To determine the horizontal component u we apply 
the Navier-Stokes equation in the x-direction, (2.10x) 
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P 


du du du du 


dt dx 


v- 


6y 


w- 


dz 


= PS, 


dp 

dx 


'P 


( 

d u 


d 2 u 


dx 2 dy' 


d 2 u ^ 
dz 2 


(2.1 Ox) 


This equation is simplified as follows: 


Steady state: 


Negligible gravity effect: 


No axial pressure variation: 


^ = 0. 

(g) 

dt 

8 X = 0 ■ 

(h) 


(0 

dx 


Substituting (b) and (f)-(i) into (2.1 Ox) gives 



(j) 


The solution to (j) is 


u = C x y + C 2 , 


(k) 


where C x and C 2 are constants of integration. The two boundary 
conditions on u are: 


w(0) = 0 and u(H) = U Q . 


( 1 ) 


These conditions give 


Substituting (m) into (k) 


Ci = —— and C 0 = 0 , 
1 H 


u 



z_ 

H ' 


(m) 

(3.8) 


With the velocity distribution determined, we return to the dissipation 
function and energy equation. Substituting (b) and (f) into (2.17) gives 
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<9w 

0 = - 


Using solution (3.8) into (n) gives 




Noting that for steady state dT I dt = 0 and using (b), (f) and (o), the 
energy equation (2.19b) simplifies to 

d 2 T U 2 

k^ + J u^- = 0. (p) 

dy 2 H 2 

In arriving at (p), axial temperature variation was neglected. This is valid 
for infinite plates at uniform surface temperature. Equation (p) is solved by 
direct integration 

2 

T = ~ ^ ° 7 y~ + C 3 y + C 4 > (fi) 

2kH~ 

where C 3 and C 4 are constants of integration. The two boundary condi¬ 
tions on (q) are 

- k^^- = 0 and T(H) = T 0 . (r) 

dy 

These boundary conditions and solution (q) give 


C 3 = 0 and C 4 = T 0 + 


Substituting (s) into (q) and rearranging the result in dimensionless form, 
give 

UUUL41 («) 


M u; 2 ^ h 
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The heat flux at the moving plate is determined by applying Fourier’s law 
at y = H 


q"(H) = -k 


dT(H) 

dy 


Substituting (3.9) into the above, gives 


q\H) 


mu 7 ; 

H 


(3.10) 


(iii) Checking. Dimensional check : Each term in (3.8) and (3.9) is 

2 

dimensionless. Units of (3.10) should be W/m 


q\H) 


//(kg/m-s)f/ 2 (m 2 /s 2 ) 

Him) 



W 



Differential equation check : Velocity solution (3.8) satisfies equation (j) 
and temperature solution (3.9) satisfies (p). 

Boundaiy conditions check. Velocity solution (3.8) satisfies boundary 
conditions (1) and temperature solution (3.9) satisfies boundary conditions 

(r). 

Limiting check, (i) If the upper plate is stationary the fluid will also be 
stationary. Setting U Q = 0 in (3.8) gives u(y) = 0. 


(ii) If the upper plate is stationary the dissipation will vanish, temperature 
distribution will be uniform equal to T 0 and surface flux at the upper plate 
should be zero. Setting £/ o =0in (o), (3.9) and (3.10) gives 
^ = 0, T(y) = T 0 and q”(H) = 0. 

(iii) If the fluid is inviscid the dissipation term will vanish and the 
temperature should be uniform equal to T a . Setting fu = 0 in (3.9) gives 
T{y) = T 0 . 

(iv) Global conservation of energy. All energy dissipation due to friction is 
conducted in the y-direction. Energy dissipation is equal to the rate of work 
done by the plate to overcome frictional resistance. Thus 

W=r(H)U 0 , (t) 

where 


W= work done by the plate. 
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t{H) = shearing stress at the moving plate, given by, 


Substituting (3.8) into (u) 


t(H) = // 


du{H) 
dy 


H 


Combining (v) and (t), gives 


W= 


MUg 

H 


(u) 


(v) 


(w) 


This result is identical to surface heat flux given in (3.10). 

(5) Comments, (i) Treating the plate as infinite is one of the key 
simplifying assumptions. This eliminates the x-coordinate as a variable and 
results in governing equations that are ordinary. Alternatively, one could 
state that the streamline are parallel. This means that v = dv /dy = 0. 
Substituting this into the continuity equation for two-dimensional 
incompressible flow gives du/dx = 0. This is identical to equation (b) 
which is based on assuming infinite plate. 

(ii) Maximum temperature occurs at the insulated surface y = 0. Setting 
y = 0 in (3.9) gives 

2 

m-T 0 =^~ 

2k 


3.3.2 Poiseuille Flow 

This class of problems deals with axial flow in long channels or tubes. 
Fluid motion is driven by axial pressure gradient. The channel or tube is 
assumed infinite and thus end effects are neglected. The flow is 
characterized by parallel streamlines. 

Example 3.2: Flow in a Tube at Uniform Surface Temperature 

Incompressible fluid flows in a 
long tube of radius r 0 . The fluid 
is set in motion due to an axial 
pressure gradient dp / 6z. The 
surface of the tube is maintained 
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at uniform temperature T a . Taking into consideration dissipation, assuming 
axisymmetric laminar flow and neglecting gravity, axial temperature 
variation, and end effects, determine : 

[i a\ Fluid temperature distribution. 

[/?] Surface heat flux. 

[c] Nusselt number based on T (0) — T 0 . 


(1) Observations, (i) Fluid motion is driven by axial pressure drop, (ii) 
For a very long tube the flow field does not vary in the axial direction z. 
(iii) The fluid is incompressible (constant density), (iv) Heat is generated 
due to viscous dissipation. It is removed from the fluid by conduction at the 
surface, (v) The Nusselt number is a dimensionless heat transfer 
coefficient, (vi) To determine surface heat flux and heat transfer coefficient 
requires the determination of temperature distribution, (vii) Temperature 
distribution depends on the velocity distribution, (viii) Use cylindrical 
coordinates. 

(2) Problem Definition. Determine the velocity and temperature 
distribution. 

(3) Solution Plan. Apply continuity and Navier-Stokes equations in 
cylindrical coordinates to determine the flow field. Apply the energy 
equation to determine temperature distribution. Fourier’s law gives surface 
heat flux. Equation (1.10) gives the heat transfer coefficient. 

(4) Plan Execution. 

(i) Assumptions. (1) Continuum, (2) Newtonian fluid, (3) steady state, 
(4) laminar flow, (5) axisymmetric flow, (6) constant properties (density, 
viscosity and conductivity), (7) no end effects, (8) uniform surface 
temperature, and (9) negligible gravitational effect. 

(ii) Analysis, [a] Since temperature distribution is obtained by solving 
the energy equation, we begin the analysis with the energy equation. The 
energy equation in cylindrical coordinates for constant properties is given 
by (2.24) 


pc p 


dT 

dt 


- + IK 


dT v e dT dT 


- + 

dr r dd 


+ ZK 


dz 


= k\ 


1 d ( dT\ 1 d 2 T d 2 T 
r — +-+ 


r dr{ dr J r 2 Qp 2 g z 2 


+ //O, 


(2.24) 
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where the dissipation function Q is given by (2.25) 


0 = 2 


( dv r 'j 

2 


+ 2 

{dr ) 

V 


1 dVf 


r d 6 


\2 

f dv _ 

2 r 

+ 2 

Z 

+ 

/ 

l & J 

V 


dr 


?0_ 

r 


1 dv^ dv 


& 


\r d& dz 


Y 

+ 

f dv r dv, 
—- + —— 

/ 

(_ dz dr J 


1 dv r V 
r dB j 

(2.25) 


Equations (2.24) and (2.25) show that the determination of temperature 
distribution requires the determination of the velocity components V r , Vg 

andv : . The flow field is determined by solving the continuity and the 
Navier-Stokes equations. We begin with the continuity equation in 
cylindrical coordinates 


dp 1 d 

-1- 

dt r dr 


G Prv ,.) 


1JL 

r d6 


[pv e ) 


+ ^(/^z) =0 - 

dz 


(2.4) 


For constant density 


For axisymmetric flow 


dp _dp _dp _dp _q 
dt dr dd dz 



= 0 . 


(a) 

(b) 


For a long tube with no end effects, axial changes in velocity vanish 



— = 0. 

(c) 


dz 

Substituting (a)-(c) into (2.4) 

^-{rv r )= 0. 

(d) 


dr 


Integrating (d) 

< 

II 

5s. 

£ 

(e) 


To determine the “constant” of integration f{z) we apply the no-slip 
boundary condition at the surface 
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Equations (e) and (f) give 
Substituting into (e) 


v r( r o’ Z ) = 0 • 


m= o. 

v r = 0. 


(f) 


(g) 


Since the radial component v r vanishes everywhere, it follows that the 
streamlines are parallel to the surface. To determine the axial component 
V z we apply the Navier-Stokes equation in the z-direction, (2.1 lz) 


P 


dv 7 dv 7 dv 7 dv 7 \ 
—- + ——- + v 7 —- +—- 
dr r 86 “ dz dt , 


PS z 


dp 

dz 


1 d 

( dv . ^ 

r dr 

^ dr J 


+ 


1 d 2 v s 
r 2 dO 2 


+ 



(2.1lz) 


This equation is simplified as follows: 

Steady state 

dt 

Negligible gravity effect 

Sr =Sz=°- 

Substituting (b), (c) and (g)-(i) into (2.1 lz) gives 


dp 


1 d 


-+ p - 

dz r dr 


dv z 

dr 


= 0 . 


Since V z depends on r only, equation (3.11) can be written as 


dp Id 

- = p - 

dz r dr 


dv z 

dr 


= g(r ) - 


(h) 

(i) 


(3.11) 


(j) 


Integrating (j) with respect to z 
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P = g( r ) z + C o > ( k ) 

where C Q is constant of integration. We turn our attention now to the radial 
component of Navier-Stokes equation, (2.1 lr) 


pv\ 


dv r 

dr 


Pg, 


v 6 dv r V 
r dd r 

dp 


dv r dv r 


dz dt 


dr 


P 


d | 

fid, A 


~ — (rv r ) 

dr 

\r dr y 


1 d 2 v r 2 dv t 


r 2 dO 2 


dd 


Substituting (b), (g) and (i) into (2.1 lr), gives 


d 2 v r 
(2.1 lr) 


Integrating (1) 



P = f ( z ) , 


( 1 ) 

(m) 


where /(z) is “constant” of integration. We now have two solutions for 
the pressure p: (k) and (m). Equating the two, gives 

P = g(r)z + C Q = f(z ). (n) 


One side of (n) shows that the pressure depends on z only while the other 
side shows that it depends on r and z. This, of course, is a contradiction. 
The only possibility for reconciling this is by requiring that 

g(r) = C, (o) 

where C is a constant. Substituting (o) into (j) 


dp 


1 d 


= p - 

dz r dr 


dv z 

dr 


= C. 


(P) 


Thus the axial pressure gradient in the tube is constant. Equation (p) can 
now be integrated to give the axial velocity distribution. Integrating once 
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dv 7 
r —- 
dr 


1 dp 2 
2/u dz 


+ Q. 


Separating variables and integrating again 


v 


Z 


1 dp 2 
4ju dz 


+ C| In r + C 2 1 


(q) 


where C\ and C~, are constants of integration. The two boundary 
conditions on V z are 


dv z ( 0) 

dr 


-0, v z (r 0 ) = $. 


(r) 


Equations (q) and (r) give C, and C 2 


Substituting into (q) 


Q = 


0, c 2 = 


1 dp 
4ju dz 


1 dp 2 
4[4 dz 



(3.12) 


With the velocity distribution detennined we return to the energy equation 
(2.24) and the dissipation function (2.25). To simplify the problem, we will 
assume that axial temperature variation is negligible. Thus 


dT _ d 2 T 
dz dz 2 


(s) 


It should be emphasized that this is an approximation and not an exact 
condition. Substituting (b), (c), (g), (h) and (s) into (2.24) 


/ 1 d 

k - 

r dr 


( 


dT | . n 

r-| + p@ = 0 . 

dr 


(t) 


Using (b), (c) and (g) into (2.25) gives the dissipation function for this flow 
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0 J t dv ^ 


V dr j 

Substituting the velocity solution (3.12) into the above, gives 


f 


0 = 


1 dp 


J 


y2/U dz 

Using (u) to eliminate & in (t) and rearranging, we obtain 


d_ 

dr 


f dr) 

V 

1 

d p ' 

\ dr) 

4kp 

\dz) 


r\ 


Integrating the above twice 


T = — 


64k/j 


^ d p^~ 

ydz j 


r +C,lnr + C 4 . 


Two boundary conditions are needed to evaluate the 
integration C 3 and C 4 . They are: 


dT( 0) 
dr 


= 0 and T(r 0 ) = T 0 . 


Equations (v) and (w) give the two constants 


C, =0, C d =T n 


64kp 


f dp^ 

\ dz j 


Substituting the above into (v) 


( ^ „ V 


T = T„ +■ 


64kp 


d p 
dz 


\ 2 

f 

4) 

r 


1- 

~~4 

/ 

V 

r o ) 


(u) 


(3.13) 


(v) 

constants of 

(w) 


(3.14a) 


This solution can be expressed in dimensionless form as 
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T-T„ 


64kju 


d p 
dz 


Y 


f 4 
V J 


(3.14b) 


[b] Surface heat flux q"(r 0 ) is obtained by applying Fourier’s law 


q"(r 0 ) = -k 


dT(r 0 ) 

dr 


Using (3.14) into the above 


ft / \ ' O 

q{r ° ) = Wp 


f dp^ 

\dzj 


[c] The Nusselt number is defined as 

Nu JjP = 2_k 


(3.15) 


(x) 


where D is tube diameter. The heat transfer coefficient h is determined 
using equation (1.10) 

k dT(r 0 ) 


h = 

XL/' 

\T(0)-T o ] dr 

(y) 

Substituting (3.14a) into (y) 

, 4k 



h = —. 

r n 

(z) 

Substituting (z) into (x) 

(J 



II 

oo 

(3.16) 


(iii) Checking. Dimensional check : Each term in (3.12) has units of 
velocity. Each term in (3.14a)has units of temperature. Each tenn in 

(3.15) has units of W/m 2 . 

Differential equation check : Velocity solution (3.12) satisfies equation (p) 
and temperature solution (3.14) satisfies (3.13). 
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Boundary conditions check. Velocity solution (3.12) satisfies boundary 
conditions (r) and temperature solution (3.14) satisfies boundary conditions 
(w). 

Limiting check, (i) If pressure is uniform (dp t dz = 0) the fluid will be 
stationary. Setting dp I dz = 0 in (3.12) gives V z = 0. 

(ii) If pressure is uniform (dp I dz = 0) the fluid will be stationary and no 
dissipation takes place and thus surface heat transfer should vanish. Setting 
dp I dz - 0 in (3.15) gives q”(r Q ) = 0. 

(iii) Global conservation of energy. Heat transfer rate leaving the tube must 
be equal to the rate of work required to pump the fluid. Pump work for a 
tube section of length L is 


W = ( Px - P 2 )Q, 

where 


p x = upstream pressure 

p 2 = downstream pressure 

Q = volumetric flow rate, given by 


Q = 2k 


f 

I v 7 rdr . 

Jo 


Substituting (3.12) into the above and integrating 


Q = -JL± r y 

8 pdz ° 


Combining (z-1) and (z-2) 


w = - n -^± {Pl - Pl) . 


8// dz 


Work per unit area W" is 


W" = 


w 


2k r„L 


(z-1) 


(z-2) 


(z-3) 


Substituting (z-3) into the above 
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However 


r o dp (p l -p 2 ) 

\6ju dz L 

( P\~Pi) _ d P 
L dz 


( Z -4) 


Combining this result with (z-4) gives 


W" 


16// 


f dp^~ 
\dz j 


This result is identical to surface heat transfer rate given in (3.15). 

(5) Comments, (i) Neglecting axial variation of temperature is a key factor 
in simplifying the problem. This assumption eliminates the z-coordinate as 
a variable and results in governing equations that are ordinary. 

(ii) Solution (3.14) shows that the maximum temperature occurs at the 
center, r = 0. 

(iii) The Nusselt number is constant, independent of Reynolds and Prandtl 
numbers. 

(iv) A more appropriate definition of the heat transfer coefficient is based 
on the mean temperature, T m , rather than the centerline temperature. Thus, 
(y) is modified to 

/; _ -k dT(r 0 ) 

T m ~ T o dr 


3.3.3 Rotating Flow 

Angular fluid motion can be generated by rotating a cylinder. A common 
example is fluid motion in the clearance space between a journal and its 
bearing. Under certain conditions the streamlines for such flows are 
concentric circles. 


Example 3.3: Lubrication Oil Temperature in Rotating Shaft 

Lubrication oil fills the clearance between a shaft and its housing. The 
radius of the shaft is t) and its angular velocity is CO . The housing radius 
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is r o and its temperature is T Q . Assuming laminar 
flow and taking into consideration dissipation, 
determine the maximum temperature rise in the oil 
and the heat generated due to dissipation. 

Solution 

(1) Observations, (i) Fluid motion is driven by 
shaft rotation (ii) The housing is stationary, (iii) Axial variation in velocity 
and temperature are negligible for a very long shaft, (iv) Velocity and 
temperature do not vary with angular position, (v) The fluid is incompres¬ 
sible (constant density), (vi) Heat generated by viscous dissipation is 
removed from the oil at the housing, (vii) No heat is conducted through the 
shaft, (viii) The maximum temperature occurs at the shaft, (ix) Use 
cylindrical coordinates. 

(2) Problem Definition. Determine the velocity and temperature 
distribution in the oil. 

(3) Solution Plan. Apply continuity and Navier-Stokes equations in 
cylindrical coordinates to detennine the flow field. Use the energy 
equation to determine temperature distribution. Apply Fourier’s law at the 
housing to detennine the rate of energy generated by dissipation. 

(4) Plan Execution. 

(i) Assumptions. (1) Continuum, (2) Newtonian fluid, (3) steady state, 
(4) laminar flow, (5) axisymmetric flow, (6) constant properties (density, 
conductivity, specific heat, and viscosity), (7) no end effects, (8) uniform 
surface temperature and (9) negligible gravitational effect. 

(ii) Analysis. Temperature distribution is obtained by solving the 
energy equation. Thus we begin the analysis with the energy equation. The 
energy equation in cylindrical coordinates for constant properties is given 
by (2.24) 



pc. 


dT dT v e dT 
— + v r 
dt 


*• r 

" se 

1 5 1 

( dT " 

r dr 1 

V dr, 


8T 

dz 


+ - 


1 d 2 T d 2 T 

■ H-— 


r 2 ae 2 


dz x 


+ /kb, (2.24) 
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where the dissipation function 0 is given by (2.25) 


0 = 2 


' 3v r N 

2 


+ 2 

l Sr ) 

V 


1 dv 


r 36 


r 


9 + " r 


X 2 

f dv . ^ 

2 f 

+ 2 


+ 

/ 

{dz J 

V 


1 dv 


z + Sv e A 


r 36 dz 


+ 


(dv r dv 


dv 0 

dr 

\ 2 


ve_ 

r 


1 dv r 
r 36 


■ + ' 
dz dr 


(2.25) 


The solution to (2.24) requires the determination of the velocity 
components V r , Vq and IK . These are obtained by solving the continuity 
and the Navier-Stokes equations in cylindrical coordinates. The continuity 
equation is given by equation (2.4) 


dp 1 3 t \ 1 8 

— +- {prv..) + - 

dt r dr r 36 


(pvo) 


3 

H- 

dz 


{pv z )=0. 


(2.4) 


For constant density 


dp _dp _dp _dp _ o 
dt dr 36 dz 


For axisymmetric flow 



36 


(b) 


For a long shaft with no end effects axial changes are negligible 


V 


z 


d 

dz 


0. 


(c) 


Substituting (a)-(c) into (2.4) 


4-( rv r)=°- 

dr 

Integrating (d) 


(d) 


rv r = C. 


(e) 
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To determine the constant of integration C we apply the no-slip boundary 
condition at the housing surface 


Equations (e) and (f) give 


Substituting into (e) 


v r (r 0 ) = 0 . 


C = 0. 


v r = 0 . 


Since the radial component V r vanishes everywhere, it follows that the 
streamlines are concentric circles. To detennine the tangential velocity Vg 
we apply the Navier-Stokes equation in the 0 -direction, equation (2.11 6) 


f dVg Vg dVg V,,Vg dVg dVg 

p v r - + ——-+ +v 7 —- + —- 

\ dr r 89 r dz dt 


l dp \ d ( 1 d , \ 1 d 2 Vg 2 8v r d 2 v d 

Pgd~-— + / U - - —(^0) +— . T 2 

r 89 dr\r dr y r ~ 80 1 r l 98 dz 1 


( 2 . 116 ') 


For steady state 


A = 0 . 

dt 


Neglecting gravity and applying (b), (c), (g) and (h), equation (2.116') 
simplifies to 


d f 1 d . n 

— -—(rv 0 )= 0. 
dr \ r dr ) 


(3.17) 


Integrating (3.17) twice 


_ C, C 2 
v e ~~r r + — ’ 

2 r 
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where C, and C 2 are constants of integration. The two boundary 
conditions on V g are 


Vg(r i ) = cor i , v 0 (r o ) = 0. 
Boundary conditions (j) give C ] and C 2 


O') 


c, = 


2 corf 


C , = 


2 2 
<59 rf 


(k) 


Substituting (k) into (i) and rearranging in dimensionless form, gives 

v e ( r ) _ ( 7 o /r if 0) / r )-( r /) 


ryr,- 


(r 0 l r i) -1 


(3.18) 


We now return to the energy equation (2.24) and the dissipation 
function (2.25). Using (b), (c), (g) and (h), equation (2.24) simplifies to 


1 d 

k - 

r dr 


( 


dT | . A 

r -] + //<P = 0 . 

r/r 


The dissipation function (2.25) is simplified using (b), (c) and (g) 

, 2 


0 = 


(dv e v g \ 


dr 


J 


Substituting the velocity solution (3.18) into the above, gives 

12 


0 = 


2(0 rf 


1 


\-(r l lr 0 Y 

Combining (m) and (1) and rearranging, we obtain 


d 1 

( dT) 

y _ 


2(0 r) 

2 

1 

dr ' 

r 

V dr) 

k 

1 

1 

3 s 

to 

l_ 

7 


( 1 ) 


(m) 


(3.19) 
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Integrating (3.19) twice 


T ( r ) = -jr 

4k 


2(0 r" 


1 - 0 } !r a ) 


^ + C 3 lnr + C 4 . 
r 


(n) 


where C 3 and C 4 are the integration constants. Two boundary conditions 
are needed to determine C 3 and C 4 . They are: 


dT{r t ) 

dr 


= 0 and T(r 0 ) = T 0 . 


Equations (n) and (o) give the two constants 


C 3 

i 2k 


2 corf 


~i2 


1 - !r 0 Y 


and 


C 4 =T 0 +^~ 
4 ° 4k 


2(0 r- 


i ~( r il r oY 


2 r 


1 2 t 

— + — ln/ o 


Substituting the above into (n) 


<o) 


no= T Q +j7 

4k 


2(or- 


(r ; - / r a ) 2 - (r ; / r) 2 +2 ln(r 0 / r) . (3.20a) 


.1-0) !r 0 ) 

This solution can be expressed in dimensionless form as 
T{r)-T 0 


d 

4k 


— = (r j / r a ) 2 - (r ( - / r) +2 In (r a / r) • (3.20b) 


2(01) 

1-0) / o' 


The maximum temperature is at the shaft’s surface. Setting r = r ; in 
(3.20a) gives 




T( r ) - T = 

4A' 


2 cor: 

2 

r 9 

l 

[ 0 ) !r o y + 2 In (r a !r { )~ 1 

1 

c~ 

1 

_1 
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Energy generated due to dissipation per unit shaft length, q'(r Q ), is 
determined by applying Fourier’s law at the housing. Thus 


q'(r 0 ) = - 27 rr o k 


dT(r 0 ) 

dr 


Using (3.20a), the above gives 


q'(r 0 ) = 4xju 


(corj ) 2 

i-MO 2 ’ 


(3.22) 


(iii) Checking. Dimensional check : each term in solutions (3.18) and 
(3.20b) is dimensionless. Equation (3.22) has the correct units of W/m. 

Differential equation check. Velocity solution (3.18) satisfies equation 
(3.17) and temperature solution (3.20) satisfies (3.19). 

Boundary conditions check Velocity solution (3.18) satisfies boundary 
conditions (j) and temperature solution (3.20) satisfies boundary conditions 
(o). 

Limiting check, (i) If the shaft does not rotate the fluid will be stationary. 
Setting co — 0 in (3.18) gives Vq = 0. 


(ii) If the shaft does not rotate no dissipation takes place and thus surface 
heat transfer should vanish. Setting co = 0 in (3.22) gives q\r D ) = 0. 


Global conservation of energy. Heat transfer rate from the housing must 
equal to work required to overcome friction at the shaft’s surface. The rate 
of shaft work per unit length is given by 


W' = 27ir i z(r i )ojr i , (p) 

where 

W' = work done on the fluid per unit shaft length. 
l{r t ) = shearing stress at the shaft’s surface, given by 


z(r i ) = n 


dr 



r 


r= r i 


(q) 


Substituting (3.18) into the above 
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T(n) = in 


CO 

' -(n !r 0 ) 2 


(r) 


Combining (p) and (r) and rearranging, gives 


W' = 4aju 


(cor ,) 2 
i -MO 2 


(s) 


This result is identical to surface heat transfer rate given in (3.22) 

(5) Comments, (i) The key simplifying assumption is axisymmetry. This 
results in concentric streamlines with vanishing normal velocity and 
angular changes. 

(ii) Temperature rise of the lubricating oil and energy dissipation increase 
as the clearance between the shaft and the housing is decreased. This is 
evident from equations (3.22) and (s) which show that in the limit 
as(c /) —>• 1, W' = q '—» oo. 

(iii) Velocity and temperature distributions are governed by a single 
parameter (r ; /r 0 ). 


REFERENCES 


[1] Pai, Shih-I, Viscous flow Theory, D. Van Nostrand, 1956. 

[2] Bird, R.B., W.E. Stewart and E.N. Lightfoot, Transport Phenomena, 
Wiley, 1960. 

[3] Schlichting, H, Boundary Layer Theory, 7th ed., translated into English 
by J. Kestin, McGraw-Hill, 1979. 

[4] Burmiester, L.C., Convective Heat Transfer, Wiley, 1983. 



94 3 Exact One-Dimensional Solutions 


PROBLEMS 

3.1 A large plate moves with 
constant velocity U 0 paral¬ 
lel to a stationary plate 
separated by a distance H. 

An incompressible fluid 
fills the channel formed by 
the plates. The stationary plate is at temperature 7j and the moving 
plate is at temperature T a . Taking into consideration dissipation, 
determine the maximum temperature and the heat flux at the moving 
plate. Assume laminar flow and neglect gravity effect and pressure 
variation in the channel. 

3.2 A large plate moves with 
constant velocity U 0 paral¬ 
lel to a stationary plate 
separated by a distance H. 

An incompressible fluid 
fills the channel formed by the plates. The upper plate is maintained 
at uniform temperature T 0 and the stationary plate is insulated. A 
pressure gradient dp / dx is applied to the fluid. Taking into 
consideration dissipation, determine the temperature of the insulated 
plate and the heat flux at the upper plate. Assume laminar flow and 
neglect gravity effect. 

3.3 Incompressible fluid is set in motion between two large parallel 
plates by moving the upper plate with constant velocity U 0 and 
holding the lower plate stationary. The clearance between the plates 
is H. The lower plate is insulated while the upper plate exchanges 
heat with the ambient by convection. The heat transfer coefficient is 
h and the ambient temperature is T, r . Taking into consideration 
dissipation determine the temperature of the insulated plate and the 
heat flux at the moving plate. Assume laminar flow and neglect 
gravity effect. 

3.4 Two parallel plates are separated by a distance 2 H. The plates are 
moved in opposite direction with constant velocity U 0 . Each plate is 

maintained at uniform tem-perrature T 0 . Taking into consideration 
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3.5 


dissipation, determine the heat 
flux at the plates. Assume 
laminar flow and neglect 
gravity effect. 

Incompressible fluid flows in 
a long tube of radius r o . Fluid 
motion is driven by an axial 
pressure gradient dp / dz. The 
tube exchanges heat by 
convection with an ambient 
fluid. The heat transfer 



coefficient is h and the ambient temperature is T rf . Taking into 
consideration dissipation, assuming laminar incompressible 
axisymmetric flow, and neglecting gravity, axial temperature 
variation and end effects, determine: 


[a] Surface temperature. 

[b] Surface heat flux. 

[c] Nusselt number based on 

no)-no. 


3.6 Fluid flows axially in the annular space between a cylinder and a 
concentric rod. The radius of the rod is r t and that of the cylinder is 
r o . Fluid motion in the annular space is driven by an axial pressure 
gradient dp / dz. The cylinder is maintained at uniform temperature 
T a . Assume incompressible laminar axisymmetric flow and neglect 
gravity and end effects. Show that the axial velocity is given by 


„ (r/r fJzdL'idzl 

4p dz ° ln(r 0 /r ; ) 


ln(r/r a )-l 


3.7 A rod of radius r ( is placed 
concentrically inside a cylinder 
of radius r o . The rod moves 
axially with constant velocity 
U 0 and sets the fluid in the annular space in motion. The cylinder is 
maintained at uniform temperature T g . Neglect gravity and end 
effects, and assume incompressible laminar axisymmetric flow. 
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[a] Show that the axial velocity is given by 


U„ 


^z = 


ln(r i /r 0 ) 


In (r/r 0 ). 


[b] Taking into consideration dissipation, determine the heat flux at 
the outer surface and the Nusselt number based on [ T (r ; ) - T a ]. 
Neglect axial temperature variation. 

3.8 A liquid film of thickness H flows down an inclined plane due to 
gravity. The plane is maintained at uniform temperature T 0 and the 
free film surface is insulated. Assume incompressible laminar flow 
and neglect axial variation of velocity and temperature and end 
effects. 


[a] Show that the axial velocity is 
given by 


u = 


PgH 

M 


-sin 0 


z. 

H 




[b] Taking into consideration dissipation, detennine the heat flux at 
the inclined plane. 

3.9 A liquid film of thickness H flows down an inclined plane due to 
gravity. The plane exchanges heat by convection with an ambient 
fluid. The heat transfer coefficient is h and the ambient temperature 
is T y . The inclined surface is insulated. Assume incompressible 
laminar flow and neglect axial variation of velocity and temperature 
and end effects. 



[b] Taking into consideration dissipation, detennine the heat flux at 
the free surface. 

3.10 Lubricating oil fills the clearance space between a rotating shaft and 
its housing. The shaft radius is r ; = 6 cm and housing radius is 
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r t =6.1 cm. The angular velocity of the shaft 
is co = 3000 RPM and the housing 
temperature is T 0 =40°C. Taking into 
consideration dissipation, determine the 
maximum oil temperature and the heat flux at 
the housing. Neglect end effects and assume 
incompressible laminar flow. Properties of 
lubricating oil are: k = 0.138W/m-°C and 
fj = 0.0356 kg/m-s . 



3.11 Consider lubrication oil in the clearance 
between a shaft and its housing. The radius of 
the shaft is r ( and that of the housing is r 0 . 
The shaft rotates with an angular velocity CO 
and the housing exchanges heat by convection 
with the ambient fluid. The heat transfer 
coefficient is h and the ambient temperature is 
T x . Taking into considera-tion dissipation, 
determine the maximum temperature of the 
oil and surface heat flux at the housing. 
Assume incompressible laminar flow and 
neglect end effects. 



3.12 


3.13 


A rod of radius r t is placed concentrically 
inside a sleeve of radius r 0 . Incompressible 
fluid fills the clearance between the rod and 
the sleeve. The sleeve is maintained at 
uniform temperature T 0 while rotating with 
constant angular velocity CO. Taking into 
consideration dissipation, determine the 
maximum fluid temperature and surface heat 
flux at the sleeve. Assume incompressible laminar flow and neglect 
end effects. 



A hollow shaft of outer radius r Q rotates with 
constant angular velocity CO while immersed 
in an infinite fluid at uniform temperature 
T r/j . The shaft is maintained at uniform 
temperature T 0 . Taking into consideration 
dissipation, determine surface heat flux. 
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Assume incompressible laminar flow and neglect end effects. 

3.14 Two large porous plates are separated by a distance H. An 
incompressible fluid fills the channel formed by the plates. The 
lower plate is maintained at temperature 7j and the upper plate at 
T 2 . An axial pressure gradient dp / dx is applied to the fluid to set it 
in motion. A fluid at temperature T ] is injected through the lower 
plate with a normal velocity v 0 . Fluid is removed along the upper 
plate at velocity V a . The injected fluid is identical to the channel 
fluid. Neglect gravity, dissipation and axial variation of temperature. 

[a] Show that the axial velocity is given by 

y 1-exp (v o y/V) 

H 1-exp (v a H/v) 

[b] Determine surface heat flux at each plate. 


HV 1 dp 

u =- 

v 0 p dx 
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BOUNDARY LAYER FLOW: 
APPLICATION TO EXTERNAL FLOW 


4.1 Introduction 

The mathematical complexity of convection heat transfer is traced to the 
non-linearity of the Navier-Stokes equations of motion and the coupling of 
flow and thermal fields. The boundary layer concept, first introduced by 
Prandtl [1] in 1904, provides major simplifications. This concept is based 
on the notion that under special conditions certain terms in the governing 
equations are much smaller than others and therefore can be neglected 
without significantly affecting the accuracy of the solution. This raises two 
questions: 

(1) What are the conditions under which terms in the governing equations 
can be dropped! 

(2) What terms can be dropped! 

These questions will be answered first by using intuitive arguments and 
then by scale analysis. 

4.2 The Boundary Layer Concept: 

Simplification of the Governing Equations 

4.2.1 Qualitative Description 

Consider fluid flow over the semi- 
infinite heated surface shown in 
Fig. 4.1. The foundation of the 
boundary layer concept is the 
following observation: under 
certain conditions the effect of 
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viscosity is confined to a thin region near the surface. This region, whose 
edge is defined by 5, is referred to as the velocity or viscous boundary 
layer. Similarly, under certain conditions the effect of thennal interaction 
between the surface and the moving fluid is confined to a thin region near 
the surface defined by S t . This region is referred to as the thermal 

boundary layer. It should be noted that the boundaries of these regions are 
not sharply or uniquely defined. 

We consider the conditions for the formation of the two boundary 
layers. The conditions for the velocity boundary layer model are: (1) 
slender body without flow separation and (2) high Reynolds number (Re > 
100). The conditions for the thennal boundary layer model are: (1) slender 
body without flow separation and (2) high product of Reynolds and Prandtl 
numbers (Re Pr > 100). This product is called the Peclet number, given by 

oV L c n Li pcVL 

Peclet Number = Pe = RePr =-—-=-. (4.1) 

p k k 

Before examining the mathematical implication of the boundary layer 
concept we make the following observations: 

(1) Fluid velocity at the surface vanishes. This is the no-slip condition due 
to the viscous nature of the fluid. However, fluid velocity changes rapidly 
as the boundary layer is traversed normal to the surface, as shown in Fig. 
4.1. At the edge of the boundary layer the velocity approaches its free 
stream value V., . Similarly, fluid temperature changes within the thickness 
of the thermal boundary layer from surface temperature T s to free stream 
value T r/ . at the edge of the thermal boundary layer. 

(2) In general, at high Re and Pr both velocity and thermal boundary 
layers are thin. For example, air flowing at 10 m/s parallel to a 1.0 m long 
plate will have a viscous boundary layer thickness of 6 mm at the 
downstream end. 

(3) Viscosity plays no role outside the viscous boundary layer. This makes 
it possible to divide the flow field into a viscosity dominated region 
(boundary layer), and an inviscid region (outside the boundary layer). 

(4) Boundary layers can exist in both forced and free convection flows. 
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4.2.2 The Governing Equations 

To examine the mathematical consequences of the boundary layer concept 
we begin with the governing equations for a simplified case. We make the 
following assumptions: (1) steady state, (2) two-dimensional, (3) laminar, 
(4) uniform properties, (5) no dissipation, and (6) no gravity. Based on 
these assumptions the continuity, momentum, and energy equations are 


dn dv n 
— + — = 0 
dx dy 


(2.3) 


du 

du 

1 dp 

d 2 u 

-,2 't 

d u 

U -h V-= 

- — + V 
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dy 

p dx 
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dy 2 ) 

dv 

dv 

1 dp 

( d 2 v 

d 2 v' 

u -h v — = 

-— + V 



dx 

dy 

P dy 

pdx 2 

dy 2 ) 


(2.1 Ox) 


(2.10y) 


pc p 


(2.19) 


These equations will be simplified using the boundary layer concept. 

4.2.3 Mathematical Simplification 

It is legitimate to ask whether all terms in the governing equations are 
equally significant. We will argue that certain terms play a minor role in 
the solution and thus can be neglected to simplify the equations. Indeed, 
this is what the boundary layer concept enables us to do. We will first use 
intuitive arguments to simplify the equations. A more rigorous approach 
will then be presented using scaling to arrive at the same simplifications. 

4.2.4 Simplification of the Momentum Equations 
(i) Intuitive Arguments 

Starting with the x-momentum equation (2.1 Ox), we wish to establish if one 

2 2 2 2 

of the two viscous terns on the right-hand-side, d u/dx +d u/dy~, is 
small compared to the other. Imagine that a very small insect, so small that 
it does not disturb the flow, is placed inside the viscous boundary layer at 
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position 0, as shown in Fig. 4.2. 

The insect finds the fluid velocity 
at this location too high and wishes 
to move to a position of lower 
velocity. If the insect is allowed to 
take one short step to any of the 
four locations 1, 2, 3, or 4, where 
should it go? If your answer is to 
position 4, you are correct. This decision is based on the intuitive sense that 
changes in axial velocity u with respect to the y are much more pronounced 
compared to changes with respect to x. After all, the axial velocity u 
changes from zero at the wall to V,, across a short distance 8 in the in¬ 
direction. However, this does not give a clue regarding the relative 
magnitudes of d 2 u / dx 2 and d 2 u / Gy 2 . Additional communication with the 
insect is required. Imagine that the insect is initially a step away from the 
surface. Taking a step towards the surface is the ultimate choice since the 
velocity drops to zero. On the other hand, if the insect is at the edge of the 
boundary layer, taking a step towards the surface will hardly bring about a 
change in u. Mathematically, this means that there is a significant change 
in the axial velocity gradient with respect to y. However, taking one, two, 
or three steps in the x-direction will bring no significant change in u. This 
means that changes in the axial gradient of u with respect to x are 
negligible. We conclude that 



Fig. 4.2 


8 2 u d 2 u 
dx 2 8y 2 


(4.2) 


Thus, the term d 2 u / ox 2 can be dropped from equation (2.10x). 

We now examine the pressure term in (2.10x) and (2.10y). We argue 
that for a slender body the streamlines are nearly parallel having small 
vertical velocity component. Thus 


dp 

Gy 


* 0 . 


(4.3) 


It follows that p depends on x only, i.e. p ~ p(x). Therefore 


dp _ dp ~ dp M 


dx dx dx 


(4.4) 
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Here dp^ / dx is the pressure gradient at the edge of the boundary layer, 
y = 8 , where the fluid can be assumed inviscid. Substituting (4.2) and 
(4.4) into (2.1 Ox) gives the boundary layer x-momentum equation 


du du 1 dp d 2 u 

u — + v — =- — + v — 

dx dy p dx dy 2 


(4.5) 


where v = p!p . On the other hand, equation (2.10y) simplifies to (4.3). 
Continuity equation (2.3) and the x-momentum boundary layer equation 
(4.5) contain three unknowns: u, v , and p . However, since p is the 
pressure at the edge of the boundary layer y = 5, it can be independently 
obtained from the solution to the governing equations for inviscid flow 
outside the boundary layer. 

(ii) Scale Analysis 

Boundary layer approximations 
(4.2)-(4.4) will now be arrived at 
using scaling. Here we follow the 
procedure detailed in reference [2], 

Scaling is used to estimate the order 
of magnitude of each term in 
Navier-Stokes equations and drop 
terms of higher order. In this 
procedure a scale (measure) is assigned to each variable in an equation. 

Consider the flow over a slender body such as the flat plate shown in 
Fig. 4.3. The free stream velocity is V c/ ,, characteristic length is L, and the 
boundary layer thickness is 8. We postulate that 8 is small compared to 
the characteristic length L, that is 



x 


Fig. 4.3 


S_ 

L 


«1. 


(4.6) 


Assuming that equation (4.6) is valid, we pose three questions: 

(1) What terms in the governing equations can be dropped? 

(2) Is normal pressure gradient negligible compared to axial pressure 
gradient ? 

(3) Under what conditions is (4.6) valid? 
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To answer these questions the dependent variables u and V and 
independent variables x and y are assigned the following measures or 
scales: 



u~V ,„, 

(4.7a) 


x ~ L, 

(4.7b) 


y~S. 

(4.7c) 

Equation (4.7) is applied to continuity (2.3) to develop a scale 

fort;. 

Rewriting (2.3) as 

dv du 



rS 

1 


Using (4.7), the above gives 

5~L 


Solving for V 

v-V^ — . 

00 L 

(4.7d) 

Based on assumption (4.6) it follows that V « V x . Equation (4.7) 

is now 

used to determine the order of magnitude of the inertia and viscous terms of 

the x-momentum equation (2.1 Ox). 


First inertia term: 

dx L 

(a) 

Second inertia term: 

du 

v — ~ v —. 
dy 8 


Using (4.7d) to eliminate V in the above, gives 



8y 00 L 

(b) 
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We conclude that the two inertia tenns are of the same magnitude. 
Following the same procedure, the order of magnitude of the two viscous 
terms in (2.1 Ox) are determined. 


First viscous term: 

dx 2 L 2 

Second viscous term: 

dy 2 ~8 2 ' 


(c) 


(d) 


Since, according to (4.6), 8 « L , comparing (c) with (d) shows that 


8 2 u d 2 u 
dx 2 <K 8y 2 ' 


(4.2) 


Thus d 2 u/dx 2 in equation (2.1 Ox) can be neglected. This conclusion is 
identical to the result obtained using the intuitive insect approach. 

Scaling of the two viscous terms in the v-componcnt of the momentum 
equation, (2.10y), shows that 


d 2 v d 2 v 
dx 2 <<= By 2 ' 


(4.8) 


Using (4.2) and (4.8), equations (2.10x) and (2.10y) simplify to 


du dn 1 dp d 2 u 

u -f v — =- v v ——, 

dx dy p dx dy 2 


dv dv 1 dp d 2 v 

It -b V -=-b V -— . 

dx dy p dy dy 2 


(4.9x) 


(4.9y) 


Having answered the first question we turn our attention to the second 
question regarding pressure gradient. The order of magnitude of dp / ox 
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and dp / dy is determined using scaling. A balance between axial pressure 
and inertia in (4.9x) gives 

dp du 

- pu —. 

Gx dx 


The above is scaled using (4.7) 


dp 

dx 



(e) 


Similarly, a balance between pressure and inertia in (4.9y) and scaling, 
gives 


dp_~ V 'j S 

dy ^ L L 


(f) 


Comparison between (e) and (f) using assumption (4.6) shows that 


dp dp 

— « — . 
dy dx 


(4.10) 


Note that the same result is obtained by balancing pressure gradient against 
viscous forces instead of inertia in (2.10x) and (2.10y). Equation (4.10) has 
important consequences on the determination of boundary layer pressure. 
For two-dimensional flow, pressure depends on the variables x and y. That 
is 


p = p(x,y ), 
and 

, dp , dp , 
dp = —dx -\ - d v . 

dx dy 

Dividing through by dx and rearranging 

(dp/dy) dy 


dp _ dp 
dx dx 


1 + 


(dp / dx) dx 


(4.11) 


The gradient dy / dx is scaled as 
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dy_ ~ 8_ 

dx L 


Substituting (e)-(g) into (4.11) 


dp 

dx 



+ (S/L ) 2 


Invoking (4.6), the above simplifies to 


dp dp 
dx dx 


(g) 


(h) 


(i) 


We thus conclude that boundary layer pressure depends on the axial 
direction x and that variation in the v-direction is negligible. That is, at a 
given location x the pressure p(x) inside the boundary layer is the same as 
the pressure p m (x) at the edge of the boundary layer y = 8. Thus 


p(x,y) « pjx). 


(j) 


We now examine the consequences of this result on the x-momentum 
equation. Differentiating (j) and using (i) 


OP 4^00 
dx dx 


(4.12) 


Substituting (4.12) into (4.9x) 


Bu Bn 

u -h v — = 

ox By 


1 dp _ B 2 u 

- — + v — 

p dx Qy- 


(4.13) 


This is the x-momentum equation for boundary layer flow. It is the same as 
that obtained using our intuitive approach. Note that (4.13) is arrived at 
using scaling of the y-momentum equation. It is important to recall that this 
result is based on the key assumption that 8 / L « 1. It remains to answer 
the third question regarding the condition under which this assumption is 
valid. 
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The first two terms in (4.13) representing inertia are of the same order 
as shown in (a) and (b). The last term in (4.13) represents viscous force. 
According to (d) this term is scaled as 


v 


d 2 u 


V, 


8 l 


(k) 


A balance between inertia (a) and viscous force (k) gives 


L ~ V S 2 ' 

Rearranging the above 

§_ rv~ 

L~iv x L' 

This result is rewritten as 

8 _ 1 

Wl' 

where Re L is the Reynolds number defined as 



v 


(4.14a) 


(4.14b) 


(4.15) 


Thus 8 / L « 1 is valid when ^Re L » 1. Equation (4.14) is generalized 
to provide a measure of the variation of boundary layer thickness along a 
surface. Setting x = L in (4.14) and (4.15), gives 


S_ 1 

* 


(4.16) 


We return to the y-componcnt of the momentum equation, (4.9y), and 
note that each term is of order 8. Thus all terms in this equation are 
neglected, leading to the important boundary layer simplification of 
negligible pressure gradient in the y-direction, as described in (4.3). 
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4.2.5 Simplification of the Energy Equation 

We now simplify the energy equation for two-dimensional constant 
properties flow by neglecting higher order terns in equation (2.19) 


pc P 


( dT 

dT) 


f d 2 T 

d 2 T \ 

U -h V - 

= k 

—- +—- 

dx 

dy ) 


^ax 2 

dy 2 ) 


(2.19) 


(i) Intuitive Argument 

We wish to determine if one of the conduction terms in (2.19), 
d 2 T / dx 2 + d 2 T / dy 2 , is small compared to the other. Returning to the 
small insect of Fig. 4.2., we pretend that the surface is hot and the fluid is at 
a lower temperature. The insect is placed at location 0 inside the thermal 
boundary layer shown in Fig. 4.2. It finds the environment too hot and 
wishes to move to a cooler location. It is allowed to take a small step to 
location 1, 2, 3, or 4. Where would you advise the insect to go? If your 
answer is to location 2, you are correct. This is interpreted as recognizing 
that temperature changes in the v-direction are much more pronounced than 
changes in the x-direction. To evaluate the relative magnitudes of 
d T/dx and d~T/dy , additional observations are required. Imagine 
that the insect is initially within a step of the surface. Taking a step away 
from the surface brings some relief. However, taking a step in the x- 
direction brings no significant relief. Suppose instead the insect is at the 
edge of the boundary layer. Taking a step away from the surface will 
essentially result in no change in temperature. Neither would moving 
axially. From this we conclude that changes in the axial temperature 
gradient with respect to x are small compared to changes in the normal 
temperature gradient with respect to y. That is 


d 2 T q 2 t 

-V «-X- 

ax 2 ay 2 


(4.17) 


2 2 

Thus, axial conduction, d T / dx , can be dropped from the energy 
equation to obtain 


8T dT d 2 T 

u -f v — = a ——, 

dx dy dy 2 


(4.18) 


where a is thermal diffusivity. This equation is known as the boundary 
layer energy equation. 
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(ii) Scale Analysis 

Scaling will now be used to examine the order of magnitude of each term 
in energy equation (2.19). Again we consider the flow over a slender body 
of characteristic length L. The free stream velocity and temperature are 
and T x . The thermal boundary layer thickness is 8 t . We postulate that 
S t is small compared to the characteristic length L, that is 


Sj_ 

L 


«1. 


(4.19) 


Assuming that equation (4.19) is valid, we pose two questions: 

(1) What terms in energy’ equation (2.19) can be dropped! 

(2) Under what condition is equation (4.19) valid! 

To answer these questions we assign scales to the variables in the energy 
equation. The scale for x is given by equation (4.7b) 

jc ~ L . (4.7b) 

Scales for y and AT are 

y~S t , (4.20) 


AT ~T S -T". (4.21) 

Scales for u and v depend on whether 8 t is larger or smaller than 8. Thus 
two cases are identified as illustrated in Fig. 4.4: 




Fig. 4.4 
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Case (1): S t > 5 . For this case the axial velocity u within the thermal 

boundary layer is of the order of the free stream velocity. Thus the scale for 
u is 


u ~ V ,„. 


(4.22) 


Following the fonnulation of (4.7d), scaling of the continuity equation 
gives 


v-V^ — . 

00 L 


(4.23) 


Using (4.7b) and (4.20-4.23), the two convection terms in equation (2.19) 
scale as 


and 


8T_ 

dx 


V„ 


AT 

L 


(a) 


dT Tr AT 

v - V x - 

dy L 


(b) 


Thus the two convection terms are of the same order. We now examine the 
order of magnitude of the two conduction terms in (2.19). They scale as 


and 


d 2 T AT 
dx 2 ~ L 2 ’ 


8 2 T AT 


(c) 


(d) 


Comparing (c) with (d) and using (4.19), we conclude that 

d 2 T d 2 T 
—v « —v 
5x 2 dy 2 


(e) 


This is identical to the intuitive result of (4.17). Thus the boundary layer 
energy equation simplifies to 
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dT dT 
u -b v — = a 


dx dy 


d 2 T 
dy 2 ' 


(4.18) 


To answer the second question we note that each term in (4.18) is 
equally important. A balance between convection and conduction gives 


dT 

u - a 

dx 


d 2 T 

W 


Scaling each term in the above 


Rearranging 


r , AT AT 

■°ir~ a w 


I a 

L ~iv x L ' 

Using the definition of a the above gives 


k 

L pCpV^L ' 


Using the definitions of Prandtl and Reynolds numbers, the above is 
rewritten as 


Thus 


_L_ 

L JPrRe L 


L 


« 1 when *JPrRe L » 1. 


(4.24) 


(4.25) 


The product of the Prandtl and Reynolds numbers appears in various 
convection problems and is called the Peclet number, Pe, defined as 

Pe = PrRe L . 


(4.26) 
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As an example, a Peclet number of 100 gives S t / L ~ 0.1. It should be 
noted that the above result applies to the case of 8 t > 8. It remains to 
establish the condition under which S t > 8. Taking the ratio of (4.24) to 
(4.14b) gives 


1 

8 y[Pr 


(4.27) 


Thus the criterion for 8 t > 8 is 


S t >S 


when y[Pr « 1. 


(4.28) 


Case (2): 8 t <8. Examination of Fig. 4.4 shows that for this case the 

axial velocity u within the thermal boundary layer is smaller than the free 
stream velocity. Pretending that the velocity profile is linear, similarity of 
triangles gives a scale for it as 

(4.29) 

o 

Following the fonnulation of (4.7d), scaling of the continuity equation 
gives 

( 4 - 3 °) 


Using (4.29) and (4.30) and following the procedure used in Case (1), we 
arrive at the conclusion that the two convection terms are of the same order 
and that axial conduction is negligible compared to normal conduction. 

To answer the second question we again perform a balance between 
convection and conduction 


ST 

u - a 

dx 


d 2 T 

W 


Using (4.29) for it, scaling each term in the above gives 


v ATT 

" S L 


a 


AT 

~sf 


Using the definition of a and rearranging 
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(S,!Lf 


k 8 
pc D V x LL 


Applying (4.14b) to eliminate 8 / L in the above, we obtain 


L 


1/3 I - 

Pr ■ s jRe L 


(4.31) 


Thus the condition for the assumption in (4.19) that 8 t / L « 1 is 


4 

L 


«1 when Pr 13 Re L » 1. 


(4.32) 


We next establish the condition under which 8, < 8. Taking the ratio of 
(4.31) to (4.14b) 

1 


8 Pi¬ 


rn 


(4.33) 


Thus the criterion for 8, < 8 is 


S t < 8 when Pr m » 1. (4.34) 

4.3 Summary of Boundary Layer Equations for Steady Laminar Flow 

In formulating the governing equations for convection heat transfer we 
have made several simplifying assumptions in order to limit the 
mathematical complexity. These assumptions are: (1) Continuum, (2) 
Newtonian fluid, (3) two-dimensional process, (5) negligible changes in 
kinetic and potential energy and (4) constant properties. The additional 
assumptions leading to boundary layer simplifications are: (6) slender 
surface, (7) high Reynolds number (Re > 100), and (8) high Peclet number 
(Pe > 100). Finally, we introduce the following additional simplifications: 
(9) steady state, (10) laminar flow, (11) no dissipation (Q = 0), (12) no 
gravity, and (13) no energy generation (q'" = 0). The governing boundary 
layer equations for these conditions are: 

Continuity: 
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x-Momentum: 


du dv 

— + — = 0 . 

dx dy 


(2.3) 


du du 1 dp a d 2 u 

u — + v — =- — + v — 

dx dy p dx dy~ 


(4.13) 


Energy 


dT dT 

u -f v — = a 

dx dy 


d 2 T 
dy 2 ' 


(4.18) 


Note the following: (1) The continuity equation is not simplified for 
boundary layer flow because both terns in (2.3) are of the same order of 
magnitude. (2) The pressure term in (4.13) is obtained from the solution to 
inviscid flow outside the boundary layer. Thus (2.3) and (4.13) have two 
unknowns: u and v. (3) To include the effect of buoyancy, the term 
[- ppg(T-T^)] should be added to the right-hand-side of (4.13). This 
assumes that gravity points in the positive x-direction. (4) In applying these 
equations one must keep in mind all the assumptions and restrictions 
leading to their formulation. 


4.4 Solutions: External Flow 

We consider external flow over a surface in which the fluid is infinite in 
extent. Of interest is thermal interaction between a surface and the external 
fluid. Thermal interaction is fully characterized once fluid temperature 
distribution is determined. However, temperature distribution depends on 
velocity distribution. For the special case of constant properties, velocity 
distribution is independent of temperature. Since this assumption will be 
made throughout, in each case the solution to the velocity distribution will 
be determined first and used to obtain the corresponding temperature 
solution. The exceptions are problems involving free convection where 
velocity and temperature must be solved simultaneously. 
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4.4.1 Laminar Boundary Layer Flow over Semi-infinite Flat Plate: 
Uniform Surface Temperature 

Consider the classic problem of 
flow over a semi-infinite flat 
plate shown in Fig. 4.5. The plate y 
is maintained at uniform tem¬ 
perature T s and the upstream 
fluid temperature is T m . The 
upstream velocity is uniform and 
parallel to the plate. Invoking all 
the assumptions summarized in Section 4.3, the three governing equations 
(continuity, momentum, and energy) are given in (2.3), (4.13), and (4.18). 
It should be recalled that for uniform flow over a semi-infinite flat plate 
transition from laminar to turbulent flow takes place at Re, - V y x, !v~ 
500,000 (see Section 2.3). 

(i) Velocity Distribution. In addition to velocity distribution, of interest is 
the determination of the boundary layer thickness 8 (x) and wall shearing 
stress T a (x). These important flow characteristics are easily determined 
once the velocity solution is obtained. Before an analytic solution is 
presented, scaling will be used to estimate 8(x) and r 0 (x). 

(a) Governing equations and boundary conditions 

The continuity and x-momentum equations for this flow are: 



du dv 
— + — = 0 , 
dx dy 


(2.3) 


du du 1 dp x d 2 u 

u — + v — =- — + v — 

dx dy p dx dy~ 


(4.13) 


The velocity boundary conditions are: 

w(x,0) = 0, 
l>(x,0) = 0, 
u(x,cc) = V 00 , 


(4.35a) 

(4.35b) 

(4.35c) 

(4.35d) 


u(0,y) = V oo . 
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(b) Scale analysis: boundary layer thickness, wall shear and friction 
coefficient 

In Section 4.2.4 we used scale analysis to obtain an order of magnitude 
solution to the boundary layer thickness 8(x), given in (4.16) 


8 1 




Wall shearing stress x Q is determined using (2.7a) 


(4.16) 


7 xy *yx fA 


dv du 
dx dy J 


(2.7a) 


Applying (2.7a) at the wall y = 0 where v(x,0) = 0 gives T a 


=M 


du(x, 0) 
dy 


(4.36) 


To detennine the order of magnitude of T 0 the following scales are 
assigned to u and y: 


u ~ , 

y ~ 8 . 

Equation (4.36) is scaled using (4.7) 

^00 

T o ~M — 


(4.7a) 

(4.7c) 


(a) 


Using (4.16) to eliminate 8 in (a) 

— (b) 

x 

Introducing the definition of the Darcy friction coefficient C f - 
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(1/2 )pVl ' 


(4.37a) 


Using (b) to eliminate r G in (4.37) 


1 4^*4 


(4.37b) 


(c) Blasius solution: similarity method 

Equations (2.3) and (4.13) are solved analytically for the velocity 
components u and v. These two equations contain three unknowns: u, v, 
and . However, as was previously pointed out, pressure in boundary 
layer problems is independently obtained from the inviscid flow solution 
outside the boundary layer. Focusing on this inviscid region we note that it 
can be modeled as uniform inviscid flow over the slightly curved edge of 
the viscous boundary layer 8. However, since this layer is thin, we make 
the assumption that the edge coincides with the plate. We do this as a first 
approximation since the edge of the boundary layer is not yet known. 
Thus, the inviscid problem becomes that of uniform flow over a flat plate 
of zero thickness. Since the fluid is assumed inviscid, the plate does not 
disturb the flow and the velocity remains uniform. Therefore the solution 
to the inviscid flow outside the boundary layer is 

u=V o0 , z? = 0, p = = constant. (4.38) 


Thus the pressure gradient is 



dx 


(4.39) 


Substituting (4.39) into (4.13) we obtain the boundary layer momentum 
equation for this problem 


du dll 

u - vv — = v 

dx 6y 


8 2 u 
dy 2 ' 


(4.40) 


Equation (4.40) is nonlinear and must be solved simultaneously with the 
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continuity equation (2.3). The solution, which is briefly outlined here, was 
obtained by Blasius [1] in 1908. He used similarity transformation to 
combine the two independent variables x and y into a single variable r/(x, y ) 
and postulated that u/V x depends on ij only. For this problem the correct 
form of the transformation variable // is 


r/(x,y) = y 



(4.41) 


The velocity u(x, y) is assumed to depend on // according to 

u _ df 
K dt) ’ 


(4.42) 


where / = / (rf) is a function which is yet to be determined. Two 
observations are made regarding similarity transformation (4.41): (1) The 
inclusion of (V x / v) 1/2 in the definition of //. as will be seen later, is for 
convenience only. (2) Formal procedures are available for identifying the 
appropriate transformation variable for a given problem [2], 

With u defined in (4.42), continuity equation (2.3) is integrated to give 
the vertical velocity component v. Rewriting (2.3) 


dv _ du 
8y dx 


Multiplying both sides by dy and integrating gives v 


V = — 



(a) 


To evaluate the integral in (a) we use (4.41) and (4.42) to express dy and 
du / dx in terms of the variable //. Differentiating (4.41) with respect to y 
and rearranging, yields 


dy = 



(b) 


Using the chain rule, the derivative du / dx is expressed in terms of // 
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du _ du dr/ 
dx dr/ dx 

Using (4.41) and (4.42) into the above 

du V m d 2 f 

— =-—— rri/ • 

dx 2x dr/~ 

Substituting (b) and (c) into (a) and rearranging 


V 

K 



d 1 f , 

——r/dr/. 

dr/ 


Integration by parts gives 

v _ 1 v f df ' 

V^~2]jv^l r7 d^~ J , 


(c) 


(4.43) 


With continuity satisfied, the momentum equation will be transformed 
and the function /(rj) determined. In addition to u, v and du / dx , the 
derivatives dul dry and d 2 u/dy 2 must be expressed interns of r/. Using 
the chain rule and equations (4.41) and (4.42), we obtain 


du _ du dr/ _ ^ d 2 f 
dy dr/dy m dr / 2 \vx 

dji = v V °q 

_ o v oo T -i 

dy dr/ vx 

Substituting (4.42), (4.43), and (c)-(e) into (4.40) 


2 £L +m ^L-o. 


d^ 


dr 


(d) 


(e) 


(4.44) 


Thus, the governing partial differential equations are successfully 
transformed into an ordinary differential equation. Note that the original 
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independent variables x and y are eliminated in this transformation. Note 
further that (4.44) is independent of characteristic velocity V r/: and property 
V . This is a direct consequence of including the factor ( V,,_ / v) 1 in the 
definition of 7] in (4.41). 


To complete the transformation, the boundary conditions must also be 
transformed in tenns of the new variable //. Using (4.41)-(4.43), boundary 
conditions (4.35a-4.35d) transform to 


#( 0 ) _ Q 

drj 

/(o) = o, 

#(°°) _ x 

dr] 

#(°°) 


(4.45a) 

(4.45b) 

(4.45c) 

(4.45d) 


Note that transfonned equation 
(4.44) is third order requiring 
three boundary conditions. 
Boundary conditions (4.35c) 
and (4.35d) coalesce into a 
single condition, as shown in 
(4.45c) and (4.45d). Although 
the mathematical problem is 
reduced to solving a third order 
ordinary differential equation 


Table 4.1 

Blasius solution [1| 

f K 

/ 

df u 

d 2 f 



dil V x 

dir 

0.0 

0.0 

0.0 

0.33206 

0.4 

0.02656 

0.13277 

0.33147 

0.8 

0.10611 

0.26471 

0.32739 

1.2 

0.23795 

0.39378 

0.31659 

1.6 

0.42032 

0.51676 

0.29667 

2.0 

0.65003 

0.62977 

0.26675 

2.4 

0.92230 

0.72899 

0.22809 

2.8 

1.23099 

0.81152 

0.18401 

3.2 

1.56911 

0.87609 

0.13913 

3.6 

1.92954 

0.92333 

0.09809 

4.0 

2.30576 

0.95552 

0.06424 

4.4 

2.69238 

0.97587 

0.03897 

4.8 

3.08534 

0.98779 

0.02187 

5.0 

3.28329 

0.99155 

0.01591 

5.2 

3.48189 

0.99425 

0.01134 

5.4 

3.68094 

0.99616 

0.00793 

5.6 

3.88031 

0.99748 

0.00543 

6.0 

4.27964 

0.99898 

0.00240 

7.0 

5.27926 

0.99992 

0.00022 

8.0 

6.27923 

1.00000 

0.00001 


(4.44), the difficulty is that this equation is nonlinear. Blasius obtained a 


power series solution for the function /(//). Since the solution is not 
expressed in terms of simple functions that are convenient to use, tabulated 
values for / and its derivatives are available for the determination of u and 
v. Table 4.1 gives a summary of these functions. Beside giving the 
velocity distribution, Blasius solution also gives the boundary layer 


thickness 5 (x) and the wall shearing stress T 0 (x). Defining S as the 


distance y from the plate where the velocity ratio illV x = 0.994, Table 4.1 
gives 
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8 = 5.2 

This can be expressed as 

8 _ 5.2 
x 



(4.46) 


where Re x is the local Reynolds number. We are now in a position to 
compare this result with scaling prediction of (4.16) 


S_ 1 


(4.16) 


The comparison shows that scaling predicts the correct dependency on the 
local Reynolds number with the constant 5.2 in Blasius solution 
approximated by unity. 

Wall shearing stress r o is obtained using (4.36) 


t a =M 


du(x, 0) 
dy 


Substituting (d) into (4.36) and using Table 4.1 


T=ljV d ~f( 0 ) _ A WQ(. //V 

to x U. 332(16 //b 

\vx dr] \vx 


(4.36) 


(4.47) 


Substituting (4.47) into (4.37a) gives the friction coefficient Cy 

_ 0.664 


(4.48) 


Note that scaling prediction of Cy is given by equation (4.37b) 
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Again scaling predicts the correct dependency on the local Reynolds 
number with the constant 0.664 in Blasius solution approximated by unity. 

(ii) Temperature Distribution. 

We return to the problem shown 
in Fig. 4.5 for uniform flow 
over an isothermal semi-infinite 
plate. The determination of the 
thermal boundary layer thick¬ 
ness 8 t , surface heat flux, heat 

transfer coefficient, and Nusselt 
number, hinges on the determination of the temperature distribution in the 
fluid. 

(a) Governing equation and boundary conditions 

Based on all the assumptions summarized in Section 4.3, temperature 
distribution is governed by energy equation (4.18). 



8T dT 

u -b v — = a 

dx dy 


d 2 T 
dy 2 ' 


(4.18) 


The boundary conditions for this problem are: 


T(x,0) = T s , 

(4.49a) 

r(x,co) = r QO , 

(4.49b) 

T(0,y) = T oo . 

(4.49c) 


(b) Scale analysis: Thermal boundary layer thickness, heat transfer 
coefficient and Nusselt number 

In Section 4.2.5 we used scale analysis to obtain an order of magnitude 
estimate for the thermal boundary layer thickness 5 t . We generalize the 
results by setting L = x in equations (4.24) and (4.31): 

Case (1): 5 t > 8 (Pr« 1) 


St 


1 

V PrRe x 


X 


(4.50) 
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Case (2): 8 t <8 (Pr» 1) 

S t 1 

X Pr'^R^ 


(4.51) 


The heat transfer coefficient h was introduced in Section 1.6 of 
Chapter 1. Analytic determination of h is based on Fourier’s law of 
conduction and Newton’s law of cooling. Equating the two laws gives 

8T(x, 0) 

h = -k -—-. (1.10) 

T -T 

± S 00 


Using the scales of (4.20) and (4.21), the above gives 

(4.52) 

where 8 t is given by (4.50) and (4.51). 

Case (1): 8 t > 8 (Pr« 1). Substituting (4.50) into (4.52) 

k t - 

h - JPrRe x , for Pr«\. (4.53) 

x 

Defining the local Nusselt number Nu x as 

Nu x = . (4.54) 

k 

Substituting (4.53) into (4.54) 

Nu x ~Pr 112 -yjRe x , for Pr« 1. (4.55) 


Case (2): 8 t « 8 (Pr» 1). Substituting (4.51) into (4.52) 

k 1/3 i - 

h - Pr jRe x , for Pr»l. 

x 


(4.56) 
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The corresponding Nusselt number is 

1/3 /- 

Nil x ~Pr y]Re x , for Pr » 1. 


(4.57) 


(c) Pohlhausen’s solution: Temperature distribution, thermal boundary 
layer thickness, heat transfer coefficient, and Nusselt number 

Boundary layer energy equation (4.18) is solved analytically for the 
temperature distribution T(x,y). The solution was obtained in 1921 by 
Pohlhausen [1] using similarity transformation. For convenience, equation 
(4.18) is expressed in tenns of dimensionless temperature 0 defined as 


e = 


T-T 

s 

T -T 

OO ± S 


Substituting (4.58) into (4.18) 


SO dd 

n - 1 v — = a 


dx 5y 


d 2 0 
dy 2 ’ 


Boundary conditions (4.49) become 

6{x, 0) = 0, 
0(x,co) = 1, 

0(O,T) = 1 . 


(4.58) 


(4.59) 


(4.60a) 

(4.60b) 

(4.60c) 


To solve (4.59) and (4.60) using similarity method, the two independent 
variables x and y are combined into a single variable //(x, y). For this 
problem the correct form of the transformation variable // is the same as 
that used in Blasius solution 


r/(x,y) = y 



(4.41) 


The solution 6{x, y) is assumed to depend on i) as 

9(x,y) = 0(r/). 

Velocity components u and v in (4.59) are given by Blasius solution 



126 4 Boundary Layer Flow: Application to External Flow 


u _df 
K d r) ’ 


(4.42) 


V 

V„ 


v 


V„x v 


^ df 
n -—/ 

dr] 


Substituting (4.41)-(4.43) into (4.59) and noting that 

88 _d0 drj _ r] d6 
2x drj ’ 


gives 


dx 

drj 

8x 

88 

1 

dr/ 

8y 

di] 

8y 


8 2 8 

_K 


8y 2 

V. 

a 

d-8 

-V + 

Pr 
— ) 


K_d0 

'Vx drj 


d 8 


vx dr,8 


dr]~ 


d8_ 

dr/ 


(443) 


(4.61) 


Thus, the governing partial differential equation is successfully transformed 
into an ordinary differential equation. The following observations are made 
regarding (4.61): 

(1) The Prandtl number Pr is the single parameter characterizing the 
equation. 

(2) This is a linear second order ordinary differential equation requiring 
two boundary conditions. 

(3) The function /(/;) appearing in (4.61) represents the effect of fluid 
motion on temperature distribution. It is obtained from Blasius solution. 

To complete the transformation, boundary conditions (4.60) must also 
be transformed in terns of the new variable //. Using (4.41), the three 
boundary conditions (4.60a-4.60c) transform to 

0 ( 0 ) = 0 , 

0(°°) = 1, 

8 { 00 ) = 1 . 


(4.62a) 

(4.62b) 

(4.62c) 
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Note that boundary conditions (4.60b) and (4.60c) coalesce into a single 
condition, as shown in (4.62b) and (4.62c). Equation (4.61) is solved by 
separating the variables, integrating and using boundary conditions (4.62). 
Integration details are found in Appendix B. The temperature solution is 


0(7) = 1 


f 

1 

<N 

^3 


dr) 2 

00 

f 

<N 

| -73 

•l 

1 - 

to 

1 _ 


Pr 


dr) 


dr) 


(4.63) 


Differentiating (4.63) gives surface temperature gradient 


d6( 0) 
dr) 


[0.332] Pr 




(4.64) 


The integrals in (4.63) and (4.64) are evaluated numerically. The integrand 
d 2 f / dr) 2 is obtained from Blasius solution and is given in Table 4.1. The 
integration result is presented graphically in Fig. 4.6 for several values of 
the Prandtl number. 



fr = y4 v J vx 

Fig. 4.6 Pohlhausen's solution for temperature 
distribution for laminar flow over a 
semi-infinite isotheral flat plate 
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With the temperature distribution determined, attention is focused on 
the thermal boundary layer thickness, heat transfer coefficient, and Nusselt 
number. The thermal boundary layer thickness 8 t is determined from Fig. 
4.6. The edge of the thermal layer is defined as the distance y where 
T « T fj . This corresponds to 

6 = t-t ~ 1 ’ at y = St ' (4 ' 65) 

^ oo S 


Using this definition of S t , Fig. 4.6 shows that 8 t (x) depends on the 
Prandtl number and that it decreases as the Prandtl number is increased. 

The heat transfer coefficient h is determined using equation (1.10) 


where 


h = -k 


dT(x, 0) 
dy 

T s -T n 


8T(x, 0) _ dT d0{ 0) drj 
dy dd dij dy 


( 1 . 10 ) 


Using (4.41) and (4.58) into the above 

dT(x, 0) K dm 

dy “ 5 \ vx dr/ 


Substituting into (1.10) gives the local heat transfer coefficient 


h(x)=k 

\ vx dr/ 


(4.66) 


The average heat transfer coefficient for a plate of length L is defined in 
equation (2.50) 



(2.50) 


Substituting (4.66) into (2.50) and integrating 
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h=2jjR^^-. (4.67) 

L dr/ 

The local Nusselt number is obtained by substituting (4.66) into (4.54) 

Nn x =^P-^~ x . (4.68) 

dr/ 

The corresponding average Nusselt number is 

= (4.69) 

dr/ 

Total heat transfer rate q T from a plate of length L and width W is obtained 
by applying Newton’s law of cooling 

L L 

q T = \h(x)(T s -T x )Wdx = (T S -Tjw\ h(x)dx = (T s -TJWLh . 

*o *0 


Noting that WL is the surface area A, the above becomes 
q T =(T s -TJAh. (4.70) 


Examination of equations (4.66)-(4.69) shows 
that the heat transfer coefficient and Nusselt 
number depend on the temperature gradient at 
the surface, d0{ 0)/ dr 7 . This key factor depends 
on the Prandtl number and is determined from 
(4.64). The integral in (4.64) is evaluated 
numerically using Blasius data in Table 4.1. 
Values of d0(O)/dr/ corresponding to various 
Prandtl numbers are given in Table 4.2 [3]. The 
following equations give good approximation of 
d 0(0)/ dr/ 


^^ = 0.564 Pr 112 , Pr < 0.05, (4.71a) 


Table 4.2 

Pr 

dd( 0 ) 

dr/ 

0.001 

0.0173 

0.01 

0.0516 

0.1 

0.140 

0.5 

0.259 

0.7 

0.292 

1.0 

0.332 

7.0 

0.645 

10.0 

0.730 

15.0 

0.835 

50 

1.247 

100 

1.572 

1000 

3.387 
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dm =0332 Pr m , 
dr] 

0.6 < Pr <10, 

(4.71b) 

m0} = 0.339 Pr' n 
dr] 

, Pr >10. 

(4.71c) 

To evaluate scaling prediction of the Nusselt number, we consider two 
cases corresponding to Pr « 1 and Pr » 1. Combining (4.71) with (4.68) 
gives 

Nu x =0.564 Pr vl jRe^, 

for Pr < 0.05, 

(4.72a) 

Nu x =0.332 Pr m jRe^, 

for 0.6 > Pr > 10, 

(4.72b) 

Nu x = 0.339 Pr 1/3 

for Pr > 10, 

(4.72c) 

The corresponding scaling results are given in (4.55) and (4.57) 


Nu x ~Pr m jR^ x , 

for Pr « 1, 

(4.55) 

Nu x ~ Pr x jRe x , 

for Pr »1. 

(4.57) 


Comparing (4.72a) with (4.55) and (4.72c) with (4.57) shows that scaling 
predicts the correct dependency on the local Reynolds number and the 
Prandtl number. However, scaling approximates the coefficients 0.564 and 
0.339 of the analytic solution with unity. 

The use of Pohlhausen’s solution to determine heat transfer character¬ 
istics requires the determination of fluid properties such as kinematic 
viscosity, thermal conductivity, and Prandtl number. All fluid properties in 
Pohlhausen’s solution are assumed constant. In fact they are temperature 
dependent. When carrying out computations using Pohlhausen’s solution, 
properties are evaluated at the film temperature T y, defined as 

T f =(T s +T a ,)!2. 


( 4 . 73 ) 



4.4 Solutions: External Flow 131 


4.4.2 Applications: Blasius Solution, Pohlhausen’s Solution, 
and Scaling 

Three examples will be presented in this section to illustrate the application 
of Blasius solution, Pohlhausen’s solution, and scaling to the solution of 
convection problems. 

Example 4.1: Insect in Search of Advice 

Air at 30°C flows with uniform 
velocity V x = 4 m/s over a flat plate. 

A tiny insect finds itself at location 0 
near the surface of the plate. Air 
velocity it at this location is too high 
for the insect. It wants to take a one 
millimeter step to any of the locations 1, 2, 3, or 4. What will the velocity ii 
be at these locations if the insect starts at x = 150 mm and y = 2 mm? Is 
the insect inside the viscous boundary layer? 

(1) Observations, (i) This is an external forced convection boundary layer 
problem, (ii) Changes in velocity between locations 1 and 3 should be 
small compared to those between 2 and 4. (iii) Location 4 should have the 
lowest velocity, (iv) If the flow is laminar, Blasius solution can be used to 
determine the velocity distribution and boundary layer thickness, (v) The 
flow is laminar if Reynolds number is less than 500,000. 

(2) Problem Definition. Determine the axial velocity at the five given 
locations. 

(3) Solution Plan. Check the Reynolds number to determine if boundary 
layer approximations can be made and if the flow is laminar. If it is, use 
Blasius solution, Table 4.1, to determine the axial velocity at the five 
locations and boundary layer thickness. 

(4) Plan Execution. 

(i) Assumptions. All assumptions leading to Blasius solution are 
applicable. These are: (1) Continuum, (2) Newtonian fluid, (3) steady state, 
(4) constant properties, (5) two-dimensional, (6) laminar flow (Re x < 
5x10 s ), (7) viscous boundary layer flow (Re x > 100), (8) uniform upstream 
velocity, (9) flat plate, (TO) negligible changes in kinetic and potential 
energy and (11) no buoyancy (/?= 0 or g = 0). 





132 4 Boundary Layer Flow: Application to External Flow 


(ii) Analysis. The Reynolds number is computed to establish if the 
flow is laminar and if boundary layer approximations can be made. The 
Reynolds number is defined as 

n V oo* , , 

Re x = -, (a) 

v 

where 

Re x = Reynolds number 

V r/ . = upstream velocity = 4 m/s 

x = distance from the leading edge of the plate, m 

V = kinematic viscosity = 16.01 x 1 0 m /s 

To determine if the flow is laminar or turbulent, compare the Reynolds 
number with the transition Reynolds number. For flow over a flat plate the 
transition Reynolds number Re x is 

Re X( = 5xl0 5 . (b) 

The flow is laminar if Re x < Re x . Viscous boundary layer approximations 
are valid for 

Re x > 100. (c) 

Evaluating the Reynolds number at x = 151 mm, equation (a) gives 
4(m/s)0.1Sl(m) 6 

16.01 xl(T 6 (m 2 /s) 

Therefore, boundary layer approximations can be made and the flow is 
laminar. Use Blasius solution to determine the velocity component u at any 
location and boundary layer thickness 8. At each location, the variable 77 is 
computed and used in Table 4.1 to determine the corresponding velocity 
ratio utVy. This variable is defined as 

7 = yj—, (d) 

V vx 

where 

y = normal distance from surface, m 
77 = dimensionless variable 

Blasius solution also gives the boundary layer thickness as 
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8 _ 5.2 
* 


(4.46) 


(iii) Computations. At each location (x, v), equation (d) is used to 
compute 77 . The computed 77 is used in Table 4.1 to determine u/V ,». Sample 
computation is shown for location 0. The results for the five locations 0, 1, 
2, 3 and 4 are tabulated below. 

At location 0 where x = 150 mm and y = 2 mm. Equation (d) gives 


n 


0.002(m) 


4(777/ 5) 


16.01 X 10 _6 (777 2 /s)0.15(777) 


2.581 


At this value of 77 , Table 4.1 gives 

77 / V a . = = 0.766, u = 0.766x4(m/s) = 3.064 m/s 


Location 

x (m) 

y ( m ) 

V 

u / V x 

«(m/s) 

0 

0.150 

0.002 

2.581 

0.766 

3.064 

1 

0.151 

0.002 

2.573 

0.765 

3.06 

2 

0.150 

0.003 

3.872 

0.945 

3.78 

3 

0.149 

0.002 

2.590 

0.768 

3.072 

4 

0.150 

0.001 

1.291 

0.422 

1.688 


The boundary layer thickness at the location of the insect is determined 
using (4.46) where x = 0.15 m and Re x = 37,726 

8 = x = 0.151(m) = 0.004m = 4 mm 

^Re x V 37 ’ 726 

Thus the insect is within the boundary layer. 

(iv) Checking. Dimensional check : Computations showed that equa¬ 
tions (a) and (d) are dimensionally correct. 

Qualitative check : The velocity at the five locations follows an expected 
behavior; minor changes in velocity in the x-direction and significant 
changes in the v-direction. 

(5) Comments, (i) The insect should move to location 4 where the axial 
velocity is lowest. 
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(ii) Changes in axial velocity with respect to x, at the same distance y from 
the plate, are minor. 

(iii) Changes in axial velocity with respect to y, at the same distance x, are 
significant. 

(iv) The tabulated values of u are approximate since they are determined by 
interpolations of Table 4.1. 

(v) What is important for the insect is the magnitude of the velocity vector 
V = (u 1 2 3 4 + Z? 2 ) 1 2 and not the axial component it. However, since v « u 
in boundary layer flow, using u as a measure of total velocity is reasonable. 


Example 4.2: Laminar Convection over a Flat Plate 

Water flows with a velocity of 0.25 m/s over a 75 cm long plate. Free 
stream temperature is 35°C and surface temperature is 85°C. [a] Derive an 
equation for the thermal boundary layer thickness 8 t in terms of the 
Reynolds number. [/?] Determine the heat transfer coefficient at x = 7.5 cm 
and 75 cm. [c] Determine the 
heat transfer rate for a plate 50 
cm wide. [<T] Can Pohlhausen's y 
solution be used to determine the 
heat flux at the trailing end of 
the plate if its length is doubled! 

(1) Observations, (i) This is an external forced convection over a flat 
plate, (ii) The thennal boundary layer thickness increases with distance 
along the plate, (iii) Newton’s law of cooling gives surface heat flux and 
heat transfer rate from the plate, (iv) The heat transfer coefficient changes 
with distance along the plate, (v) Pohlhausen's solution is applicable only if 
the flow is laminar and all other assumptions leading to this solution are 
valid, (vi) Doubling the length doubles the Reynolds number. 

(2) Problem Definition. Determine water temperature distribution. 

(3) Solution Plan. Compute the Reynolds and Peclet numbers to establish 
if this is a laminar boundary layer problem. If it is, use Pohlhausen's 
solution to determine the thermal boundary layer thickness, heat transfer 
coefficient, heat transfer rate, and surface heat flux. 

(4) Plan Execution. 
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(i) Assumptions. The assumptions listed in Section 4.3, which lead to 
Pohlhausen’s solution, are made: (1) Continuum, (2) Newtonian fluid, (3) 
two-dimensional process, (4) negligible changes in kinetic and potential 
energy, (5) constant properties, (6) boundary layer flow, (7) steady state, 
(8) laminar flow, (9) no dissipation, (10) no gravity, (11) no energy 
generation, (12) flat plate, (13) negligible plate thickness, (14) uniform 
upstream velocity V x , (15) unifonn upstream temperature T r , (16) 
uniform surface temperature T s , and (16) no radiation. 

(ii) Analysis and Computations. Calculate the Reynolds and Peclet 
numbers to determine if boundary layer approximations can be made and if 
the flow is laminar or turbulent. Boundary layer approximations are valid 
if the body is streamlined and if 

Re x > 100 and Pe = Re x Pr > 100 , (a) 

where 

Re x =V x x/v 
Pe = Peclet number 
Pr = Prandtl number 
V r , = free stream velocity = 0.25 m/s 
x = distance along plate, m 
V = kinematic viscosity, m 2 /s 

The transition Reynolds number Re, for flow over a semi-infinite plate is 


Re t = 5x 10 5 . 


(b) 


Properties of water are evaluated at the film temperature, 7) , defined in 
(4.73) 


T f = (T s +T m )/2, (c) 

where 


T s = surface temperature = 85°C 
T., = free stream temperature = 35°C 

Substituting into (c) gives 

T f = (85+ 35)(°C)/2 = 60°C 

Water properties at this temperature are: 

k = thermal conductivity = 0.6507 W/m-°C 
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Pr = 3.0 

v = 0.4748 X 10~ 6 m 2 /s. 

Thus at x = 7.5 cm Re x and Pe are 


Re x = LA = 0.25(m/s)0.075(m) = ^ x Ig4 
n 0.4748 x 10 -6 (m 2 / s) 

and 

Pe = Re x Pr = 3.949 x 10 4 x 3 = 11.85 x 10 4 

Comparison with equations (a) and (b) shows that boundary layer 
approximations can be made and the flow is laminar at x = 7.5 m. At the 
trailing edge, x = L = 75 cm, the Reynolds number Re L = 3.949 x 10 5 . Since 
this is less than the transition number it follows that the flow is laminar 
over the entire plate. Thus, Pohlhausen's solution is applicable. 

[a] Determination of 8 t . At the edge of the thermal boundary 
layer y=8 t and T » T yi . Thus, d(ij t ) = (Z fj - T s )/(T m - T s ) « 1. From 
Fig. 4.6 the value of 77 , corresponding to 6(r] t ) = 1 and Pr = 3 is 
approximately 3.2. Therefore 


or 


n t ~*2 = S t Jvj vx , 
S t _ 3.2 _ 3.2 

X tJvJvx -jRe^ 


(d) 


[b] Heat transfer coefficient. The local heat transfer coefficient is given in 
(4.66) 


h{x) = k 


K ^(°) 


v x dr] 

where d&( 0) / dr] for Pr = 3 is given in (4.71b) 


(4.66) 


= 0.332 Pr 1/3 . 
dr/ 


0.6 < Pr < 10 . 


(4.71b) 


For Pr = 3, this gives 
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= 0.332(3) 1/3 = 0.4788 
dr/ 

Substituting into (4.66) for x = 0.075 m 
h = 0.4788(0.6507)(W/m-°C) C 


0.25(m/s) 


0.4748x10 6 (m 2 /s)0.075(m) 


= 825.5 W/m 2 -°C 


Similarly, at x = 0.75 m 

h = 0.4788(0.6507)(W/m-°C) 

= 261 W/m 2 -°C 


0.25(m/s) 


10.4748x10 6 (m 2 /s)0.75(m) 


[c] Heat transfer rate. Equation (4.70) gives the total heat transfer rate from 
the plate 


q T =( T s-T x )Ah , 

where 

A = surface area = LW, m 2 
h = average heat transfer coefficient, W/m 2 -°C 
L = length of plate = 75 cm =0.75 m 
q T = total heat transfer rate from plate, W 
W= width of plate = 50 cm = 0.5 m 

The average heat transfer coefficient is given in (4.67) 



(4.70) 


(4.67) 


The Reynolds number at the trailing edge is Re^ = 3.949 xl0~\ Substitut¬ 
ing into the above 

h = 2 °-6507(W/m - -y/ 3- 9 49 x 10 ^ 0.4788= 522.1 W/m 2 -°C 

0.75(m) 


Substituting into (4.70) 
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q T = 522.1CW/m 1 2 * * - ° C)(85 - 35)(° C)0.75(m)0.5(m) = 9789 W 


[d] Doubling the length of plate doubles the corresponding Reynolds 
number at the trailing end. There is a possibility that transition to turbulent 
flow may take place. For a plate of length 2 L, the Reynolds number is 

Re 2L = 2 (3.949 x 10 5 ) = 7.898 xlO 5 

Since this Reynolds number is greater than Re t = 5 x 10 5 , the flow at the 
trailing end is turbulent and consequently Pohlhausen's solution is not 
applicable. 


(iii) Checking. Dimensional check : Computations showed that the 
Reynolds number is dimensionless and units of /? and h are correct. 

Qualitative check : As x is increased h decreases. Computation of the local 
heat transfer coefficient at x = 0.075 m and x = 0.75 m confirm s this. 


Quantitative check : The computed values of the heat transfer coefficients 
are within the range given in Table 1.1 for forced convection of liquids. 

(5) Comments, (i) It is important to check the Reynolds number before 
applying Pohlhausen's solution. 

(ii) The velocity boundary layer thickness 5 is given by 


8 _ 5.2 

x JrT x 


(4.46) 


Comparing (d) with equation (4.46) indicates that the thermal boundary 
layer thickness for water is smaller than the velocity boundary layer. 


Example 4.3: Scaling Estimate of Heat Transfer Rate 

Use scaling to determine the total heat transfer rate for the conditions 
described in Example 4.2 

(1) Observation, (i) Heat transfer rate is determined using Newton’s law 
of cooling, (ii) The heat transfer coefficient can be estimated using scaling. 

(2) Problem Definition. Determine the heat transfer coefficient h. 

(1) Solution Plan. Apply Newton’s law of cooling and use scaling to 

determine h. 
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(2) Plan Execution. 

(i) Assumptions. (1) Continuum, (2) Newtonian fluid, (3) two- 
dimensional process, (4) negligible changes in kinetic and potential energy, 
(5) constant properties, (6) boundary layer flow, (7) steady state, (8) no 
dissipation, (9) no gravity, (10) no energy generation and (11) no radiation. 

(ii) Analysis. Application of Newton’s law of cooling gives 


q r =(T s -TJAh, (4.70) 

where 

A = surface area = LW, m 2 

h = average heat transfer coefficient, W/nr-°C 
L = length of plate = 75 cm =0.75 m 
q T = total heat transfer rate from plate, W 
T s = surface temperature = 85°C 
T r , = free stream temperature = 35°C 
W= width of plate = 50 cm = 0.5 m 

The heat transfer coefficient is given by (1.10) 


where 


h = 


-k 


dTjx, 0) 
dy 

T s -T„ 


k = thermal conductivity = 0.6507 W/m-°C 


( 1 . 10 ) 


Following the analysis of Section 4.41, scaling of h for Pr »1 gives 


h~ — Pr jRe x , for Pr»\, (4.56) 

x 

where Re x =V aa x/v and Pr = 3. Setting h ~ h,x = L, A = WL and 
substituting (4.56) into (4.70) 

q T ~{T s -TJWkPr m jR^ L . (a) 


(iii) Computations. The Reynolds number at the trailing end is 
Re L — 3.949 x 10 5 . Substituting numerical values into (a) 
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q T ~ (85 - 35)(° C) 0.5(m) 0.6507(W/m-° C) 3^ x/394900 
q T ~14740 W 

Using Pohlhausen’s solution gives q T - 9789 W. 

(iv) Checking. Dimensional Chech Solution (a) is dimensionally 
correct. 

(5) Comments. Scaling gives an order of magnitude estimate of the heat 
transfer coefficient. In this example, the error in scaling estimate of the heat 
transfer rate is 50%. 

4.4.3 Laminar Boundary Layer Flow over Semi-infinite Flat Plate: 
Variable Surface Temperature [4] 

Consider uniform flow over a semi- 
infinite flat plate shown in Fig. 4.7. 

Surface temperature varies with 
axial distance x according to 

T s (x)-T a> =Cx\ (4.74) 



where C and n are constants and T t 

is free stream temperature. We wish to determine the temperature 
distribution, heat transfer coefficient, Nusselt number, and heat transfer 
rate. To solve this problem we invoke all the assumptions summarized in 
Section 4.3. 


(i) Velocity Distribution. Since properties are assumed constant, velocity 
distribution is independent of the temperature distribution. Thus Blasius 
solution is applicable to this case and the velocity components are given by 


u _df 
K dr/ ’ 


(4.42) 


jL.ifULJuA 

K, 2 ]] V m x { dtj ) 


(4.43) 


where the similarity variable rj is defined as 
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v(x,y) = y J— • 

\ vx 

(4.41) 

(ii) Governing Equations for Temperature Distribution. Based on the 
assumptions listed in Section 4.3, temperature distribution is governed by 
energy equation (4.18) 

dT dT d 2 T 

n - 1 - v — = a ——. 

dx dy dy 2 

(4.18) 

The boundary conditions for this problem are: 


r(x,0) = T S =T X + Cx n , 

(a) 

II 

8 s 

(b) 

T(0,y) = T oo . 

(c) 

(iii) Solution. The solution to (4.18) is obtained by the method of similarity 
transformation. We define a dimensionless temperature 6 as 

T-T 

e= s . 

~t s 

We assume 

0(x,y) = 0(ri). 

(4.58) 

(4.75) 

Using (4.41)-(4.43), (4.58), (4.74) and (4.75), energy equation (4.18) 
transforms to (see Appendix C for details) 

d 2 0 df Pr dd 

+ nPr ; (1 0)+ fin ) =0. 

drj drj 2 drj 

(4.76) 

Boundary conditions (a)-(c) become 


0(0) = 0, 

(4.77a) 

<9(°o) = 1, 

(4.77b) 

0(oo) = 1. 

(4.77c) 
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Note that boundary conditions (b) and (c) coalesce into a single condition, 
as shown in (4.76b) and (4.76c). The local heat transfer coefficient and 
Nusselt number are determined using (1.10) 


h = -k- 


dTjx, 0) 
dy 

T S ~T„ 


( 1 . 10 ) 


where 


dT(x, 0) dT d0( 0) drj 


dy 


d6 drj dy 


Using (4.41), (4.58) and (4.72) into the above 


dT(x,0) = _ Cx „ \V n d0{ 0) 


dy 


v x drj 


Substituting into (1.10) gives the local heat transfer coefficient 


h(x) = k 


K 

v x dr/ 


( 4 . 78 ) 


The average heat transfer coefficient for a plate of length L is defined in 
equation (2.50) 

L 

, I 

h =■ 


= h(x)dx. 

J o 

Substituting (4.78) into (2.50) and integrating 

h = 2—yj~Re 


(2.50) 


k r^-d6{ 0) 


( 4 . 79 ) 


Z v " dr/ 

The local Nusselt number is obtained by substituting (4.78) into (4.54) 

(4.80) 


drj 


The corresponding average Nusselt number is 
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Nu l = (4.81) 

drj 

Thus the key factor in the determination of the heat transfer coefficient and 
Nusselt number is surface temperature gradient dO(Qi)l dr], 

(iii) Results. The solution to (4.76) subject to boundary conditions (4.77) is 
obtained by numerical integration [4]. The solution depends on two 
parameters: the Prandtl number Pr and the exponent n in (4.74) which 
characterizes surface temperature variation. Temperature gradient at the 
surface, d6( 0) / dq , is presented in Fig. 4.8 for three Prandtl numbers. 

2.0 


d9( 0) 
dr] 

1.0 


0 0.5 1.0 1.5 

n 

Fig. 4.8 Surface temperature gradient for 
plate with varying surface 
temperatue, T s -T x = Cx n [4] 

4.4.4 Laminar Boundary Layer Flow over a Wedge: Uniform Surface 
Temperature 

Consider symmetrical flow over a 
wedge of angle (3n shown in Fig. 

4.9. The wedge is maintained at 
uniform surface temperature. Fluid 
velocity, temperature, and pressure 
upstream of the wedge are uniform. 

Flowever, pressure and velocity 
outside the viscous boundary layer 
vary with distance x along the 
wedge. A summary of key features 
of this problem follows. 
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Based on the assumptions listed in Section 4.3, the x-momentum equation 
for this case is: 


dn dll 

u - v v — = 

dx 8y 


1 dp m d~ u 

-r~ + v ~2- 

p ax dy 


(4.13) 


The solution to inviscid flow over the wedge gives the velocity outside the 
viscous boundary layer V,, (x) as 


V 00 (x) = Cx m , (4.82) 

where C is a constant and m is defined in terms of wedge angle as 

P 


m = 


2-p 


(4.83) 


Application of (4.13) to the inviscid flow outside the viscous boundary 
layer where v = 0 and a = V rfJ (x), gives the pressure gradient dp K / dx 


1 d Poo = v dV x 

’ rr 


p dx 


dx 


Substituting into (4.13) 


du du Tr dV' d 2 u 

u — + v — = F „—— + v —- 
dx dy dx dy 2 

The boundary conditions are 

u(x, 0) = 0, 
v(x,0) = 0, 

u(x,o o) = V m (x) = Cx m . 


(4.84) 

(4.85a) 

(4.85b) 

(4.85c) 


The solution to the velocity distribution is obtained by the method of 
similarity. Following Blasius approach, a similarity variable // is defined 
as 
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»(*'?) = yj^ = yj^* , "- n ' 2 - 

\ vx V v 

The velocity u(x, y) is assumed to depend on // according to 

u _ dF 

V„(x) dl I 

Continuity equation (2.3), (4.86), and (4.87) give the vertical velocity 
component V 


(4.86) 


(4.87) 


v = -V o0 (x) 


v m +1 


xV m (x) 2 


„ 1 - m dF 

F - 77- 

I + 777 drj 


(4.88) 


Substituting (4.82) and (4.86)-(4.88) into (4.84) 


d 3 F m + \^d 2 F 


di)' 


■ + ■ 


-F- 


dr)~ 


■ - 777 


dF_ 

drj 


+ 777 = 0 . 


(4.89) 


This is the transfonned momentum equation. Boundary conditions (4.85) 
transform to 


dF (0) _ 
dr] 

(4.90a) 

F{ 0) = 0, 

(4.90b) 

dF( 00 ) _ 1 
dr/ 

(4.90c) 


Note the following regarding (4.89) and (4.90): 

(1) The original variables x and y do not appear explicitly in these 
equations. 

(2) Momentum equation (4.89) is a third order non-linear ordinary 
differential equation. 
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(3) The special case of m = (3 = 0 corresponds to a flat plate. Setting 
m = 0 in (4.89) and (4.90) reduces to Blasius problem (4.44) and (4.45) 
with F{rj) = f{rj). 

Equation (4.89) is integrated numerically [5, 6], The solution gives the 
Function F(r]) and its derivative dF / d>], These in turn give the velocity 
components u and V. 

To detennine the temperature distribution we begin with the energy 
equation and thermal boundary conditions. The applicable equations for the 
wedge are the same as those of the semi-infinite flat plate, given by 

89 89 8 2 9 

u -b v — = a —— , 

8x 8y 8y 2 

9(x, 0) = 0, 

9(x,co) = 1, 

0<O,y) = l. 

where the dimensionless temperature 9 is defined as 


— 

T -T 

00 S 

The difference between the flat plate and wedge problem is the velocity 
distribution. In the flat plate case the velocity is given by Blasius solution 
while in the wedge the solution to (4.89) gives the velocity distribution. 
Energy equation (4.59) is solved by the method of similarity 
transformation. We assume 


(4.59) 

(4.60a) 

(4.60b) 

(4.60c) 

(4.58) 


e = 9(j]), (4.75) 

where the similarity variable // is defined in (4.86). Substituting (4.86)- 
(4.88) and (4.75) into (4.59) and (4.60) 


d 2 9 
drj 2 


+ ^L (m + 1 )F(7 ) 


d9_ 

dr/ 


= 0, 


(4.91) 
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3 

11 

0 

(4.92a) 

0(°°) = 1, 

(4.92b) 

0 (oo) = 1. 

(4.92c) 


Thus, the governing partial differential equation is successfully transformed 
into an ordinary differential equation. The following observations are made 
regarding (4.91) and (4.92): 

(1) Two parameters, Prandtl number Pr and the wedge size m, characterize 
the equation. 

(2) This is a linear second order ordinary differential equation requiring 
two boundary conditions. 

(3) The function F(r]) appearing in (4.91) represents the effect of fluid 
motion on temperature distribution. It is obtained from the solution to 
(4.89). 

(4) Boundary conditions (4.60b) and (4.60c) coalesce into a single 
condition, as shown in (4.92b) and (4.92c). 

(5) The special case of m = /? = 0 corresponds to a flat plate. Setting 
m = 0 in (4.91) reduces to Pohlhausen’s problem (4.61). 

Following the procedure used in Appendix B, separating variables in 
equation (4.91), integrating twice and applying boundary conditions (4.92), 
gives the temperature solution as 


* 07 ) = 1 



(m + 1 )Pi f F ^ dll 

J 0 

(m + 1 )Pr f ,/ 

- 2 - I F(v)dd 


drj 


di) 


(4.93) 


The temperature gradient at the surface is obtained by differentiating (4.93) 
and evaluating the derivative at the surface, 77 = 0 to obtain 


d0{ 0 ) 
drj 


f 


exp 


(m +1 )Pr 


1 

I 


F(r/)dr/ 


drj\ 


(4.94) 
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The function F(rj) appearing in (4.93) and (4.94) is obtained from the 
numerical solution to flow field equation (4.89). The integrals in (4.93) and 
(4.94) are evaluated numerically. Results for the temperature gradient at 
the surface, d0(O) / dr /, are given in Table 4.3 for four wedge angles at 
five Prandtl numbers [7]. Also shown in Table 4.3 is F"( 0) [5]. 


d6{ 0) 

Surface temperature gradient- and surface velocity gradient r (0) 

dr/ 

for flow over an isothermal wedge 

m 

wedge angle nji 

F"( 0) 

dd(0)/dr/ at five values of Pr 

0.7 

0.8 

1.0 

5.0 

10.0 

0 

0 

0.3206 

0.292 

0.307 

0.332 

0.585 

0.730 

0.111 

x/5 (36°) 

0.5120 

0.331 

0.348 

0.378 

0.669 

0.851 

0.333 

nil (90°) 

0.7575 

0.384 

0.403 

0.440 

0.792 

1.013 

1.0 

n (180°) 

1.2326 

0.496 

0.523 

0.570 

1.043 

1.344 


Table 4.3 is used to determine the heat transfer coefficient h and Nusselt 
number Nu. Equation (1.10) gives h 


where 


h = -k 


6T(x,0) 

By 

t s -t k 


BT(x, 0) dT d0{ 0) drj 
By dO dr/ By 


( 1 . 10 ) 


Using (4.58), (4.75) and (4.86) into the above 


BT(x, 0) Iv^x) dd(0) 

~ U 00 1S 1-1 , 

By y vx dr) 


Substituting into (1.10) gives the local heat transfer coefficient 
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h(x) = k 


V m (x) dO( 0) 

vx drj 


(4.95) 


The local Nusselt number is obtained by substituting (4.95) into (4.54) 

d0{ 0) 


Nu v = ■ 


drj 




(4.96) 


where Re x is the local Reynolds number defined as 


Re x = 


xV^(x) 


(4.97) 


Examination of (4.95) and (4.96) shows that the key factor in the 
determination of the heat transfer coefficient and Nusselt number is surface 
temperature gradient d0{0)! drj listed in Table 4.3. 
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4 Boundary Layer Flow: Application to External Flow 


PROBLEMS 

4.1 Put a check mark in the appropriate column for each of the following 
statements. 



Statement 

true 

false 

may be 

(a) 

(du / dx ) + (dv / 8y) = 0 is valid for 
transient flow. 




(b) 

The y-momentum equation is neglected in 
boundary layer flow. 




(c) 

Boundary layer equations are valid for all 
Reynolds numbers. 




(d) 

Pressure gradient is zero outside the 
boundary layer. 




(e) 

8 2 u d 2 u 

-— «-— is for a streamlined body. 

ax 2 d y 2 




(f) 

In boundary layer flow fluid velocity 
upstream of an object is undisturbed. 




(g) 

Axial pressure gradient is neglected in 
boundary layer flow. 




(i) 

Axial conduction is neglected in 
boundary layer flow. 





4.2 Examine the three governing equations, (2.3), (4.13) and (4.18) for 
two-dimensional, constant properties, laminar boundary layer flow. 

[a] How many dependent variables do these equations have? 

[b] How is the pressure p determined? 

[c] If streamlines are parallel in the boundary layer, what terns will 
vanish? 

[d] Can (2.3) and (4.13) be solved for the velocity field u and v 
independently of the energy equation (4.18)? 

4.3 Air flows over a semi-infinite plate with a free stream velocity V a0 = 
0.4 m/s and a free stream temperature T y =20°C. The plate is 
maintained at T s = 60° C. Can boundary layer approximations for 
the flow and temperature fields be applied at: 
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[a] location x = 1.5 mm? 

[b] location x = 15 mm? 

Note: Evaluate air properties at the average film temperature 

T f =(T s +T o0 )/2. 

4.4 Water at 25° C flows with uniform velocity V o0 = 2 m/s over a 
streamlined object. The object is 8 cm long and its surface is 
maintained at T s - 85° C. Use scaling to: 

[a] show that 8 / L « 1, 

[b] evaluate the inertia terms udu / Gx and vdu / Gy, 

[c] evaluate the viscous terms vd 2 u / Gx 2 and vG 2 u /Gy 2 . 

4.5 Water at 25° C flows with uniform velocity V ao = 2 m/s over a 
streamlined object. The object is 8 cm long and its surface is 
maintained at T s - 85° C. Use scaling to: 

[a] show that 8 / L « 1, [b] evaluate the convection terms uGT / Gx 
and vdT / dy, 

[c] evaluate the conduction terns a 8 Z T / dx~ and a d~T/dy . 

4.6 Atmospheric air at 25°C flows over a surface at 115°C . The free 
stream velocity is 10 m/s. 

[a] Calculate the Eckert number. 

2 

[b] Use scale analysis to show that the dissipation term /j (Gu / Gy) 
is small compared to the conduction term k(d 2 T / Gy 2 ). 

4.7 Air at 20° C flows over a streamlined surface with a free stream 
velocity of 10m/s. Use scale analysis to determine the boundary 
layer thickness at a distance of 80 cm from the leading edge. 

4.8 In boundary layer flow, pressure 
gradient normal to the flow 
direction is assumed zero. That 
is dp I dy ~ 0. If this is correct, 
how do you explain lift on the 
wing of an airplane in flight? 

4.9 Derive an equation describing the vertical velocity component v at the 
edge of the boundary layer for two-dimensional incompressible flow 
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over a semi-infinite flat plate. Assume laminar flow. Compare your 
result with scaling estimate. 

4.10 Sketch the streamlines in boundary layer flow over a semi-infinite flat 
plate. 

4.11 Define the thickness of the velocity boundary layer 5 in Blasius 
solution as the distance y where the velocity u = 0.988 V x . Derive 
an expression for 5 lx. 

4.12 Water flows over a semi-infinite plate 
with an upstream velocity of 0.2 m/s. 

Blasius solution is used to calculate § at 
three locations along the plate. Results 
are tabulated. Are these results valid? 

Explain. 

4.13 Consider laminar boundary layer flow over a semi-infinite flat plate. 
Evaluate the wall shearing stress at the leading edge. Comment on 
your answer. Is it valid? If not explain why. 

4.14 Water at 20°C flows over a2mx2mplate with a free stream 
velocity of 0.18 m/s. Determine the force needed to hold the plate in 
place. Assume laminar boundary layer flow. 

4.15 Consider Blasius solution for uniform flow over a semi-infinite plate. 
Put a check mark in the appropriate column for each of the following 
statements. 


x(cm) 

A(cm) 

300 

1.441 

40 

0.526 

0.01 

0.0083 



Statement 

true 

false 

may be 

(a) 

dp m / dx = 0 because the flow is 
laminar. 




(b) 

Wall shearing stress increases 
with distance from the leading 
edge of plate. 




(c) 

Solution is not valid for 

Re x < 100. 




(d) 

Solution is not valid for 
Re x > 5 x 10 5 . 




(e) 

Solution is valid for Re x > 100 . 
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(f) 

Boundary layer thickness is 
uniquely defined. 




(g) 

Solution is not valid for a curved 
plate. 




(h) 

Solution for the wall shear at the 
leading edge (x = 0) is not valid. 




(0 

The plate does not disturb 
upstream flow. 




(j) 

Solution is not valid for 

Re x < 5xl0 5 . 





4.16 Imagine a cold fluid flowing over a thin hot plate. Using your 
intuition, would you expect the fluid just upstream of the plate to 
experience a temperature rise due to conduction from the hot plate? 
How do you explain the assumption in Pohlhausen's solution that 
fluid temperature is unaffected by the plate and therefore 
T(0,y) = T ao ‘> 

4.17 Consider laminar boundary layer flow over a semi-infinite flat plate. 
The plate is maintained at uniform temperature T s . Assume constant 
properties and take into consideration dissipation. 

[a] Does Blasius solution apply to this case? Explain. 

[b] Does Pohlhausen’s solution apply to this case? Explain. 

4.18 A fluid with Prandtl number 9.8 flows over a semi-infinite flat plate. 
The plate is maintained at uniform surface temperature. Derive an 
expression for the variation of the thennal boundary layer thickness 
with distance along the plate. Assume steady state laminar boundary 
layer flow with constant properties and neglect dissipation. Express 
your result in dimensionless form. 

4.19 Use Pohlhausen’s solution to determine the heat flux at the leading 
edge of a plate. Comment on your answer. Is it valid? If not explain 
why. 

4.20 Consider laminar boundary layer flow over a semi-infinite flat plate 
at uniform surface temperature T s . The free stream velocity is V x 
and the Prandtl number is 0.1. Determine temperature gradient at the 
surface dT (0) / dy. 
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4.21 Fluid flows between two 
parallel plates. It enters 
with uniform velocity V,, 
and temperature T x . The 
plates are maintained at 
uniform surface temperature T s . Assume laminar boundary layer 
flow at the entrance. Can Pohlhausen solution be applied to 
determine the heat transfer coefficient? Explain. 



4.22 Two identical rectangles, A and B, 
of dimensions L ] xL 2 are drawn on 
the surface of a semi-infinite flat 
plate as shown. Rectangle A is 
oriented with side L\ along the 
leading edge while rectangle B is 
oriented with side L 2 along the 
edge. The plate is maintained at 
uniform surface temperature. 

[a] If the flow over rectangle A is 
laminar, what is it for B ? 



[b] If the heat transfer rate from 

plate A is 435 W, what is the rate from plate B ? 


4.23 A semi-infinite plate is divided into four equal sections of one 
centimeter long each. Free stream temperature and velocity are 


uniform and the flow is laminar. 
The surface is maintained at 
uniform temperature. Determine 
the ratio of the heat transfer rate 
from the third section to that 
from the second section. 



4.24 A fluid at a uniform velocity and temperature flows over a semi- 
infinite flat plate. The surface temperature is uniform. Assume 
laminar boundary layer flow. 

[a] What will be the percent change in the local heat transfer 
coefficient if the free stream velocity is reduced by a factor of 
two? 

[b] What will be the percent change in the local heat transfer 
coefficient if the distance from the leading edge is reduced by a 
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factor of two? 

4.25 Use Pohlhausen's solution to derive an expression for the ratio of the 
thermal boundary layer thickness for two fluids. The Prandtl number 
of one fluid is 1.0 and its kinematic viscosity is 0.12 x 10 6 m 2 /s . 
The Prandtl number of the second fluid is 100 and its kinematic 
viscosity is 6.8 x 10~ 6 m 2 /s. 

4.26 Water at 25°C flows over a flat plate with a uniform velocity of 2 m/s. 
The plate is maintained at 85°C. Determine the following: 

[a] The thermal boundary layer thickness at a distance of 8 cm from 
the leading edge. 

[b] The heat flux at this location. 

[c] The total heat transfer from the first 8 cm of the plate. 

[d] Whether Pohlhausen's solution can be used to find the heat flux at 
a distance of 80 cm from the leading edge. 

4.27 The cap of an electronic package is cooled by forced convection. 
The free stream temperature is 25°C. The Reynolds number at the 
downstream end of the cap is 110,000. Surface temperature was 
found to be 145°C. However, reliability requires that surface 
temperature does not exceed 83°C. One possible solution to this 
design problem is to increase the 
free stream velocity by a factor of 
3. You are asked to determine if 
surface temperature under this plan 
will meet design specification. 

4.28 The back of the dinosaur Stegosaurus has two rows of fins. Each row 
is made up of several fins arranged in line and separated by a space. 
One theory suggests that providing a space between neighboring fins 
reduces the weight on the back of the dinosaur when compared with 
a single long fin along the back. On the other hand, having a space 
between neighboring fins reduces the total surface area. This may 
result in a reduction in the total heat loss. 

Model the fins as rectangular 
plates positioned in line as 
shown. The length of each plate 
is L and its height is H. Consider 
two fins separated by a distance 
L. Compare the heat loss from the 
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two fins with that of a single fin of length 3 L and height H. Does 
your result support the argument that spaced fins result in a reduction 
in heat loss? To simplify the analysis assume laminar flow. 

4.29 A fluid with Prandtl number 0.098 
flows over a semi-infinite flat 
plate. The free stream temperature 
is and the free stream velocity 
is V r/ .. The surface of the plate is 
maintained at uniform temperature T s . 

[a] Derive an equation for the local Nusselt number. 

[b] Determine the heat transfer rate from a section of the plate 
between x 1 and x 2 . The width of the plate is W. 

[c] Derive an equation for the thermal boundary layer thickness 5 t (x). 



A x 2 

Assume laminar flow. 


4.30 Two identical triangles are drawn 
on the surface of a flat plate as 
shown. The plate, which is main¬ 
tained at uniform surface tempera¬ 
ture, is cooled by laminar forced 
convection. Determine the ratio 
of the heat transfer rate from the 
two triangles, q\lqi. 

4.31 An isosceles triangle is drawn on a 
semi-infinite flat plate at a 
uniform surface temperature T s . 
Consider laminar uniform flow of 
constant properties fluid over the 
plate. Determine the rate of heat 
transfer between the triangular 
area and the fluid 



4.32 Determine the total heat transfer 
rate from a half circle drawn on a 
semi-infinite plate as shown. 
Assume laminar two-dimensional 
boundary layer flow over the 
plate. 
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4.33 Consider steady, two-dimensional, laminar boundary layer flow over 
a semi-infinite plate. The sur¬ 
face is maintained at uniform 
temperature T s . Determine the 

total heat transfer rate from the 
surface area described by 

y(x) = H^xlL as shown. 

4.34 Fluid flows over a semi-infinite flat plate which is maintained at 
uniform surface temperature. It is desired to double the rate of heat 
transfer from a circular area of 
radius R x by increasing its radius to 
R 2 . Determine the percent increase j 
in radius needed to accomplish this °° 
change. In both cases the circle is y 
tangent to the leading edge. Assume 
laminar boundary layer flow with 
constant properties. 

4.35 Liquid potassium (Pr « 1) flows over a semi-infinite plate. Assume 
laminar boundary layer flow. Suggest a simplified velocity profile for 
solving the energy equation. 

4.36 For very low Prandtl numbers the thermal boundary layer is much 
thicker than the viscous boundary layer. Thus little error is 
introduced if the velocity everywhere in the thermal boundary layer 
is assumed to be the free stream velocity V,. Show that for laminar 
boundary layer flow over a flat plate at low Prandtl numbers, the 
local Nusselt number is given by 

Nu x = 0.564 Pr l/2 Re 112 . 

How does this result compare with scaling prediction? 

4.37 Consider laminar boundary layer flow over a flat plate at a uniform 
temperature T s . When the Prandtl number is very high the viscous 
boundary layer is much thicker than the thermal boundary layer. 
Assume that the thermal boundary layer is entirely within the part of 
the velocity boundary layer in which the velocity profile is 
approximately linear. Show that for such approximation the Nusselt 
number is given by 
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Nu x = 0.339 Pr ll3 Re 112 . 


J ,00 

exp(-cx^)t/x = (l/3)c 1/3) , where P is the 

o 

Gamma function. 


4.38 Consider steady, two-dimensional, laminar boundary layer flow over 
a porous flat plate at uniform surface temperature. The plate is 
subject to a uniform suction l>(x,0) = —u 0 . Far away downstream 
both the axial velocity and the temperature may be assumed to be 
functions of y only. Free 
stream velocity is V r and 
free stream temperature is 
T a ,. Determine the heat 
transfer coefficient and 
Nusselt number in this 
region. 

4.39 A semi infinite plate is heated with uniform flux q" along its length. 
The free stream temperature is 71, and free stream velocity is V m . 
Since the heat transfer coefficient varies with distance along the 
plate, Newton’s law of cooling requires that surface temperature 
must also vary to maintain uniform heat flux. Consider the case of 
laminar boundary layer flow over a plate whose surface temperature 
varies according to 


T 

1 CO 


u 


^ ^ ^ ^ ^ ^ ^ ^ ^ ^ 
v. 


T s (x)-T„=Cx n . 

Working with the solution to this case, show that n = l/2 
corresponds to a plate with uniform surface flux. 

4.40 Water flows over a semi-infinite flat plate which is maintained at a 
variable surface temperature T s given by 

T s (x)-T 00 =Cx° 15 , 

where 

C = 54.27 °C / m 0 ' 75 

T y = free stream temperature =3° C. 

x = distance from the leading edge, m 
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Determine the average heat transfer coefficient for a plate if length L 
= 0.3 m. Free stream velocity is 1.2 m/s. 

4.41 Air flows over a plate which is heated non-uniformly such that its 
surface temperature increases linearly as the distance from the 
leading edge is increased according to 

T s (x) = T o0 +Cx 

where 

C = 24 °C/m 

T m = free stream temperature = 20° C 
x = distance from the leading edge, m 

Determine the total heat transfer rate from a square plate lOcmx 10 
cm. Free stream velocity is 3.2 m/s. 

4.42 The surface temperature of a plate 
varies with distance from the 
leading edge according to 

T s (x) = T x + Cx 0 - 8 

Two identical triangles are drawn 
on the surface as shown. Fluid at uniform upstream temperature T t 
and uniform upstream velocity V r flows over the plate. Assume 
laminar boundary layer flow. Determine the ratio of the heat transfer 
rate from the two triangles, q\/qi- 

4.43 Construct a plot showing the variation of Nu x / yjRe x with wedge 
angle. Where Nu x is the local Nusselt number and Re x is the local 
Reynolds number. Assume laminar boundary layer flow of air. 

4.44 Consider laminar boundary layer flow over a wedge. Show that the 
average Nusselt number Nu for a wedge of length L is given by 




where the Reynolds number is defined as Re L 


v 
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4.45 Compare the total heat transfer rate from a 90° wedge, q w , with 
that from a flat plate, q p , of the same length. Construct a plot of 
q w / q p as a function of Prandtl number. 

4.46 For very low Prandtl numbers the 
thermal boundary layer is much 
thicker than the viscous boundary 
layer. Thus little error is intro¬ 
duced if the velocity everywhere 
in the thermal boundary layer is 
assumed to be the free stream 
velocity . Show that for lami¬ 
nar boundary flow over a wedge at 
low Prandtl numbers the local 
Nusselt number is given by 

Nu x = 

4.47 Consider laminar boundary layer flow over a wedge at a uniform 
temperature T s . When the Prandtl number is very high the viscous 

boundary layer is much thicker than the thermal boundary layer. 
Assume that the velocity profile within the thennal boundary layer is 
approximately linear. Show that for such approximation the local 
Nusselt number is given by 

Nu x = 0.489[(m + l)F"(0)Pr] 1/3 Re 1 ' 2 . 

J . 00 

exp(-cx 3 )r/x = (l/3)c ^ 3 W(l/3), where r is the 
o 

Gamma function. 
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APPROXIMATE SOLUTIONS: 
THE INTEGRAL METHOD 


5.1 Introduction 

There are various situations where it is desirable to obtain approximate 
analytic solutions. An obvious case is when an exact solution is not 
available or can not be easily obtained. Approximate solutions are also 
obtained when the form of the exact solution is not convenient to use. 
Examples include solutions that are too complex, implicit or require 
numerical integration. The integral method is used extensively in fluid 
flow, heat transfer and mass transfer. Because of the mathematical 
simplifications associated with this method, it can deal with such 
complicating factors as turbulent flow, temperature dependent properties 
and non-linearity. 


5.2 Differential vs. Integral Formulation 

To appreciate the basic approximation and simplification associated with 
the integral method, we consider the boundary layer flow shown in Fig. 
5.1. In differential formulation, Fig. 5.1a, a differential element measuring 
dx x dy is selected. The three basic laws are formulated for this element. 



T* ...,M 




, ' ' li 


8 

dx 





x X (lx 

(a) differential (b) integral 


Fig. 5.1 



162 5 Approximate Solutions: The Integral Method 


The resulting equations thus apply to any point in the region and the 
solutions to these equations satisfy the basic laws exactly. Note that the 
same approach is used in three-dimensional transient problems. Here the 
basic laws are formulated for an element measuring dx x dy x dz during 
an infinitesimal time dt. In integral formulation. Fig. 5.1b, a differential 
element measuring dx x 8 is selected. Note that this element is infinitesi¬ 
mal in x but finite in y. The three basic laws are formulated for this 
element. Here the resulting equations satisfy the basic laws for an entire 
cross section 8 and not at every point. Thus solutions to this type of 
formulation are approximate in the sense that they do not satisfy the basic 
laws at every point. 

5.3 Integral Method Approximation: 

Mathematical Simplification 

Although integral solutions do not satisfy the basic laws at every point, 
they provide significant mathematical simplifications. A key simplification 
is a reduction in the number of independent variables. For example, for 
two-dimensional problems, instead of solving a partial differential equation 
in differential formulation, one solves an ordinary differential equation in 
integral formulation. In addition, an accompanying reduction of the order 
of the governing differential equation may result. Thus, major mathema¬ 
tical simplifications are associated with this approach. This explains why it 
is extensively used to solve a wide range of problems in fluid flow, heat 
transfer and mass transfer. In this chapter, the integral method is applied to 
boundary layer convection problems. 

5.4 Procedure 

Since convection heat transfer depends on fluid motion as well as 
temperature distribution, solutions require the determination of the velocity 
and temperature fields. The integral method is used in the determination of 
both fields. Recall that for constant properties the velocity field is 
independent of the temperature field. The following procedure is used in 
obtaining integral solutions: 

(1) Integral formulation of the basic laws. The first step is the integral 
formulation of the principles of conservation of mass, momentum and 
energy. 
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(2) Assumed velocity and temperature profiles. Appropriate velocity 
and temperature profiles are assumed which satisfy known boundary 
conditions. An assumed profile can take on different fonns. However, a 
polynomial is usually used in Cartesian coordinates. An assumed profile is 
expressed in terms of a single unknown parameter or variable which must 
be determined. 

(3) Determination of the unknown parameter or variable. Substituting 
the assumed velocity profile into the integral form of conservation of 
momentum and solving the resulting equation gives the unknown 
parameter. Similarly, substituting the assumed velocity and temperature 
profiles into the integral form of conservation of energy yields an equation 
whose solution gives the unknown parameter in the temperature profile. 

5.5 Accuracy of the Integral Method 

Since basic laws are satisfied in an average sense, integral solutions are 
inherently approximate. The following observations are made regarding the 
accuracy of this method: 

(1) Since an assumed profile is not unique (several fonns are possible), the 
accuracy of integral solutions depends on the fonn of the assumed profile. 
In general, errors involved in this method are acceptable in typical 
engineering applications. 

(2) The accuracy is not very sensitive to the fonn of an assumed profile. 

(3) While there are general guidelines for improving the accuracy, no 
procedure is available for identifying assumed profiles that will result in the 
most accurate solutions. 

(4) An assumed profile which satisfies conditions at a boundary yields 
more accurate information at that boundary than elsewhere. 

5.6 Integral Formulation of the Basic Laws 

5.6.1 Conservation of Mass 

Consider boundary layer flow over a 
curved porous surface shown in Fig. 

5.2. Fluid is injected into the 
boundary layer with velocity V Q 
through the porous surface. It is 
important to recognize that the edge 



Fig. 5.2 
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of the viscous boundary layer does not coincide with a streamline. Thus, 
mass can enter the boundary layer from the external flow. Application of 
conservation of mass to the element 8 x dx , 
shown in Fig. 5.2 and enlarged in Fig. 5.3, dm e 
gives 


dm x 

«7 v + dm,, + dm,, = m H- dx , 

dx 


777.. 


or 


dm e = —— dx - dm 0 , (a) 

dx 


dm r . 

777 v H-- dx 

dx 


where 


dm a 

Fig. 5.3 


dm e = mass flow rate supplied to element from the external flow 
dm 0 = mass flow rate supplied to element through porous wall 
777 x = mass flow rate entering element at x 

To formulate expressions for dm a and m x we apply the one-dimensional 
mass flow rate equation 

777 = pVA , (b) 


where A is area, V is velocity normal to A, and p is density. Applying (b) 
to the porous side of the element and assuming that the injected fluid is 
identical to the external fluid, gives 

dm a = pVgPdx , (c) 


where P is wall porosity. To determine the rate of mass entering the 
element at section x, we note that the flow rate varies along y due to 
variations in velocity and density. Applying (b) to an infinitesimal distance 
dy gives 


dm x = pndy. 

Integrating 


Six) 



Substituting (c) and (d) into (a) 
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§{x) 

dm e =— I pudy dx - p v 0 Pdx ■ (5.1) 

dx J 

o 

Equation (5.1) gives the mass supplied to the boundary layer from the 
external flow in terms of boundary layer variables and injected fluid. This 
result is needed in the integral formulation of the momentum and energy 
equations. 

5.6.2 Conservation of Momentum 

Application of the momentum theorem in the x-direction to the element 
S x dx shown in Fig. 5.2, gives 

X F * = M *(° ut ) “ (in) ’ ( a ) 

where 

yj F x = sum of external forces acting on element in the x-direction 
M x (in) = x-momentum of the fluid entering element 
M x (out) = x-momentum of the fluid leaving element 

Fig. 5.4a shows all external forces acting on the element in the x-direction. 
Fig. 5.4b shows the x-momentum of the fluid entering and leaving the 
element. Applying equation (a) and using the notations in Fig. 5.4, we 
obtain 



(a) forces 


Fig. 5.4 


(b) x-momentum 





166 5 Approximate Solutions: The Integral Method 


^ dv 

p5 + p + —\dS-pS 

V 


— ( p5)dx -T g ( 1 - P)dx 
dx 


where 


M x + 
V 


dM x 

dx 


\ 

dx 

y 


- M x -V r Jx)dm e , 


M x = x-momentum 
p = pressure 

V rJ (x) = local fluid velocity at the edge of the boundary layer 
T 0 = wall shearing stress 


However 


and 



(b) 


(c) 


(d) 


Substituting (c) and (d) into (b) and neglecting higher order terns 


S(x) §{x) 

-P )= A f pu 2 dy-V oa (x)-^~ [ pudy-V a0 (x)pPv o 
dx oy dx J dx J 

0 0 

(5.2) 

Note the following: 

(1) Fluid entering the element through the porous surface has no axial 
velocity. Therefore it has no x-momentum. 

(2) There is no shearing force on the slanted surface since the velocity 
gradient at the edge of the boundaiy layer vanishes, i.e. du(x,S) I dy ~ 0 . 

(3) Equation (5.2) applies to laminar as well as turbulent flow. 

(4) Since the porous surface is curved, the external flow velocity 
V Xj (x) and pressure p(x) vary along the surface. 

(5) The effect of gravity is neglected in (5.2). 
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(6) Equation (5.2) represents integral formulation of both conservation of 
momentum and mass. 

(7) Although u is a function of x and y, once the integrals in (5.2) are 
evaluated one obtains a first order ordinary differential equation with x as 
the independent variable. 

Special Cases: 

Case 1: Incompressible fluid. Boundary layer approximation gives the 
axial pressure gradient as 


dp ~ dp rc 

dx dx 

The x-momentum equation for boundary layer flow is 

du du 1 dp 0 d 2 u 

u — + v — =-—— + v —- ■ 

dx dy p dx dy 2 


(4.12) 


(4.5) 


Applying equation (4.5) at the edge of the boundary layer, y = S, where 
u ~ V w and du / dy « dV x I dy ~ 0, gives 


dp ~ dp m 
dx dx 


dV 

dx 


(5.3) 


Substituting (5.3) into (5.2) and noting that p is constant 

S(x) 

j* udy - V 00 (x)Pv 0 
o 

(5.4) 

Case 2: Incompressible fluid and impermeable flat plate. At the edge of 
boundary layer flow the fluid is assumed inviscid. Neglecting boundary 
layer thickness and viscous effects for the special case of a flat plate means 
that the external flow experiences no changes. It follows from (5.3) that 

dV ,x _ dp ~ dp m _ 

dx dx dx 


dV 

dVM-fd 

dx 


Udy-VMd 

dy dx J dx 


5(x) 


(e) 
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For an impermeable plate 

v o =0, P = 0, (f) 

Substituting (e) and (f) into (5.4) 



where V is kinematic viscosity. 


5.6.3 Conservation of Energy 


Consider the flow of fluid at temperature over a porous surface. The 
surface is maintained at a different temperature and thus heat exchange 
takes place. At high Reynolds and Peclet numbers temperature and velocity 
boundary layers fonn over the surface. Fluid at temperature T 0 is injected 
into the boundary layer with velocity v o . Conservation of energy is 
applied to the element 8 t x dx , shown in Fig. 5.5 and enlarged in Fig. 5.6. 
We neglect: 


(1) Changes in kinetic and potential energy 

(2) Axial conduction 

(3) Dissipation 




Fig. 5.5 


Fig. 5.6 


Based on these assumptions, conservation of energy for the element gives 


E x + dE c + dE 0 + dE e — E x + ■ 


Rearranging 
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dE 

dE c = —— dx - dE e - dE a , (a) 

dx 

where 

dE c = energy added at surface by conduction 
dE e = energy added by external mass 
dE a = energy added by injected mass 
E x = energy convected with boundary layer flow 

Heat conduction at the porous surface is determined using Fourier’s law 

dE c = -k( 1 - P ) dx . (b) 

dy 

Mass entering the element from the external flow, dm e , is at the free 
stream temperature . Thus energy carried with this mass, dE e , is 


Using (5.1) for dm e 


dE e = CpT^ dm e . 


dE e 


= c p T a0 


d_ 

dx 


A(x) 

I pudy 


dx - c p T^pv 0 Pdx. 


(c) 


Note that the upper limit of the integral in (c) is 8 t since the element 

extends to the edge of the thermal boundary layer. Neglecting conduction 
in the injected fluid, energy convected through the pores is 

dE o= pc p T o v 0 Pdx. (d) 


Energy convected with fluid flow within the boundary layer, E x , depends 
on the local axial velocity u and temperature T. Integration across the 
thermal boundary layer thickness gives the total convected energy 


E x = 


I 


S,ix) 

pc p uTdy. 


(e) 


Substituting (b)-(e) into (a) 
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S f (x) 

-*(i j~ x J p°p uTd y 

0 

Six) 

- C P T ,^ | pudy-pc p v Q P(T 0 -7^). (5.6) 

o 

Note the following regarding this result: 

(1) Equation (5.6) represents integral formulation of both conservation of 
mass and energy. 

(2) Although u and T are functions ofx and y, once the integrals in (5.6) are 
evaluated one obtains a first order ordinary differential equation with x as 
the independent variable. 

Special Case: Constant properties and impermeable flat plate 

Setting P = 1 and assuming constant density and specific heat, equation 
(5.6) simplifies to 

8 t (x) 

d f u(T _ T ^ )dy ^ (5.7) 

oy dx j 

o 

where a is thermal diffusivity. 

5.7 Integral Solutions 

To obtain solutions to the temperature distribution using the integral 
method, the velocity distribution u must be determined first. This is evident 
in equations (5.6) and (5.7) where the variable u appears in the integrands. 

5.7.1 Flow Field Solution: Uniform Flow over a Semi-Infinite Plate 

The integral method will be 
applied to obtain a solution 
to Blasius laminar flow 
problem, shown in Fig. 5.7. 

Equation (5.5) gives the 



Fig. 5.7 
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integral formulation of momentum for this problem 



As pointed out in the procedure of Section 5.4, the next step is the 
introduction of an assumed velocity profile u(x,y) to be used in equation 
(5.5). An assumed profile is usually based on some knowledge of the 
general flow characteristics. For laminar flow over a flat plate, a 
polynomial is a reasonable representation of the velocity profile. Thus 

N 

u(x,y) = Y j a n (x)y n , (5.8) 

n =0 

where N is the degree of the polynomial. As an example, we assume a third 
degree polynomial 

u (x, y) = a 0 (x) + a x (x)y + a 2 (x) y 2 + a 2 (x)y 3 . (a) 


The coefficients a n (x) are determined using the following known exact 
and approximate boundary conditions on the velocity 


(1) u(x, 0) = 0, 


(2) u(x,S) * , 


( 3 ) 


du(x,8) ~ Q 
dy 


( 4 ) 


d 2 u(x, 0) 


Note the following regarding the above conditions: 

(1) The second and third conditions are approximate since the edge of the 
boundary layer is not uniquely defined. 

(2) Condition (4) is obtained by setting y = 0 in the x-component of the 
Navier equations of motion (2.10x). 
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Equation (a) and the four boundary conditions give the coefficients a n (x) 


a 0 = a 2 = 


3 V, 


a, = —- 


2 8 


a 3 


]_Ko_ 

2 S 3 ' 


Substituting the above into (a) 


u 

V,~ 


(y) 

1 

r ' V l 

UJ 

” 2 

UJ 


(5.9) 


Thus the assumed velocity is expressed in tenns of the unknown variable 
5{x). This variable is determined using the integral form of the momen¬ 
tum equation, (5.5). Substituting (5.9) into (5.5) and evaluating the integ¬ 
rals, gives 


3 

2 


vV„ 


8 


J9_ v2 dS_ 

280 00 dx 


(b) 


This is a first order ordinary differential equation inc>(x). Separating 
variables 

SdS = — — dx, 

13 V 

r 00 


Integrating and noting that 8 (0) = 0 



140 K 

13 V 
1 U r 00 



Evaluating the integrals and rearranging 

8 _ V280/13 _ 4.64 
x JfeT 


(5.10) 


Substituting (5.10) into (5.9) gives the velocity u as a function of x and y. 
With the velocity distribution determined, friction coefficient C ,- is 
obtained using (4.36) and (4.37a) 
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c 


/ 


pvln 


oy 

pvln 


3v 

kM x ) 


Using (5.10) to eliminate S(x) in the above 



0.646 


(5.11) 


We are now in a position to examine the accuracy of the integral solution 
by comparing it with Blasius solution for r)(x)andCy, equations (4.46) 

and (4.48): 


£ _ 

5.2 

Blasius solution, 

(4.46) 

X 

J Re x ’ 

c / = 

0.664 

Blasius solution. 

(4.48) 

V Re x 


The following observations are made: 

(1) The integral and Blasius solutions for J(x)and C y have the same 
form. 

(2) The constant 5.2 in Blasius solution for S(x) differs by 10.8% from the 
corresponding integral solution of 4.64. However, it must be kept in mind 
that the constant in Blasius solution for e>(x) is not unique. It depends on 
how 5 (a') is defined. 

(3) The error in C f is 2.7%. 

(4) Predicting Cy accurately is more important than predicting S(x). 

5.7.2 Temperature Solution and Nusselt Number: Flow over a Semi- 
Infinite Plate 


(i) Temperature Distribution 
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-^ 

Fig. 5.8 


Consider uniform boundary 

layer flow over a semi- T x S 

infinite plate shown in Fig. r " . A 

5.8. A leading section of the T 
plate of length x Q is 
insulat-ed and the remaining 
part is at uniform 
temperature T s . Assume 
laminar, steady, two- 

dimensional, constant properties boundary layer flow and neglect axial 
conduction and dissipation. Of interest is the detennination of the thermal 
boundary layer thickness, local heat transfer coefficient, and Nusselt 
number. This requires determining the temperature distribution. Since the 
velocity field is independent of temperature, the integral solution for the 
velocity u(x,y) and boundary layer thickness r)'(x) obtained in Section 
5.7.1 is applicable to this case. Equation (5.7) gives the integral formulation 
of conservation of energy for this problem 


a 


dT(x, 0) 

dry 


d_ 

dx 


8 t {x) 
1 “ (T 


T fj )dy , 


(5.7) 


where u(x, y) is given by equation (5.9). The next step is the introduction 
of an assumed temperature profile T(x,y) to be used in equation (5.7). For 
laminar flow over a flat plate a polynomial is a reasonable representation 
for the temperature profile. Thus 


r ^y)=Yj b ^ x )y n ■ 


«=o 


(5.12) 


Following the procedure used in Section 5.7.1, we assume a third degree 
polynomial 


T (x, y) = b 0 (x) + b x (x )y + b 2 (x)y 2 + b 2 ( x)y 3 . (a) 

The coefficients b n (x) are determined using the following known exact 
and approximate boundary conditions on the temperature 
(1) T(x,0) = T s , 
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(2) T(x,S t ) 


(3) 


dT(x,5 t ) 


5 ^ 0 ) 


0 . 


Note that the second and third conditions are approximate since the edge of 
the thermal boundary layer is not uniquely defined. The fourth condition is 
obtained by setting y = 0 in the energy equation (2.19). Equation (a) and 

the four boundary conditions give the coefficients b n (x) 

bo = T„ *i=|(7 , „-r J )2- > 4 2 =o, 6,=-2(r„-r s )2_. 

2 s t 2 s; 

Substituting the above into (a) 


T(x,y) = T s +(T crj 




(5.13) 


Substituting (5.9) and (5.13) into (5.7) and evaluating the integral, gives 


3 

— a 
2 



d_ 

dx 


(T x 


T S )V W 8 


3 

(St) 

20 



3 

(*t) 

4" 


280 

Is) 




(5-14) 


where S(x) is given in (5.10). Eliminating 5{x) in the above gives a first 
order ordinary differential equation ford). However, equation (5.14) is 
simplified first. For Prandtl numbers greater than unity the thermal 
boundary layer is smaller than the viscous boundary layer. That is 

s t 

— <1, for Pr > 1. (5.15) 

8 

Based on this restriction the last term in (5.14) can be neglected 
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3 (8 t \ 3 (8 t \ 2 

-— «- - 

280 {8 ) 20{ SJ 

Equation (5.14) simplifies to 



(b) 


To solve (b) for S t we use the integral solution to 8 . Rewriting (5.10) 



(c) 


Substitute (c) into (b) and rearrange 



+ 4a 


8A 2 d_(8A_n^ 

8 j dx v 8 , 14 Pr 


(d) 


Equation (d) is solved for 8 t / 8 by introducing the following definition: 



(e) 


Substitute (e) into (d) 

4 dr 131 

r + —x — =-. 

3 dx 14 Pr 


(f) 


This is a first order differential equation for r. Separating variables and 
integrating 



= C(x) 


-3/4 


13 1 

H-9 

14 Pr 


(g) 


where C is constant of integration determined from the boundary condition 
on 8, 

8,(x 0 ) = 0. (h) 
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Applying (h) to (g) gives the constant C 


C 


13 1 3/4 

14 Pr' ° 


Substituting (i) into (g) and rearranging 


(0 


St 

13 1 

1- 

fO 

3/4' 


s 

14 Pr 

V x ) 


r 


1/3 


Using (c) to eliminate 8 in (5.16) 

S,= 


13 J_ 

14 Pr 




\ x ) 


1/3 


280 VVx 

HWr 


or 


4.528 


x Pr m Re x 112 


(x ^ 3/4 

j _ x o 

\ x ) 


1/3 


where Re x is the local Reynolds number defined as 

K,x 


Re v =■ 


v 


(5.16) 


— I—, (5.17a) 


(5.17b) 


(5.18) 


(ii) Nusselt Number 

The local Nusselt number is defined as 


Nil x 



(j) 


where h is the local heat transfer coefficient given by 
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Using the temperature distribution (5.13) into (k) 

Kx) = ~- (5-19) 

2 o t 

Eliminating 8 1 by using (5.17b) gives the local heat transfer coefficient 


k 

h(x) = 0.331 - 



3/4 j 

-1/3 

Pr m Re x 112 . 

(5.20) 

X 

1 

l X ) 

J 




Substituting into (j) 


Nu x = 0.331 <; 


' 

/ \ 

3/4' 

1- 

x o 



V x , 



-1/3 


Pr m Re x m . 


(5.21) 


Special Case: Plate with no Insulated Section 


y 


------ 5 

. 5 t 


Fig. 5.9 shows a flat plate which 
is maintained at uniform surface 
temperature. The plate has no 
insulated section. The solution to 
this case is obtained by setting 
x o = 0 in the more general case 

of a plate with a leading insulat¬ 
ed section presented above. The 
solution to the temperature 
distribution is given by equation 

(5.13). Thermal boundary layer thickness, heat transfer coefficient, and 
Nusselt number are obtained by setting x a = 0 in (5.16), (5.17), (5.20) and 
(5.21) 




Fig. 5.9 


^_fl3_M 1/3 _ 0,975 
8 jl4 Prf p r 1/3 

8, _ 4.528 

x Pr m Re x m ’ 


(5.22) 


(5.23) 
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h(x) = 0.331 — Pr 1/3 Re x 12 , 

(5.24) 

X 


Nu x = 0.33 \Pr 1/3 Re x m . 

(5.25) 


To examine the accuracy of the integral solution, comparison is made with 
Pohlhausen’s results. For the limiting case of Pr = 1 the viscous and 
thennal boundary layers coincide, i.e. 8 t Id = 1. Setting Pr = 1 in (5.22) 
gives 

S t 

— = 0.975. 

5 

This has an error of 2.5%. We examine next the accuracy of the local 
Nusselt number. For Pr >10 equation (4.72c) gives Pohlhausen’s solution 

Nu x = 0.339 Pr 113 ^Re^, for Pr>\(). (4.72c) 

Comparing this result with integral solution (5.25) gives an error of 2.4%. 

Example 5.1: Laminar Boundary Layer Flow over a Flat Plate: 
Uniform Surface Temperature 

Fluid flows with uniform velocity and temperature over a semi-infinite flat 
plate. The plate is maintained at uniform temperature T s . A leading 
section of the plate of length x Q is insulated. Use the integral method to 
determine the local Nusselt number based on linear velocity and 
temperature profiles. Assume steady, two-dimensional, constant properties 
boundary layer flow and neglect dissipation. 

(1) Observations, (i) The determination of the Nusselt number requires the 
determination of the velocity and temperature distribution, (ii) Results 
based on linear velocity and temperature profiles are less accurate than 
those using second or third degree polynomials, (iii) The velocity field is 
independent of temperature. 

(2) Problem Definition. Determine the velocity and temperature 
distribution for boundary layer flow over a flat plate. 

(3) Solution Plan. Start with equating Newton’s law with Fourier’s law to 
obtain an equation for the heat transfer coefficient h. Apply the integral 
form of the momentum equation using a linear velocity profile. Apply the 
integral form of the energy equation using a linear temperature profile 
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(4) Plan Execution. 

(i) Assumptions. (1) Continuum, (2) Newtonian, (3) steady state, (4) 
constant properties, (5) two-dimensional, (6) laminar flow ( Re x < 5xl0 5 ), 
(7) viscous boundary layer flow (Re x > 100), (8) thermal boundary layer 
(.Pe > 100), (9) uniform upstream velocity and temperature, (10) flat plate, 
(11) uniform surface temperature, (12) negligible changes in kinetic and 
potential energy, (13) negligible axial conduction, (14) negligible 
dissipation and (15) no buoyancy (J3= 0 or g = 0). 

(ii) Analysis. The local Nusselt number is defined as 

Nu x = -^, (a) 

k 

where the heat transfer coefficient h is given by equation (1.10) 



Thus h depends on the temperature distribution T(x,y). The integral form 
of the energy equation is used to determine the temperature distribution 

S t (x) 

8T(x, 0) d f 

-a —--= — u(T - T aj )dy ■ (5.7) 

oy dx J 

o 

Before proceeding with the energy equation, axial velocity distribution 
u(x,y) appearing in (5.7) must be determined. This is accomplished by 
applying the integral form of the momentum equation 

S(x) S(x) 

) = v d ! udy _d r v (55) 

ov dx j dx J 

0 0 


Following the procedure outlined in Section 5.4, a velocity profile is 
assumed. As an example, assume a linear profile given by 

u = a 0 + a x y . (b) 
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Select the following two boundary conditions to determine the coefficients 
in (b) 

(1) u(x, 0) = 0, 

(2) u(x, S) « V rjrj . 


Applying these conditions to (b) gives 


Substituting into (b) 


a 0 = 0, 


a x = 


V 

r 00 

~s' 


u = V m 


y_ 
s ' 


(c) 


To determine d(x) the assumed velocity (c) is substituted into (5.5) 


s 



I V -fydy- 

0 


d_ 

dx 



Evaluating the integrals 

v _ V, fj dS V v . d5 _ V m d5 
8 2 dx 3 dx 6 dx 


Separating variables 


SdS 


6 — dx. 


Integrating and noting that 8 (0) = 0 


1 


SdS = 6— 



Evaluating the integrals and rearranging the result 
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or 

5 __ I T2~ 

X V Re x 

where Re x is the local Reynolds number defined as 


(5.26) 


„ K>x , , 

Re x =-. (e) 

v 

Having determined the velocity u(x,y) attention is focused on the 
determination of the temperature distribution. Assume, for example, a 
linear temperature profile 

T = b 0 +b l y. (f) 


Select the following two boundary conditions to determine the coefficients 
in (f) 

(1) T(x,0) = T s , 

(2) r(A,c)V)« 7^. 

Applying these conditions to (f) gives 


Substituting into (f) 


b 0 =T s , b x = 


^oo ~T S 
S, 


T = T S+ (T^-T S ) 


y_ 

s t 


Introducing (g) into (1.10) 



Substituting (h) into (a) 



(g) 

(h) 

(i) 
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Thus the key to the determination of the heat transfer coefficient and the 
Nusselt number is the solution to the thermal boundary layer thickness 8 t . 

The integral form of the energy equation (5.7) is used to determine 8 t . 
Substituting (c) and (g) into (5.7) 

S,(x) 

-a^L. = V(D ± f Y^ y [ {Ts - Tx) + {T(a - Ts ){y,S t )}dy . 

8, ax J o 

o 

Evaluating the integrals and rearranging the result 


a _V 00 d Sf 
S t 6 dx 8 

Rewriting the above 


6a 1 / 8 


— 5(^) 2 
dx v S J 


(j) 


To solve this equation for 8 t , let 



Substituting (k) into (j) 


6a J_J. 



Using (d) to eliminate 8, the above becomes 


(k) 


Simplifying 


6 a 11 _ d 

V x V 12v Vx r dx 

1 a 1 

= r- 


^2v/V x 


x r 


2 v yfx dx L 


x r 


v 

Expanding and noting that — = Pr , the above becomes 

a 
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1 1 


= r 


dr r 2 


2ry[x — + 


dx 2 yfx 


1 a 2 dr 3 

-= 4 xr -l-r 

Pr dx 


Separating variables and integrating 


I 


4 r 2 dr 


o (MPr)-r 


r 


dx 

x 


( 1 ) 


Note that the limits in (1) are based on the following boundary condition on 

8 t = r = 0 at x = x () . (in) 

Evaluating the integrals in (1) and rearranging the results 


s t 


1 




8 p r m 

Using (d) to eliminate 8 in the above 


l-(x 0 /x) 


3/4 


1/3 


(n) 


S t = 


1 12 v 


Pr 


1/3 


V r , 


yfx 1 - (x o / X) 


3/4 


1/3 


( 0 ) 


The local Nusselt number is determined by substituting (o) into (i) and 
using the definition of the local Reynolds number in (e) to obtain 


Nu x = 0.289 Pr 13 Re x [l - (x Q / x) 


>3/4 


-1/3 


(5.27) 


For the special case of a plate with no insulated section, setting x 0 = 0 in 
(5.27) gives 


Nu x = 0.289 Pr m yjRe x . 


(5.28) 
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(iii) Checking. Dimensional check : Solutions to 8 / X and Nu x are 
dimensionless. Units of 8 t in (o) are correct 

Boimdaiy conditions check : Assumed velocity and temperature profiles 
satisfy their respective boundary conditions. 

Limiting check. For the special case of Pr = 1 an exact solution to the ratio 
r = S t / 8 should be unity for x Q = 0. Setting Pr = 1 in (n) gives the 
correct result. 

(5) Comments. As might be expected, results based on assumed linear 
profiles for the velocity and temperature are less accurate than those based 
on third degree polynomials. Table 5.1 compares exact solutions for 8/X 
and Nu x / Pr in Re^~ with integral results for the case of a plate with no 
insulated section based on assumed linear and polynomial profiles. 
Equations (4.46) and (4.72c) give exact solutions, and equation (5.10), 
(5.25), (5.26) and (5.28) give integral results. Note that the integral method 
gives a more accurate prediction of Nusselt number than of the boundary 
layer thickness 8. 


Table 5.1 


Solution 

£ 

~s] R e x 

X 

Nu x 

Pr m Re xn 

Exact (Blasius/ Pohlhausen) 

5.2 

0.332 

3 rd degree polynomial 

4.64 

0.339 

Linear 

3.46 

0.289 


5.7.3 Uniform Surface Flux 

Figure 5.10 shows a flat plate with an insulated leading section of 
length x ... The plate is heated with unifonn flux q" along its surface 


x > x Q . We consider steady 
state, laminar, two-dimensional 
flow with constant properties. 
We wish to determine surface 
tempera-ture distribution and the 
local Nusselt number. Applica¬ 
tion of Newton’s law of cooling 
gives 


. 8 


f T * 
Hs 


Fig. 5.10 
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q”s = h(x) [T s (x) - 7^ ]. 


Solving (a) for/i(x) 


h(x) = 


T s (x) - re¬ 


introducing the definition of the Nusselt number, the above gives 


Nu x = 1S ' - v 

k[T s {x)-T^] 


Thus once surface temperature T s ( x ) is detennined equation (b) gives the 
local Nusselt number. T s (x) is determined using the integral form of the 
energy equation 


dr(x,0) d f 

—5- = T - foo )dy ■ 

oy dx j 


For constant properties, the velocity distribution u(x,y ) in (5.7) is 
independent of temperature. Thus the integral solution to u(x,y) for a 
third degree polynomial is given by (5.9) 


V„ 2{S 2 (s 


Assume a third degree polynomial for the temperature profile T (x, y) 
T = b 0 +b l y + b 2 y 2 +b 3 y 3 . 


The boundary conditions on temperature are 
,,, , dT(x, 0) 

(1) -k —x— - = q s , 

oy 

(2) T(x,S t )«T mi 
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( 3 ) 


dT(x,S t ) _ Q 


(4) S 2 T(x,0) 

dy 2 


0. 


Application of the boundary conditions gives the four coefficients. The 
temperature profile becomes 


T(x,y) = T a0 + 





Surface temperature is obtained by setting y = 0 in the above 

T s (x) = T(x,0) = T aa +\^f-8 t . 

3 k 

Substituting (5.30) into (b) 


Nu x 


3 x 

zTW' 


(5.29) 


(5.30) 


(5.31) 


Thus the problem reduces to determining S t . Substituting (5.9) and (5.29) 
into (5.7) 


d 

a = V — 
ax 


f St 

_ 

f - z - 

1 3 

1 y 

J \2S 

2d 3 ] 

0 L 



2 1 y 3 

-5, - y+ -—- 

3 3 s 2 


dy 


(d) 


Evaluating the integrals 


a d 

k 

_L4__L 

A,) 

3 ] 


Too dx 

r 

10 8 140 

UJ 




(e) 


For Prandtl numbers larger than unity, 5, 18 < 1. Thus 
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1 

140 




8 




1 8 t 

«- - 

10 8 


Introducing (f) into (e), gives 


10^ = A 

V rr dx 


5 


Integrating the above 


10 — x = ^- + C. 
V, r 5 


The boundary condition on S t is 


Applying (h) to (g) 


Equation (i) into (g) 


s t = 


S t (x 0 ) = 0 . 


C = 10—x„ 


a 


1/3 


10 — (x-x n )8 

V 

r m 


Using (5.10) to eliminate 8 in (j) 


*t = 


a 


l0 — (x-x o \\— 


V r 


1/3 


280 1 


13 A Re r 


(f) 


(g) 

(h) 

(i) 

(j) 


Introducing the definition of the Prandtl and Reynolds numbers and 
rearranging the above 


it 

X 


3.594 


1/3 „ 1/2 


Pr Re 


x 


1-^ 

X 


1/3 


(5.32) 


Surface temperature is obtained by substituting (5.32) into (5.30) 


T s (x) = T„ + 2.396f 

k 


1 _ Xo_ 


1/3 


Pr m Re m 


(5.33) 



5.7 Integral Solutions 189 


Substituting (5.32) into (5.31) gives the local Nusselt number 

-1/3 


Nik =0.417 


1 - — 


Pr m Re m . 


(5.34) 


For the special case of a plate with no insulated section, setting x 0 = 0 in 
(5.33) and (5.34) gives 

+2.396^ * (5.35) 

k Pr 3 Re x 

Nu x = 0.417 Pr m Re 1 ' 2 . (5.36) 

This result is in good agreement with the more accurate differential 
formulation solution [1] 

Nu x = 0.453 Pr m Re x 1 . (5.37) 


Examination of surface temperature (5.35) shows that it increases with 
distance along the plate according to yfx . 


Example 5.2: Laminar Boundary Layer Flow over a Flat Plate: 
Variable Surface Temperature 


Consider uniform flow over 
a semi-infinite flat plate. 
The plate is maintained at a 
variable surface tempera¬ 
ture given by 

T s (x) = T o0 + Cyfx 




---^ 

Tfix) = T„+C^ 

Fig. 5.11 


where C is constant. Apply the integral method to determine the local 
Nusselt number using third degree polynomials for the velocity and 
temperature profiles. Assume steady, two-dimensional, constant properties 
boundary layer flow and neglect dissipation. 
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(1) Observations, (i) The determination of the Nusselt number requires the 
determination of the velocity and temperature distributions, (ii). Surface 
temperature is variable, (iii) For constant properties, velocity distribution is 
independent of temperature. 

(2) Problem Definition. Determine the velocity and temperature distribu¬ 
tion for laminar boundary layer flow over a flat plate. 

(3) Solution Plan. Start with the definition of local Nusselt number and 
equation (1.10) for the heat transfer coefficient h. Apply the integral form 
of the energy equation to determine the temperature distribution 

(4) Plan Execution. 

(i) Assumptions. (1) Continuum, (2) Newtonian, (3) steady state, (4) 
constant properties, (5) two-dimensional, (6) laminar flow ( Re x < 5xl0 5 ), 
(7) viscous boundary layer flow (Re x > 100), (8) thermal boundary layer 
(Pe > 100), (9) uniform upstream velocity and temperature, (10) flat plate, 
(11) negligible changes in kinetic and potential energy, (12) negligible 
axial conduction, (13) negligible dissipation and (14) no buoyancy (J3 = 0 
°rg = 0). 

(ii) Analysis. The local Nusselt number is defined as 


Nu x 


hx 

k 


(a) 


The heat transfer coefficient h is given by equation (1.10) 

. 8T(x, 0) 

K 

h =- 

T s {x)-T^ 


( 1 . 10 ) 


Thus temperature distribution T(x,y) must be detennined. The integral 
form of the energy equation is used to determine temperature distribution 


dT(x,0) 
a —-—- 


8 t (x) 

f u(T - T r )dy ■ 


(5.7) 


o 

The axial velocity distribution u(x,y), based on an assumed third degree 
polynomial, was detennined in Section 5.7.1 and is given by 
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(y) 

l 


UJ 

2 

UJ 


where 


_ V280/13 /280 XV 

(7 =- , X = 


\ 13 ^ 

We assume a third degree temperature polynomial 

T(x,y) = b 0 (x) + b l (x)y + b 2 (x)y 2 +b 3 (x)y 3 . 

The temperature boundary conditions are: 

(1) T(x,0) = T s (x), 

(2) T(x,S t )~T^, 
dT(x,S t ) 


( 3 ) 

(4) 


dy 

d 2 T(x, 0) 

5j; 2 


0 , 


= 0 . 


(5.9) 


(5.10) 


(b) 


The four boundary conditions are used to determine the coefficients in (b). 
The assumed profile becomes 


T(x, y) = T s (x) + [T m - T s (x)] 


3 y_ 
2 S t 



Substituting (c) into (1.10) 


Introducing (d) into (a) 


h{x) 


3 k_ 
2 S t ' 


Nu x 


3 x 

2 Si' 


(c) 


(d) 

(e) 


Thus the problem reduces to detennining the thermal boundary layer 
thickness S t . This is accomplished using the integral form of the energy 
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equation (5.7). Substituting (5.9) and (c) into (5.7) and evaluating the 
integral, gives 


3 a T s (x) -T x _ d 
2 8, dx 


T s (x)-T Xj ]KJ 


f5 ^ 


20 


\8 J 


^8^ 


280 




(f) 


This equation is simplified for Prandtl numbers greater than unity. For this 
case 


— < 1, for Pr > 1, 

£ 


Thus 


280 


3frO 

« — 

20 


Sj_ 

\8 j 


\8 j 


Equation (f) simplifies to 


o t dx 


T s (x)-T v ]8 


r S^ 2 

\8 j 


However 


T s ( x )~ T ao =cVx . 
Substituting (5.10) and (h) into (g) 

[cVx 


10^ 

s t 


= v^ 

dx 


n r 13 Too 2 

CVx,- o, 


280 Vx 


Simplifying, rearranging and separating variables 
. 1 280 a 


13 v 


[WFj Vx dx = SfdS t . 


The boundary condition on 8 t is 


(5.15) 


(g) 


(h) 


(i) 


8f (0) = 0. 


(j) 


Integrating (i) using condition (j) 
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11 / 3 

S t = [lOV280 /13 (Pr) _1/3 (vx/F 00 ) 1/2 . 


00 


Substituting into (e) and introducing the definition of the local Reynolds 
number 


Nu x =0.411 Pr V3 Rel' 2 . (5.38) 

(5) Checking. Dimensional check : Equations (5.10), (c), (d) and (k) are 
dimensionally correct. Equations (d) and (5.38) are dimensionless. 

Boundary conditions check : Assumed temperature profile satisfies the four 
boundary conditions. 

(6) Comments, (i) The local Nusselt number given in (5.38) is identical to 
the result of Section 5.7.3 for the case of uniform surface flux shown in 
equation (5.36). This is not surprising since uniform surface flux results in 
a variable surface temperature given by 

r.W = r„+ 2.396^ * (5.35) 

k Pr 3 Re:. 2 


Note that the above can be rewritten as 

T s (x) = 7^ + Ca/x 

This is identical to the surface temperature specified in this example. 

(ii) The same procedure can be used to analyze plates with surface 
temperature distribution other than the above. 
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PROBLEMS 


5.1 For fluids with Pr « 1 the thermal boundary layer thickness is 
much larger than the viscous boundary layer. That is 8 t / 8 » 1. It 
is reasonable for such cases to assume that fluid velocity within the 
thennal layer is uniform 
equal to the free stream j 

velocity. That is v *■ _._ S, 

Consider laminar bounda¬ 
ry layer flow over a flat 
plate. The surface is maintained at uniform temperature T s and has an 
insulated leading section of length x Q . Assume a third degree 
polynomial temperature profile. Show that the local Nusselt number 
is given by 

r -.-1/2 

Nu x = 0.53 1 - — Pr in Re x 2 , 

L x J 



where the local Reynolds number is Re x = V, r x / v. 

5.2 For fluids with Pr »1 7^ V x 

the thermal boundary 
layer thickness is much y 
smaller than the viscous 
boundary layer. That is 
S t / 8 « 1. It is reason¬ 
able for such cases to assume that fluid velocity within the thermal 
layer is linear given by 

u = V 00 |. 

o 

Consider uniform laminar boundary layer flow over a flat plate with 
an insulated leading section of length x 0 . The plate is maintained at 
uniform surface temperature T s . Assume a third degree polynomial 
temperature profile, show that the local Nusselt number is given by 

Nu x = 0.319 [l-(x 0 /x) 3/4 ] 1/3 Pr m Re x V2 . 
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5.3 A square array of chips is mounted flush on a flat plate. The array 
measures L cm x L cm. The forward edge of the array is at a distance 
x 0 from the leading edge of the plate. The chips dissipate uniform 
surface flux q" s . The plate is cooled by forced convection with 
unifonn upstream velocity U Xi and temperature T rJ . Assume laminar 
boundary layer flow. Assume 
further that the axial velocity 
within the thermal boundary 
layer is equal to the free stream 
velocity. Use a third degree 
polynomial temperature profile. 

[a] Show that the local Nusselt 
number is given by 



Nu x 


0.75 


Pr Re x 
1 - (x 0 / x) 


[b] Determine the maximum surface temperature. 


5.4 


A liquid film of thickness 
H flows by gravity down 
an inclined surface. The 
axial velocity u is given by 


u = u Q 





where u 0 is the free 

surface velocity. At x > 0 the surface is maintained at uniform 
temperature T s . Fluid temperature upstream of this section is T rJ . 
Assume laminar boundary layer flow and that 8 t /H < 1. Determine 
the local Nusselt number and the total surface heat transfer from a 
section of width W and length L. Neglect heat loss from the free 
surface. Use a third degree polynomial temperature profile. 


5.4 A thin liquid film flows under gravity down an inclined surface of 
width W. The film thickness is H and the angle of inclination is 6 . 
The solution to the equations of motion gives the axial velocity u of 
the film as 
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gH 2 sin<9 y j 2 

u — - 2-— . 

2v [ H H 2 

Heat is added to the film 
along the surface beginning 
at x = 0 at uniform flux q". 

Determine the total heat 
added from x = 0 to the 
section where the thermal boundaiy layer penetrates half the film 
thickness. Assume laminar boundary layer flow. Use a third degree 
polynomial temperature profile. 

5.6 A plate is cooled by a fluid with Prandtl number Pr « 1. Surface 
temperature varies with distance from the leading edge according to 

T s (x,0) = T o0 + Cyfx , 

where C is constant. For 
such a fluid it is 
reasonable to assume 
that u^V^. Use a 
third degree polynomial 
temperature profile to 
show that the local Nusselt number is given by 

Nu x = 0.75 Pr V2 Re l x ' 2 , 

and that surface heat flux is uniform. Assume laminar boundary layer 
flow. 




5.7 


A plate is cooled by a fluid with Prandtl number Pr » 1. Surface 
temperature varies with distance form the leading edge according to 


T s (x,0) = 7^ + C\/x , 

where C is constant. For 
such a fluid it is reason¬ 
able to assume that 
axial velocity within the 
thermal boundary layer 
is linear given by 



u = V m y/8. 
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Determine the local Nusselt number and show that surface heat flux is 
unifonn. Use a third degree polynomial temperature profile and 
assume laminar boundary layer flow. 

5.8 Surface temperature of a plate increases exponentially with distance 
from the leading edge according to 


.. 8 , 

-+u*V„ 
. S 


T s 0,0) = r* + C exp (/? x), 

where C and (3 are con- y 
stants. The plate is cooled 
with a low Prandtl number 
fluid ( Pr « 1 ). Since for 
such fluids 5«S t , it is reasonable to assume uniform axial 
velocity within the thermal boundary layer. That is 




T s (xfi) = T„+C x) 


V rr 


Assume laminar boundary layer flow and use a third degree polyno¬ 
mial temperature profile. 

[a] Show that the local Nusselt number is given by 


Nu x = 0.75 f3 x [l - exp(/?x)] 12 Pr ll2 Re 1 x /2 . 


[b] Determine surface flux distribution. 


5.9 


A square array of chips of side L is mounted flush on a flat plate. The 
chips dissipate non-uniform surface flux according to 



The plate is cooled by forced 
convection with uniform upstream 
velocity V ryj and temperature T .. fJ . 
Assume laminar boundary layer 
flow with S t / S < 1. Use third 
degree polynomials for the axial 
velocity and temperature. 



[a] Show that the local Nusselt number is given by 


Nu x =033lPr in Re 112 . 


[b] Show that surface temperature is uniform. 
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5.10 A square array of chips of side 
L is mounted flush on a flat 
plate. The forward edge of the 
array is at a distance x Q from 
the leading edge of the plate. 

The heat dissipated in each 
row increases with successive I*— x a —*1 x 

rows as the distance from the 
forward edge increases. The distribution of surface heat flux for this 
arrangement may be approximated by 

q" s = Cx 2 , 

where C is constant. The plate is cooled by forced convection with 
uniform upstream velocity V rX) and temperature T rJ . Assume laminar 
boundary layer flow. Assume further that the axial velocity within 
the thermal boundary layer is equal to the free stream velocity, 
u ~ Vqq . Use a third degree polynomial temperature profile. 

[a] Show that the local Nusselt number is given by 

- 1 — 1/2 

Nu x = 1.3 [l - (x a /x) 3 J Pr m Re y2 . 

[b] Determine the maximum surface temperature 

[c] How should the rows be rearranged to reduce the maximum 
surface temperature? 

5.11 Repeat Problem 5.10 using a linear surface flux distribution 

q" s = Cx. 

[a] Show that the local Nusselt number is given by 

Nn x =1.06 1 -(x 0 /x) 2 Pr 112 Re 12 . 

[b] Determine the maximum surface temperature 

[c] How should the rows be rearranged to reduce the maximum 
surface temperature? 

5.12 A fluid at temperature T 0 and flow rate m 0 is injected radially 
between parallel plates. The spacing between the plates is H. The 
upper plate is insulated and the lower plate is maintained at uniform 
temperature T s along r > R 0 and is insulated along 0 < r < R a . 
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Consider laminar boundary layer flow and assume that the radial 
velocity u does not vary in the direction normal to the plates (slug 
flow). 



[a] Show that for a cylindrical element 8 t x 271 rdr the external mass 
flow, dm e , to the thermal boundary layer is 


dm„ = 2n p — 
dr 


(• 


nr dr = —— dS.. 
H ? 


[b] Show that the integral form of conservation of energy is 

JS, 


- kr 


dT(r, 0) m o c p d 


dr 


2t:H dr 




C T-T 0 )dy. 


[c] Assume a linear temperature profile, show that the local Nusselt 
number is 


1 


Nu '-pj 


\-{R 0 lrf 


- 1/2 


Pr V2 Re\! 2 . 


Re r = P^ = ^^. 
p 2k pH 


where 
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5.13 The lower plate in Problem 5.12 is heated with uniform flux q" s 
along r > R a and insulated along 0 < r < R a . 



[a] Show that for a cylindrical element 8 t x 271 rdr the external mass 
flow dm e to the thermal boundary layer is 

A 


dr 


1 




dm e =27tp — I urdr = — —d8 t . 


H 


[b] Show that the integral form of conservation of energy is 

A 


ft O p L/l 

q . =--- 

2 7i H dr 


[ 


C T-T 0 )dy . 


[c] Assume a linear temperature profile, show that the local Nusselt 
number is 


Nu r = 


1 ~(K/rf 


- 1/2 


Pr m Rel /2 , 


where 


Re r =^ 1 = -^. 

// In pH 

5.14 A porous plate with an impermeable and insulated leading section of 
length x a is maintained at uniform temperature T s along x> x Q . 
The plate is cooled by forced convection with a free stream velocity 
V rJj and temperature T rJ . Fluid at temperature T 0 is injected through 
the porous surface with 
uniform velocity v 0 . The 
injected and free stream 
fluids are identical. As¬ 
sume laminar boundary 
layer flow, introduce axial 




U— x„ —*\ 




■f \ 
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velocity simplification based on Pr «1 and use a linear 
temperature pro-file to determine the local Nusselt number. 

5.15 A porous plate with an 
impermeable and insulated 
leading section of length 
x 0 is heated with unifonn 
surface flux q" along 
x > x a . The plate is cool¬ 
ed by forced convection 
with a free stream velocity 
V rJj and temperature T r/j . Fluid at temperature T a is injected through 
the porous surface with uniform velocity v a . The injected and free 
stream fluids are identical. Assume laminar boundary layer flow and 
introduce axial velocity simplification based on Pr « 1. Use a 
third degree polynomial temperature profile to determine the local 
Nusselt number. 


F 


y 


. s 


V-VP//V.V /> 






Tit 


5.16 Consider steady two-dimensional laminar flow in the inlet region of 
two parallel plates. The plates are separated by a distance H. The 
lower plate is maintained at uniform temperature T a while heat is 
removed from the upper plate at uniform flux q" Q . The inlet 
temperature is 7j. Determine the distance from the inlet where the 
lower and upper thermal boundary layers meet. Use a linear 
temperature profile and assume that velocity is unifonn equal to V t . 
Express your result in terns of dimensionless quantities. 


q ' 0 
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HEAT TRANSFER IN CHANNEL FLOW 


6.1 Introduction 

We consider internal flow through channels such as ducts, tubes and 
parallel plates. The following factors should be noted in analyzing heat 
transfer in internal flow. 

(1) Laminar vs. turbulent flow. Transition from laminar to turbulent flow 
takes place when the Reynolds number reaches the transition value. For 
flow through tubes the experimentally determined transition Reynolds 
number Re Df is 


Re o t 

where 

D = tube diameter 
u = mean velocity 
v = kinematic viscosity 

(2) Entrance vs. fully developed region. Based on velocity and 
temperature distribution, two regions are identified: 

(i) Entrance region 

(ii) Fully developed region 

The length of the entrance region for velocity and temperature as well as 
the characteristics of these regions will be examined. 


uD 


v 


2300. 


( 6 . 1 ) 
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(3) Surface boundary conditions. Two common thermal boundary 
conditions will be considered: 

(i) Uniform surface temperature 

(ii) Uniform surface heat flux 

(4) Objective. A common problem involves a fluid entering a channel with 
uniform velocity and temperature. The objective in analyzing internal flow 
heat transfer depends on the thermal boundary condition. 

(i) Uniform surface temperature. In this class of problems we seek to 
determine axial variation of the following variables: 

(1) Mean fluid temperature 

(2) Heat transfer coefficient 

(3) Surface heat flux 

(ii) Uniform surface flux. For this class of problems the objective is to 
determine axial variation of the following variables: 

(1) Mean fluid temperature 

(2) Heat transfer coefficient 

(3) Surface temperature 

6.2 Hydrodynamic and Thermal Regions: General Features 

We consider fluid entering a channel with uniform velocity and 
temperature 7). Velocity and temperature boundary layers form on the 
inside surface of the channel. The two boundary layers grow as the distance 
x from the entrance is increased. Two regions are identified for each of the 
flow (hydrodynamic) and temperature (thermal) fields: 

(1) Entrance region. This is also referred to as the developing region. It 
extends from the inlet to the section where the boundary layer thickness 
reaches the channel center. 

(2) Fully developed region. This zone follows the entrance region. 

Note that in general the lengths of the velocity and temperature entrance 
regions are not identical. The general features of velocity and temperature 
fields in the two regions will be examined in detail. 
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6.2.1 Flow Field 

(1) Entrance Region (Developing Flow,0 <x<L h ). Fig. 6.1 shows the 
developing velocity boundary 
layer in the entrance region of a 
tube. This region is called the 
hydrodynamic entrance region. Its 
length, L h , is referred to as the 
hydrodynamic entrance length. 

This region is characterized by the 
following features: 

• Streamlines are not parallel. 

Thus the radial velocity component does not vanish (V r ^ 0). 

• Core velocity u c increases with axial distancex ( u c ^constant). 

• Pressure decreases with axial distance (dp /dx < 0). 

• Velocity boundary layer thickness is within tube radius (8 < D/2). 

(2) Fully Developed Flow Region. At x > L h the flow is described as 
fully developed. It is characterized by the following features: 

• Streamlines are parallel (V r = 0). 

• For two-dimensional incompressible flow the axial velocity u is 
invariant with axial distance x. That is du / dx = 0. 

6.2.2 Temperature Field 

(1) Entrance Region (Developing Temperature, 0 <x<L t ). Fig. 6.2 
shows fluid entering a tube with uniform velocity V- t and temperature T t . 
The surface is at uniform 
temperature T s . The region 
in which the temperature 
boundary layer forms and 
grows is referred to as the 
thermal entrance region. 

The length of this region, 

L t , is called the thermal 
entrance length. At x = L t 
the thermal boundary layer 
thickness 8 t reaches the 
tube’s center. This region is 


r , 
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> 
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characterized by the following features: 

• Core temperature T c is uniform equal to inlet temperature (T c = T i ). 

• Temperature boundary layer thickness is within the tube’s radius 

(S t <Dt 2 ). 

(2) Fully Developed Temperature Region. The region x > L t is 
characterized by the following features: 

• Fluid temperature varies radially and axially. Thus dT /ax' ^ 0. 

• A dimensionless temperature (f) (to be defined later) is invariant with 
axial distance x. That is d(f) / 8x = 0. 


6.3 Hydrodynamic and Thermal Entrance Lengths 


The determination of the two entrance lengths and L t is important in 

many applications. Scale analysis will be used to estimate the entrance 
lengths and results of analytic and numerical solutions will be summarized. 

6.3.1 Scale Analysis 

(1) Hydrodynamic Entrance Length L h . Result of scale analysis for the 
velocity boundary layer thickness for external flow is given by (4.16) 


S_ 1 

x 


(4.16) 


Applying (4.16) to the flow through a tube at the end of the entrance region 
x = L h where 8 ~ D , gives 


D_ 

h 



(a) 


We now express Re L/ in terms of the Reynolds number based on tube 
diameter D 


Re 


A? 


uL h 

v 


u D L h 
v D 


= Re 


D 



(b) 


where a is mean or average velocity. Substituting (b) into (a) and 
rearranging 
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f 

V 


LJD_" 

Re D , 


1/2 


1 . 


( 6 . 2 ) 


(2) Thermal Entrance Length L t . In internal flow both 8 and 
S t increase with axial distance in the entrance region and eventually 
become equal upon reaching the centerline. Thus the scale for u for all 
Prandtl numbers is u~u . This is unlike external flow where different 
scales are used depending on the Prandtl number. To scale S t we start with 
the external flow result, equation (4.24) 


o r n —1/2 r) _ l/2 

~ LRe L Pr 


(4.24) 


Applying (4.24) at L = L t where S t ~D 


D~L t Re; V2 Pr~ V2 , 


(a) 


The Reynolds number for internal flow should more appropriately be based 
on the diameter D rather than length L t . Thus 


Re r =^R = ^^L = Re D ^. 


v D 


D 


(b) 


Substituting (b) into (a) and rearranging 

' L t ID ' 

,Re D Pr y 

From (6.2) and (6.3) we obtain 


(6.3) 


h. 

L h 


Pr. 


(6.4) 


6.3.2 Analytic and Numerical Solutions: Laminar Flow 

Solutions to the velocity and temperature distribution in the entrance region 
of various channel geometries have been obtained for laminar flow using 
analytic and numerical methods. Results provide information on L f] and 
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L t . Since these lengths are not uniquely determined, their values depend 
on how they are defined. 

(1) Hydrodynamic Entrance Length L h . Results for L h are expressed as 


= C h Re De , (6.5) 

U 0 


where D e is the equivalent 
diameter, defined as 


D 


e 



Here A j is channel flow area 
and P is channel perimeter. 
The coefficient C /? depends 
on channel geometry and is 
given in Table 6.1 [1], Scaling 
prediction of C h can now be 
evaluated using this table. 
Recall that scaling gives 


/ x 1/2 

f LJD' 


v ^ e D j 


1 . ( 6 . 2 ) 


Table 6.1 


Entrance length coefficients [ 1 ] 



geometry 

c h 

c t 





uniform 

surface 

flux 

uniform 

surface 

temperature 


o 


0.056 

0.043 

0.033 

b 

□ 

a 

a = b 

0.09 

0.041 

0.066 

b 


a = 2b 

0.085 

0.057 

0.049 


a 

II 

?3 




b 



0.075 

0.042 

0.054 


a 

a! b = oo 







0.011 

0.012 

0.008 








To compare this with analytical results, equation (6.5) is rewritten as 


f 


V 


LJDe 

Re n 


1/2 



(a) 


As an example, for a rectangular channel of aspect ratio 2, Table 6.1 gives 
C h = 0.085. Substituting this value into (a), gives 


LJD 0 


, 1/2 


Re 


= (0.085) 1/2 = 0.29 . 


D e J 


(b) 


Comparing (6.2) with (b) shows that scaling estimates the constant 0.29 to 
be unity. 




6.3 Hydrodynamic and Thermal Entrance Lengths 209 


(2) Thermal Entrance Length L t . The length L t depends on surface 
boundary conditions. Two cases are of special interest: uniform surface 
flux and uniform surface temperature. Solutions are expressed as 

— = C,PrRe n , (6.6) 

D 

^e 


where C t is a constant which depends on channel geometry as well as 
boundary conditions and is given in Table 6.1. To compare scaling 
prediction of L t with the results of Table 6.1, equation (6.6) is rewritten as 


Scaling gives 


/ \ 1/2 

PrRe D j 


= (c,) 


1/2 


r L t /D ' m 
\Re D Pr j 


1 . 


(c) 


(6.3) 


As an example, for a rectangular channel of aspect ratio 2 at uniform 
surface temperature, Table 6.1 gives C, =0.049. Substituting this value 
into (c), gives 

1/2 

= (0.049) 1/2 =0.22. (d) 

Comparing (6.3) with (d) shows that scaling estimates the constant 0.22 to 
be unity. 

For turbulent flow, results for L h and L t are based on experimental 
data. In general, both lengths are much shorter than their corresponding 
laminar flow values. The following equation provides a guide for 
estimating the two lengths [2] 

£-10, (6-7) 


LJDe 

PrRe n 


where L = L h = L t . 
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Example 6.1: Entrance Length for a Square Channel 

In applications where entrance length is small compared to channel length, 
it is reasonable to neglect entrance length and assume fully developed 
conditions throughout. This approximation represents a significant 
simplification in obtaining analytic solutions. Consider the flow of water 
through a 0.75 cm x 0.75 cm square duct which is 2.5 m long. The duct is 
heated with uniform surface flux. The mean axial velocity is 0.12 cm/s. Is it 
justified to neglect entrance lengths ? Evaluate water properties at 55° C. 


(1) Observations, (i) This is an internal forced convection problem, (ii) 
The fluid is heated at uniform surface flux, (iii) The Reynolds number 
should be computed to establish if the flow is laminar or turbulent, (iv) If 
the flow is laminar, equations (6.5) and (6.6) can be used to determine 
entrance lengths and L t . (v) Velocity and temperature can be assumed 
fully developed if entrance lengths are small compared to channel length. 

(2) Problem Definition. Determine entrance lengths and L t and 
compare them with total channel length. 

(3) Solution Plan. Compute the Reynolds number to establish if the flow is 
laminar or turbulent. If laminar, apply (6.5) and (6.6) to determine entrance 
lengths L h and L t . 

k- L -> 

(4) Plan Execution. II 

(i) Assumptions. (1) Con- 0 —>x" 

tinuurn, (2) steady state, (3) — --' 

Newtonian, (4) constant prop- t f t„»t 

erties, (5) uniform surface 
flux, (6) negligible axial conduction, (7) negligible changes in kinetic and 
potential energy, and (8) negligible dissipation. 

(ii) Analysis 

The transition Reynolds number for flow through channels is 

uD„ 

Re D =-— « 2300 , (a) 

1 v 

The Reynolds number for flow through a square channel is defined as 




(b) 


where 


v 
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D e = equivalent diameter, m 

Reo e = Reynolds number 

u = mean velocity = 0.12 m/s 
v = kinematic viscosity = 0.5116x10" 6 nr/s 

Water properties are evaluated at the mean temperature, T m = 55° C. The 
equivalent diameter for a square channel is defined as 

A r c 2 

D e = 4-t- = 4— =5, (c) 

e P 4 S 

where 

Aj = channel flow area = S , m 

P = channel perimeter in contact with the fluid = 45, m 
S= side dimension of the square channel = 0.0075 m 

If the flow is laminar, and L t are determined using equations (6.5) and 


(6.6) 

L, 


and 

TP = C h Re D , 

(6.5) 

where 

~~ = C, PrRe D , 
e'e 

(6.6) 


C h = hydrodynamic entrance length coefficient = 0.09, (Table 6.1) 

C t = thermal entrance length coefficient = 0.066, (Table 6.1) 

L h = hydrodynamic entrance length, m 
L t = thermal entrance length, m 
Pr = Prandtl number = 3.27 

Neglecting entrance lengths is justified if 

— « 1 and — « 1, (d) 

L L 

where 

L = total channel length = 2.5 m 
(iii) Computations. Substituting into (b) 
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„ _ 0.12(m/s)0.0075(m) _ ^ 

T ^ 0 £ V I Dy 

0.5116 x 10 6 (m «) 

Since the Reynolds number is smaller than 2300, the flow is laminar. 
Equations (6.5) and (6.6) give 

L h = 0.09(0.0075(m)1759 = 1.19 m 


L, = 0.066(0.0075(m)(3.27) 1759 = 2.85 m 


Thus 

4 

L 

4 

L 


1.19(m) 

2.5(m) 

2.85(m) 

3.2(m) 


0.48 

1.14 


Comparison with (d) shows that the entrance lengths cannot be neglected. 

(iv) Checking. Dimensional check : Computations showed that equa¬ 
tions (b) and (d) are dimensionally consistent. 

(5) Comments, (i) In general, the determination of the Reynolds number is 
an essential first step in analyzing internal flow, (ii) Fluids with Prandtl 
numbers greater than unity have longer thermal entrance lengths than 
hydrodynamic lengths, (iii) Entrance lengths can exceed channel length. 


6.4 Channels with Uniform Surface Heat Flux q" s 

Consider a section of a channel shown in Fig. 6.3. Let the start of the 
section be at x = 0 and its end at x = L. The mean temperature at the 
inlet to this section is T mi = T m (0). Fleat is added at the surface at a 
uniform flux q" s . We wish to determine the following: 

(1) Total surface heat transfer rate q s 
between x = 0 and location x along the 
channel. 

(2) Mean temperature variation T m (x). 

(3) Surface temperature variation T s (x). 

Since the heat flux is uniform, the total 
heat transfer rate q s is 



-*- L -*H 

V | >|f I 
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> 0 
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Fig. 6.3 
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q s = q"s A s = q"s Px . 


( 6 . 8 ) 


where /( s , is channel surface area and P is perimeter. 

The mean temperature T m (x) is obtained from energy conservation. 
Assume steady state, no energy generation, negligible changes in kinetic 
and potential energy and no axial conduction. Energy added at the surface 
must be equal to energy absorbed by the fluid. For constant properties, 
conservation of energy for a control volume between x = 0 and x gives 


q s = q" s Px = mc p \T m (x) - T mi ], 

where m is mass flow rate and Cp is specific heat. Solving for 
T m (x), we obtain 

T m U) = T m ,+^x. (6.9) 

mc p 

This equation gives the variation of the mean temperature along the 
channel. Note that no assumptions have been made regarding the region 
occupied by the section. That is, equations (6.8) and (6.9) are valid for the 
entrance region, fully developed region or a combination of the two. 
Furthermore, they apply to laminar as well as turbulent flow. The specific 
heat c should be evaluated at the average of the inlet and outlet mean 
temperatures. 

Surface temperature T s (x) is determined using heat transfer analysis. 
Assume axisymmetric flow and neglect variations along the perimeter P, 
Newton’s law of cooling gives 

q" = h(x)[T s (x)-T m (x)\. 

Solving for T s (x) 

Ux) =T m (x) + -^f~. 

h(x) 

Using (6.9) to eliminate T m (x) , we obtain 


T s (x) = T mi+q" s 


Px | 1 




h(x) 


( 6 . 10 ) 
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Thus, to determine surface temperature distribution the heat transfer 
coefficient h(x) must be known. It is here that questions regarding the 
nature of the flow (laminar or turbulent) as well as the region of interest 
(entrance or fully developed) become crucial. Analytic and numerical 
solutions for h for laminar flow are available for both entrance and fully 
developed regions. For turbulent flow, empirical equations are used. The 
determination of h for laminar flow will be presented in Section 6.6. 

Example 6.2: Maximum Surface Temperature 

Water flows through a tube with a mean velocity of 0.2 m/s. The mean inlet 
and outlet temperatures are 20° C and 80° C, respectively. The inside 
diameter of the tube is 0.5 cm. The surface is heated with uniform heat flux 
of 0.6 W/cnr. If the flow is fully developed at the outlet the corresponding 
Nusselt number for laminar flow is given by 

hD 

Nu d = -= 4.364 

D k 

Determine the maximum surface 
temperature. 

(1) Observations, (i) This is an 
internal forced convection problem in a tube, (ii) The surface is heated at 
uniform flux, (iii) Surface temperature changes along the tube. It is 
maximum at the outlet, (iv) The Reynolds number should be calculated to 
determine if the flow is laminar or turbulent, (v) If hydrodynamic and 
thennal entrance lengths are smaller than tube length, the flow can be 
assumed fully developed at the outlet, (vi) For fully developed flow, the 
heat transfer coefficient is uniform, (vii) Tube length is unknown. 

(2) Problem Definition, (i) Find the required length to heat the water to a 
given temperature, and (ii) determine surface temperature at the outlet. 

(3) Solution Plan, (i) Since surface flux, mean velocity, diameter, inlet 
and outlet temperatures are known, apply conservation of energy between 
the inlet and outlet to determine the required tube length, (ii) Compute the 
Reynolds number to determine if the flow is laminar or turbulent, (iii) 
Calculate the hydrodynamic and thermal entrance lengths and compare 
with tube length, (iv) Apply surface temperature solution for flow through 
a tube with constant surface flux. 
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(4) Plan Execution. 

(i) Assumptions. (1) Continuum, (2) Newtonian, (3) steady state, (4) 
constant properties, (5) axisymmetric flow, (6) uniform surface heat flux, 
(7) negligible changes in kinetic and potential energy, (8) negligible axial 
conduction and (9) negligible dissipation. 

(ii) Analysis. Application of conservation of energy between the inlet 
and outlet, gives 

nDLq'l = mc p (T mo - T mi ), (a) 

where 


c p = specific heat, J/kg-°C 

D = tube diameter = 0.5 cm = 0.005 m 

L = tube length, m 

m = mass flow rate, kg/s 

T mj = mean temperature at the inlet = 20°C 

T mo = mean temperature at the outlet = 80°C 

q" s = surface heat flux = 0.6 W/cm 2 = 6000 W/m 2 

Solving (a) for L 

L _ mep (T mo — T )ni ) 
^ ' 

The mass flow rate m is given by 


(b) 


m = {n / 4)D 2 pu , (c) 

where 

u = mean flow velocity = 0.2 m/s 
p = density, kg/m’ 

To determine surface temperature at the outlet, use the solution for surface 
temperature distribution for flow through a tube with uniform surface flux, 
given by equation (6.10) 

T s (x) = T mi +q” s 

where 

h = local heat transfer coefficient, W/m 2 -°C 


Px 1 


m C r 


h(x) 


( 6 . 10 ) 
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P = tube perimeter, m 

T s (x) = local surface temperature, °C 

x = distance from inlet of heated section, m 

The perimeter P is given by 

P = kD. (d) 


Maximum surface temperature at the outlet, T s (L), is obtained by setting x 
= L in (6.10) 


T s (L) = T mj +q 


ft 

S 


PL | 1 

mCp h(L ) 


(e) 


The determination of h(L) requires establishing if the flow is laminar or 
turbulent and if it is fully developed at the outlet. Thus, the Reynolds 
number should be determined. It is defined as 


Re 


D 


uD 

? 

V 


(f) 


where v= kinematic viscosity, m 2 /s. Properties of water are determined at 
the mean temperature T m , defined as 


T . +T 

r r _ mi _ n 

m 2 

Substituting into (g) 

- (20 + 80)(°C) 

T = --—- = 50 C 

2 

Properties of water at this temperature are 

c ■ =4182 J/kg-°C 
k = 0.6405 W/m-°C 
Pr = 3.57 

v = 0.5537x10 1 m 2 /s 
p = 988 kg/m 

Substituting into (f) 

n 0.2(m/s)0.005(m) 

Re D =-t-■=— = 1806 

0.5537 xl0 _b (in /s) 


(g) 



6.4 Channels with Uniform Surface Heat Flux q" s 217 

Since the Reynolds number is less than 2300, the flow is laminar. The next 
step is calculating the hydrodynamic and thermal entrance lengths and 
L t to see if the flow is fully developed at the outlet. For laminar flow in a 
tube, the hydrodynamic and thermal lengths are given by (6.5) and (6.6) 

h- = C h Re D , (6.5) 

De 


= C t PrRe D , (6.6) 

D 

where 

C h = hydrodynamic entrance length coefficient = 0.056, (Table 6.1) 

C t = thennal entrance length coefficient = 0.043, (Table 6.1) 

L h = hydrodynamic entrance length, m 
L t = thennal entrance length, m 

Substituting numerical values into (6.5) and (6.6) 

L h = 0.056 x 0.005 (m) x 1806 = 0.506 m 
and 

L t = 0.043 x 0.005 (m) x 1806 x 3.57 = 1.386 m 


If tube length L is larger than and L t , the flow is fully developed at the 

outlet. Thus, it is necessary to compute L using (b). The mass flow rate in 
(b) is given by (c) 

m = 988(kg/m 3 ) 0.2(m/s)^(0.005) 2 (m 2 )/4 = 0.00388kg/s 
Substituting into (b) 

r 0.00388(kg/s)4182(J/kg- o C)(80-20)(°C) in „ 

L = -;-t -3-3- = 10 ' 33 m 

n 0.005(m)0.6(W/cm“ )10 4 (cm 2 /m“) 

Since L is larger than both Z;, and L t , the flow is fully developed at the 
outlet. The heat transfer coefficient for fully developed laminar flow 
through a tube with unifonn surface flux is given by 

hD 

Nu d = - = 4.364. (h) 

k 

(iii) Computations. The heat transfer coefficient at the outlet is 
computed using (h) 
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h{L) = 4.364 


0.6405(W/m-° C) 
0.005(m) 


559 W/m 2 -°C 


With L, m and h(L) determined, equation (e) gives outlet surface tempera¬ 
ture 


T s (L) = 20 C + 6000(W/m) 


;r0.005(m)10.33(m) 

0.00388(kg/s)4182(J/kg-°C) 


1 

559(W/m 2 -° C) 


= 90.7°C 


(iv) Checking. Dimensional check. Computations showed that equa¬ 
tions (b), (c), (e), (f), (6.5), and (6.6) are dimensionally correct. 

Quantitative checks'. (1) Alternate approach to determining T s (L): 
Application of Newton’s law of cooling at the outlet gives 

q s =h(L)[T s (L)-T mo \. (i) 


Solving for T s ( L ) 


T s (L) = T r 


, *'s , 0.6(W/cm 2 )x 10 4 (cm 2 /m 2 ) 

+ —-8U ( C) +- ■= - 

h 559(W/m z -°C) 


90.7°C 


(2) The value of h is within the range reported in Table 1.1 for forced 
convection of liquids. 

Limiting check. If T mi = T mo , the required length should vanish. Setting 
T mi = T mo in ( b ) gives L = 0. 


(5) Comments, (i) As long as the outlet is in the fully developed region, 
surface temperature at the outlet is determined entirely by the local heat 
transfer coefficient. Therefore, it is not necessary to justify neglecting 
entrance length to solve the problem. 

(ii) In solving internal forced convection problems, it is important to 
establish if the flow is laminar or turbulent and if it is developing or fully 
developed. 


6.5 Channels with Uniform Surface Temperature 

Consider the same channel flow presented in the previous section with one 
important change. Instead of imposing uniform heat flux at the surface we 
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T ■ 

mi 

* 0 

w 

-> X —3* 

m 



dx 


dq s 


specify uniform surface temperature as 
shown in Fig. 6.4. We wish to 
determine the following: 

(1) Mean temperature variation T m (x). 

(2) Total heat transfer rate q s between 
x = 0 and location x along the channel. 

(3) Surface heat flux variation q" (x). 

Because surface flux is not uniform in 
this case, it is necessary to work with an 
infinitesimal element dx. Applying con¬ 
servation of energy to the element and 

invoking the assumptions used in the uniform surface flux case, we obtain 


dx 


dx 


dx 

Fig. 6.4 


dq s = m c v dT m 


(a) 


Applying Newton's law of cooling to the element gives 

dq s = h(x)[T s - T m (x)]Pdx . (b) 


Eliminating dq s by combining the two equations and separating variables 
gives 

dT P 

-^-= - 1 — h{x)dx . (c) 

T s~ T m( x ) mc p 

Integrating (c) from x = 0, where T m = T m (0) = T mi , to x where 
T m = T m 00» § ives 


In 


T m M - T s 

- P f 

i 

-q 

3 

1 

C<3 J 

1_ 

m C P J 0 


h(x)dx . 


( 6 . 11 ) 


The integral in (6.11) cannot be evaluated unless h{x) is known. We can 
rewrite this integral in terms of the average^heat transfer coefficient h over 
the length x by applying the definition of h 

x 

h = Wx)dx. (6.12) 

4 ) 


Introducing (6.12) into (6.11) and solving the resulting equation for T m (x) 
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Ph 

T m (x) = T S + (T mi -T s )exp[ —— x]. (6.13) 

m c P 


The key factor in (6.13) is finding h(x). The determination of h(x) depends 
on whether the flow is laminar or turbulent and if the channel section is in 
the entrance region, fully developed region or both. With T m (x) known 
from (6.13), the total heat transfer rate and the variation of the local heat 
flux along the channel can be determined. Application of conservation of 
energy between the inlet of the channel and a section at location x gives 

q s = m c p [T m (x) - T mi ]. (6.14) 

Application of Newton’s law of cooling gives the heat flux q" s (x) at 
location x 

q"(x) = h{x)[T s - T m (x)]. (6.15) 

Properties such as kinematic viscosity, thennal conductivity, and 
specific heat should be evaluated at the average of the inlet and outlet mean 
temperatures. 

Example 6.3: Required Tube Length 

Air flows with a mean velocity of 2 m/s through a tube of diameter 1.0 cm. 
The mean temperature at a given section in the fully developed region is 
35°C. The surface of the tube is maintained at a uniform temperature of 
130°C. For fully developed laminar flow through tubes at uniform surface 
temperature, the Nusselt number is given by 

hD 

Nu n =-= 3.657 

D k 

Determine the length of the tube section needed to raise the mean 
temperature to 105°C. 

(1) Observations, (i) This is an internal forced convection problem, (ii) 
The surface is maintained at uniform temperature, (iii) The Reynolds 
number should be checked to establish if the flow is laminar or turbulent, 
(iv) Since the Nusselt number for this flow is constant it follows that the 
heat transfer coefficient is uniform along the tube length. 

(2) Problem Definition. Determine the tube length needed to raise the 
mean temperature to a specified level. 
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(3) Solution Plan. Use the analysis of flow in tubes at uniform surface 
temperature to determine the required tube length. Compute the Reynolds 
number to establish if the flow is laminar or turbulent. 

(4) Plan Execution. 

(i) Assumptions. (1) Continuum, (2) Newtonian, (3) steady state, (4) fully 
developed flow, (5) constant properties, (6) uniform surface temperature, 
(7) negligible changes in kinetic and potential energy, (8) negligible axial 
conduction, and (9) negligible dissipation. 

(ii) Analysis. For flow through a tube at uniform surface temperature, 
conservation of energy and Newton's law of cooling lead to equation (6.13) 


T m (*) = T s + ( T mi - T s ) ex P [“ x \, (643) 

mc p 

where 

c= specific heat, J/kg-° C 

h = average heat transfer coefficient for a tube of length L, W/m — C 

m = mass flow rate, kg/s 

P = tube perimeter, m 

T m (x) = mean temperature at x, ° C 

T mi = mean inlet temperature = 35 ° C 

T s = surface temperature = 130 0 C 

x = distance from inlet of heated section, m 

Applying (6.13) at the outlet of the heated section (x = L) and solving lor L 


where 


L = 


me,, T 
—J4n — 
Ph T, 



(a) 


T mo = mean outlet temperature = 105 0 C 


To compute L using (a), it is necessary to determine c^,, P, m , and h . Air 
properties are determined at the mean temperature T m , defined as 


- T ■ +T 

ji _ M mi ' mo 


(b) 


The perimeter P and flow rate m are given by 


(c) 


and 


P = rcD, 
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D 2 


where 

D = inside tube diameter = 1 cm = 0.01 m 
u = mean flow velocity = 2 m/s 
p = density, kg/m’ 


(d) 


The heat transfer coefficient for fully developed laminar flow is given by 


Nu d =-= 3.657, (e) 

k 

where 

h = heat transfer coefficient, W/m 2 —° C 
k = thermal conductivity of air, W/m— 0 C 
According to (e), h is uniform along the tube. Thus 


- k 

h = h =3.657 —. (f) 

D 

To proceed, it is necessary to compute the Reynolds number to determine if 
the flow is laminar or turbulent. The Reynolds number for tube flow is 
defined as 


where 


Re D = 


uD 

v 


Re D = Reynolds number 
V = kinematic viscosity, m 2 /s 

The mean temperature is calculated using (b) 
-,= (35 + 105 )(°C) =70 „ c 

Properties of air at this temperature are 

c p = 1008.7 J/kg-°C 
k = 0.02922 W/m-°C 
Pr = 0.707 
v = 19.9 x 10~ 6 m 2 /s 
p = 1.0287 kg/m 3 


(g) 
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Substituting into (g) 

2(m/s)0.0l(m) =m5 
19.9 x 10 _6 (m 2 /s) 

Since the Reynolds number is smaller than 2300, the flow is laminar. Thus 
(f) can be used to determine h. 

(iii) Computations. Substituting into (c), (d) and (f) 

P = /r0.01(m) = 0.03142 m 

2 2 

m = /r (Q ' Q1> 4 (m - 1.0287(kg/m 3 )2(m/s) = 0.0001616kg/s 

h -3.65 7 0-02922(W/m-°C) . ia69W ^ 

0.0 l(m) 

Substituting into (a) 

0.0001616(kg/s)1008.7(J/kg-°C) (130-35)(°C) 


L = 


0.03142(m)l 0.69(W / m 2 -° C) (130 -105)(° C) 


-ln- 


= 0.65 m 


(iv) Checking. Dimensional check : Computations showed that 

equations (a)-(d), (f) and (g) are dimensionally consistent. 

Limiting checks : (i) For the special case of T mo = T mi , the required length 
should vanish. Setting T mo = T m , in (a) gives L = 0. 

(ii) The required length for the outlet temperature to reach surface 
temperature is infinite. Setting T mo = T s in (a) gives L = oo. 

Quantitative checks', (i) An approximate check can be made using 
conservation of energy and Newton’s law of cooling. Conservation of 
energy is applied to the air between inlet and outlet 

Energy added at the surface = Energy gained by air. (h) 

Assuming that air temperature in the tube is uniform equal to T m , Newton’s 
law of cooling gives 

Energy added at surface = h nDL(T s - T m ). (i) 

Neglecting axial conduction and changes in kinetic and potential energy, 
energy gained by air is 

Energy gained by air = mc p (T mo - T mi ) . (j) 



224 6 Heat Transfer in Channel Flow 


Substituting (j) and (i) into (h) and solving for the resulting equation for L 

L mc p ^mo ~ 1mi ) j. 

hxD(T s -T m ) ' 

Equation (k) gives 

_ 0.0001616(kg/s)1008.7(J/kg-°C)(105-35)(°C) = ^ 

10.69(W/m 2 -° C)7i)jr(0.0 hn)( 130 - 70)(° C) 

This is in reasonable agreement with the more exact answer obtained 
above. 

(ii) The value of h appears to be low compared with typical values listed in 
Table 1.1 for forced convection of gases. However, it should be kept in 
mind that values of h in Table 1.1 are for typical applications. Exceptions 
should be expected. 

(5) Comments. This problem is simplified by two conditions: fully 
developed and laminar flow. 


6.6 Determination of Heat Transfer Coefficient h(x ) and Nusselt 
Number Nu D 


The heat transfer coefficient is critical in the analysis of channel flow heat 
transfer. Scale analysis will be presented first to obtain estimates of the heat 
transfer coefficient and Nusselt number. This will be followed by laminar 
flow analytic solutions in both entrance and fully developed regions. 


6.6.1 Scale Analysis 


Consider heat transfer in a tube of radius r 0 shown 
in Fig. 6.5. Surface temperature is T s and mean 
fluid temperature at a given section is T m . Equating 
Fourier’s law with Newton’s law 


k dT{r 0 ,x) 
dr 
T -T 

L m ± s 


(6.16) 



Fig. 6.5 


A scale for r is 
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r~S t . 


A scale for the temperature gradient in (6.16) is 


(a) 


dT(r a ,x) T m -T s 


dr 


8 , 


(b) 


Substituting (a) and (b) into (6.16) 


(T,„-T s ) 


S, 


T -T 

± m ± s 


or 


h~ — . 
8 t 


The Nusselt number is defined as 


m hD 

Nu d = —• 


(6.17) 


Introducing (6.17) into the above 


Ar D 

Nu d • 

°t 


(6.18) 


In the fully developed region where 8, (x) ~ D, equation (6.18) gives 


Nu D ~ 1 (fully developed). (6.19) 

This shows that in the fully developed region the Nusselt number is of 
order unity. However, in the entrance region where 8 1 (x) grows from zero 
to r Q , the Nusselt number, according to (6.18), is greater than unity. To 
examine 8 t in the entrance region, we note that, unlike external flow, 
8 t scales over the entire range of Prandtl numbers according to (4.24) 


8 t ~x Pr 


- 1/2 D - 1/2 
Re x • 


(4.24) 


Substituting (4.24) into (6.18) 
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Nu D ~—Pr xn Ref. 


(c) 


Expressing the Reynolds number Re x in terms of diameter to form Re D 


ux uD x _ x 

Re r = — =-= Rep, — . 

v v D D 


Substituting (d) into (c) 


Nu 


D 


{-V 

V* ) 


Pr l,2 Re%. 


The above is rewritten as 


Nu 


D 


PrRe 


D 


x/D 


(d) 


(6.20a) 


(6.20b) 


Scaling estimates (6.19) and (6.20) can be compared with the 
corresponding exact solutions presented in Section 6.6.2. 


6.6.2 Basic Considerations for the Analytical Determination of Heat 
Flux, Heat Transfer Coefficient and Nusselt Number 


The analytic determination of thermal characteristics such as heat transfer 
coefficient requires the determination of velocity and temperature 
distribution. An important simplification is the assumption of fully 
developed velocity. Neglecting axial conduction provides another major 
mathematical simplification. In this section we introduce basic definitions 
and present the governing equations for the analytic determination of 
surface heat flux, heat transfer coefficient and Nusselt number. In addition, 
the criterion for neglecting axial conduction will be identified. 


(1) Fourier’s law and Newton’s law. We return to 
Fig. 6.5 where heat flow is in the positive radial 
direction r. Fourier’s law gives surface heat flux q" s 


k dT(x,r 0 ) 

dr 


(a) 



Fig. 6.5 
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Define dimensionless variables as 


^T-r^ WD 

T t -T s Re D Pr r n u u 


where u is the mean axial velocity. Substituting into (a) 

k, rr\d0(£D 
q s ^) =—{T s -T t ) . 

r dR 


V 

( 6 . 21 ) 

( 6 . 22 ) 


We define h using Newton’s law of cooling 




q 


T -T 

* m s 


Combining (6.22) and (6.23) 

/;(e) k(T s -T,) 90(4, 1 ) k 1 90(4, 1 ) 

r 0 (T m -T s ) dR r n 0 m (c) dR 

where the dimensionless mean temperature 0 m is defined as 

T -T 

q _ m s 


T - T 

± l ± s 


The Nusselt number based on diameter is 


(6.23) 


(6.24) 


(6.25) 


N«tf) = 

Substituting (6.24) into (6.26) 


K&D K4)2r 0 


Nutf) = 


-2 dW£,\) 
V»M) dR 


(6.26) 


(6.27) 


As can be seen from equations (6.22), 6.24) and (6.27), the key to 
determining q" (c), h(c) and Nu(£) is the determination of the 
temperature distribution R) which is obtained by solving the energy 
equation. 
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(2) The Energy Equation. Consider flow through a tube. Assume: (1) 
Continuum, (2) Newtonian, (3) steady state, (4) laminar flow, (5) 
axisymmetric, (6) negligible gravity, (7) negligible dissipation, (8) 
negligible changes in kinetic and potential energy and (9) constant 
properties. Based on these assumptions energy equation (2.24) gives 


( 8T 8T 


1 8 

f ST) 

8 2 T 

v r — + v 7 — 

= k 


r - 

+ 

^ dr 8z ) 


r dr 

k Sr) 

8z _ 


(2.24) 


Replacing the axial coordinate z by x, this equation is expressed in 
dimensionless fonn as 


89 


89 A 8 


V,. -b 2 Re n Prv„ — =- 


R* 

8R 


+ - 


1 


8 2 9 


(Re D Pr) 2 8? 


. (6.28) 


8 4 8R R 8R \ 

The product of Reynolds and Prandtl numbers is called the Peclet number 
Pe = Re D Pr , Peclet number. (6.29) 


Note that the first and second terms on the right-hand-side of (6.28) 
represent radial and axial conduction, respectively. Examination of the two 
tenns suggests that for large values of the Peclet number, axial conduction 
may be neglected compared to radial conduction. Comparing solutions to 
(6.28) with and without the last tenn shows that axial conduction can be 
neglected for 

Pe = PrRe D >100. (6.30) 


Thus, under such conditions, (6.28) becomes 


*89 *89 

v x — + 2 Re n Pr v r — 
x 8% 8R 


± 8 _( r 89 ^ 

RdR{ 8R y 


(6.31) 


(3) Mean (Bulk) Temperature T m . To determine h, a reference local 

temperature is needed. The mass average or mean temperature at a section 
of a channel is defined as 

f r ° 

me T m = pc p v x T2nrdr . 

•*0 


(a) 
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Each term in (a) represents the energy convected by the fluid. However, 
mass flow rate m is given by 


I 


m = pv x 2 m-dr . 


(b) 


Substituting (b) into (a) and assuming constant properties 


T m =- 


1 


v x Trdr 


f ; 

J o 


v Y rdr 


This result is expressed in dimensionless form as 

.1 

v*9RdR 


T -T 

q _ m s 


I 


T-T 

l S 


1 


v*RdR 


(6.32a) 


(6.32b) 


6.7 Heat Transfer Coefficient in the Fully Developed 
Temperature Region 

As might be expected, analytical determination of the heat transfer 
coefficient in the fully developed region is simpler than that in the 
developing region. This section focuses on the fully developed region. 
Section 6.8 deals with the developing region. 


6.7.1 Definition of Fully Developed Temperature Profile 

Far away from the entrance of a channel (x/d > 0.05Re D Pr ), 
temperature effect penetrates to the centerline and the temperature profile is 
said to be fully developed. This profile is not as easily visualized as a fully 
developed velocity profile. We introduce a dimensionless temperature (f) 
defined as 

T s (x)-T(r,x ) 

T s(x)-T m (x) ’ 


(6.33) 
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where T(r,x ) is fluid temperature distribution. Note that this definition is 
applicable to a uniform as well as variable surface temperature. Since heat 
is added or removed from the fluid, it follows that its mean temperature 
varies with distance x along the channel. Fully developed temperature is 
defined as a profile in which (f) is independent of x. That is 


(f> = <Kr) . 


(6.34) 


This definition means that a fully developed temperature profile has a 
single distribution in the radial direction at all locations x. It follows from 
(6.34) that 


d</> _ 
dx 


(6.35) 


Equations (6.33) and (6.35) give 


d(j) _ d T s (x)-T(r,x) 
dx dx T s (x) - T m (x) 


Expanding and using the definition of (f) in (6.33) 


dT s 

dx 


dT_ 

dx 


<j)(r) 


dT s 

dx 



dx 


(6.36a) 


(6.36b) 


This result will be used in analyzing thermally developed flow in channels. 

6.7.2 Heat Transfer Coefficient and Nusselt Number 


We wish to examine the nature of h and Nu in the fully developed thermal 
region. Equating Fourier’s with Newton’s law, gives 


k dT( r o’ x ) 

dr 
T -T 

M m * s 


(6.16) 


Using (6.33) to determine dT(r 0 ,x)/dr and substituting into (6.16) 


h = -k 


d<i>{r 0 ) 


= constant. 


(6.37) 


dr 
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From this result we conclude that the heat transfer coefficient in the fully 
developed region is constant. This important conclusion is valid regardless 
of surface boundary conditions. Using (6.37) in the definition of the 
Nusselt number, gives 



D d<t>(r 0 ) 

dr 


(6.38) 


In Section 6.6.1 scaling was used to estimate the Nusselt number in the 
entrance region. The result was used to examine the Nusselt number in the 
fully developed region as a limiting case of the entrance region. It was 
shown that 


Nu d ~ 1 (fully developed). (6.19) 

This result will now be arrived at using scale analysis of the fully 
developed temperature region where the thermal boundary layer fills the 
tube. A scale for the temperature gradient dT(r 0 ,x)/ dr is 

dT(r 0 ,x) T s -T m 
dr D 

Substituting into (6.16) 

k 

h -. (6.39) 

D 

Substituting (6.39) into the definition of the Nusselt number in (6.38) 

Nu D ~ 1 (fully developed). (6.40) 


6.7.3 Fully Developed Region for Tubes at Uniform Surface flux 


Fig. 6.6 shows a tube 
section with uniform 
surface heat flux. We 
wish to determine the 
axial variation of surface 
temperature and heat 
transfer coefficient. Al¬ 
though we have shown in 
equation (6.37) that the 
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heat transfer coefficient is uniform throughout the fully developed region, 
its value was not determined. Application of Newton’s law of cooling gives 

q" s = h[T s (x) - T m (x)]. (a) 

Note that T s (x) and T m (x) are unknown. However, since q” s and h are 
constant it follows from (a) that 

T s (x) - T m (x) = constant. (b) 


Differentiating (b) 

dT s _ dT m 
dx dx 

Substituting (c) into (6.36b) 

dT _ dT s 
dx dx 

Combining (c) and (d) 

dT dT dT 

— = —— = —— (for constant q „). 
dx dx dx 


(c) 


(d) 


(6.41) 


Note that T(r,x), T m (x) and T s (x) are unknown. According to (6.16) 
and (6.38), these variables are needed to determine h and Nu D . To 
determine the gradients in (6.41) an energy balance is made for an element 
dx of the tube shown in Fig. 6.7. Neglecting changes in kinetic and 
potential energy and assuming steady state and constant c p , conservation 
of energy for the element gives 


ds 


q" s Pdx + me p T m = me 


T +■ 

± m 1 


dT m 

dx 


dx 


where P is channel perimeter. Simplifying 
gives 


m 


> dT„, . 

T 


T m + m dx 

m 

dx 

ax 



q 


A 

ff 

s 


Fig. 6.7 
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dT ’ q"P 

-= —-— = constant. (6-42) 

dx mc p 


This result shows that the axial gradient of the mean temperature is 
constant along the channel. Substituting (6.42) into (6.41) 


dT _ dT s 
dx dx 


dT m _ q” s P 

dx mc p 


= constant. 


(6.43) 


Equation (6.42) shows that T(x,r), T m (x) and T s (x) vary linearly with 
axial distance x. Integrating (6.43) 


4W = —x + Ci, (e) 

me p 

where C\ is constant of integration which is determined from inlet 
condition 


T (0 ) = T ■ 

m v'-v - 1 mi • 


Application of (e) to (f) gives the C\ = T mi . Solution (e) becomes 


(f) 


T m (*) = T mi + x ■ ( 6 - 44 ) 

me p 

Note that this result is identical to (6.9) which was obtained by applying 
conservation of energy to a finite tube section. 

It remains to determine fluid temperature distribution T(r, x) and 
surface temperature T s (x). This requires solving the differential form of 
the energy equation in the fully developed region. Neglecting axial 
conduction and dissipation, and noting that v r = 0 for fully developed 
velocity, energy equation (2.24) simplifies to 


dT 

P C P V X~ 

dx 


k d | 

( dT " 

r dr' 

l dr y 


(6.45) 


The axial velocity for fully developed flow is 
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v x =2u 1-- 

r~ 


(6.46) 


Substituting (6.43) and (6.46) into (6.45) 


. r 2 q" s P k df dT 
pCpLu 1-— -=- r - 

F r 2 me n r dr l dr 

'o P v 


However, m = n r~p u and P = 2 nr a , equation (g) becomes 


4 g" s x _r^_ _kd_(dT_ 


r Q r G 2 f dr ^ dr 


The boundary conditions are: 


8T( 0,x) 


(6.47) 


(6.48a) 


dT(r 0 ,x) _ 

K ~ ‘is 

or 


(6.48b) 


Integrating (6.47) once with respect to r 


A 2 4 

4 „ r r 


h „ r i ui \ 

— (Is — -7 =kr— + f[x), 

r Q 2 4 K or 


where /(x) is “constant” of integration. Application of boundary 
condition (6.48a) gives /(x) = 0. Equation (h) becomes 


dT 4 q" r r 


dr kr 2 4 r 


Integrating again 


4a" r 2 r 4 

T(r,x) = ^~ - - - +g(x). 

kr n 4 1 6r: 


(6.49) 
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The integration “constant” g(x) represents the local centerline 
temperature T( 0,x). Boundary condition (6.48b) does not give g(x) since 
(6.49) already satisfies this condition. The local mean temperature T m (x) 
is used to determine g(x). Substituting (6.46) and (6.49) into (6.32a), 
gives 

(6.50) 


Thus we have two equations Ibr7 m (x): (6.44) and (6.50). Equating the two 
gives g(x) 


g( x ) = T mi 


7 r 0 q" s 
24 k 



mc p 


(6.51) 


Substituting (6.51) into (6.49) 


T(r,x) = T mi + 


Ml 


kr„ 


16 r; 


>-i ft r> ff 

7 r a q s Pq s 

\ JC • 


24 k 


(6.52) 


me, 


Equation (6.52) satisfies the energy equation (6.45) and boundary 
conditions (6.48). Surface temperature T s (x) is obtained by setting 
r = r 0 in (6.52) 

rrr^ t - , 11 ’Ws , Pc l”s „ 

hW = 7„'+-—+- x. (6.53) 

24 k mc p 


With T(r,x), T m (x) and T s (x) determined, equation (6.33) 
gives (j){r) and (6.38) gives the Nusselt number. Substituting (6.44), (6.52) 
and (6.53) into (6.33) gives (j){r ) 


(j){r) = 1 


24 1 

TIT 1 



24 Pq" s 7 

~\ - x ~t - x. 

11 mc p 11 


(6.54) 


Differentiating (6.54) and substituting into (6.38) gives the Nusselt number 

Nu d =^ = 4.364. (6.55) 

The following observations are made regarding this result: 

(1) Equation (6.55) applies to laminar fully developed velocity and 
temperature in tubes with uniform surface heat flux. 




236 6 Heat Transfer in Channel Flow 


(2) Unlike other forced convection results, the Nusselt number for this case 
is independent of Reynolds and Prandtl numbers. 

(4) Scaling prediction of the Nusselt number is given in equation (6.40) as 

Nu D ~ 1. (6.40) 

This compares favorably with (6.55). 


6.7.4 Fully Developed Region for Tubes at Uniform Surface 
Temperature 

We consider fully developed flow through a tube at uniform surface 
temperature T s . Of interest is the determination of the Nusselt number. As 
shown in equation (6.38), the Nusselt number is constant throughout the 
fully developed region regardless of surface boundary condition. The 
determination of the Nusselt number requires solving the energy equation 
for the fully developed region. Neglecting axial conduction and dissipation 
and noting that V r = 0 for fully developed velocity, energy equation 
(2.24) simplifies to 


dT k d dT 

pc D v x — =- r — 

p dx r dr 1 dr 


(6.45) 


The boundary conditions for this case are 


8T( 0,x) 
dr 


T(r 0 ,x) = T s . 


The axial velocity for fully developed flow is 



(6.56a) 

(6.56b) 

(6.46) 


The axial temperature gradient dT / dx in equation (6.45) is eliminated 
using the definition of fully developed temperature profile, equation (6.36a) 


dj)_ = d_ T s (x)-T(r,x) = Q 
dx dx T s (x)~ T m (x) 


(6.36a) 
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For uniform surface temperature, T s (x) = T s , (6.36a) give 


8T _ T s -T(r,x) dT m 
dx T s - T m (x) dx 

Substituting (6.46) and (6.57) into (6.45) 


2 pc p it 



T s -T(r,x) dT m 

T s ~ T m O) dx 



r dr ^ 


AT" 

dr J 


(6.57) 


(6.58) 


Equation (6.58), subject to boundary conditions (6.56), was solved using an 
infinite power series [3]. The solution gives the Nusselt number as 

Nu d = 3.657. (6.59) 

6.7.5 Nusselt Number for Laminar Fully Developed Velocity 
and Temperature in Channels of Various Cross-Sections 


Many internal flow applications involve channels with non-circular cross- 
sections. Analytical and numerical solutions for such cases have been 
obtained for various surface boundary conditions [3], In all cases the 
Nusselt number in fully developed flow is uniform throughout. Table 6.2 
[3] lists the Nusselt 
numbers for channels of 
various geometries at 
two surface conditions: 

(1) uniform heat flux 
and (2) uniform temper¬ 
ature. The Nusselt 
number for non-circular 
cross-sections is based 
on the equivalent diam¬ 
eter defined as 

4 A j 

D e =^~ (6.60) 
e P 

where A j the flow area 
and P is the perimeter. 

Note that the heat 
transfer coefficient for 


Table 6.2 


Nusselt number for laminar fully developed 
conditions in channels [3] 


geometry 

a/b 

Nu d 



uniform 

surface 

flux 

uniform 

surface 

temperature 

o 


4.364 

3.657 

a 




*□ 

1 

3.408 

2.976 

a 




*r 

2 

4.123 

3.391 

a 




b 

4 

5.331 

4.439 

a 




b 

8 

6.490 

5.597 


QO 

8.235 

7.541 

A 


3.102 

2.460 
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non-circular channels varies along the periphery. However, Table 6.2 gives 
the average Nusselt number along the periphery. For uniform surface heat 
flux, surface temperature varies axially and along the periphery. The results 
shown in Table 6.2 are based on uniform periphery temperature. Note that 
in all cases the Nusselt number for uniform surface flux is greater than that 
for uniform surface temperature. 

Scaling estimate of the Nusselt number in the fully developed region 
gives 

Nu D ~ 1 (fully developed). (6.40) 

Examination of Table 6.2 shows that the Nusselt number ranges from 2.46 
to 8.235. Thus scaling provides a reasonable estimate of the Nusselt 
number. 

Example 6.4: Maximum Surface Temperature in an Air Duct 

Air is heated in a 4 cmx 4 cm square 
duct from 40° C to 120° C. A uniform 

heat flux of590 W/m 2 is applied at 
the surface. The mean air velocity is 
0.32 m/s. Neglecting entrance effects, 
determine the maximum surface 
temperature. 

(1) Observations, (i) This is an internal forced convection problem in a 
square duct, (ii) The surface is heated at uniform flux, (iii) Surface 
temperature changes along the channel. It reaches a maximum value at the 
outlet, (iv) The Reynolds number should be checked to determine if the 
flow is laminar or turbulent, (v) Velocity and temperature profiles become 
fully developed far away from the inlet, (vi) The heat transfer coefficient is 
uniform for fully developed flow, (vii) Duct length is unknown, (viii) The 
fluid is air. 

(2) Problem Definition, (i) Find the required length to heat the air to a 
given temperature and (ii) determine surface temperature at the outlet. 

(3) Solution Plan, (i) Since surface flux, mean velocity, duct size, inlet and 
outlet temperatures are known, application of conservation of energy 
between the inlet and outlet gives the required duct length, (ii) Check the 
Reynolds number to determine if the flow is laminar or turbulent, (iii) 
Apply surface temperature solution for flow through a channel with 
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constant surface flux, (iv) Use Table 6.2 to determine the heat transfer 
coefficient. 

(4) Plan Execution. 

(i) Assumptions. (1) Continuum, (2) steady state, (2) constant 
properties, (3) uniform surface heat flux, (5) negligible changes in kinetic 
and potential energy, (6) negligible axial conduction, and (7) negligible 
dissipation. 

(ii) Analysis. Application of conservation of energy between the inlet 
and outlet gives the required channel length 


PLq" s = me p (T mo - T mi ), 

where 

c p = specific heat, J/kg-° C 
L = channel length, m 
m = mass flow rate, kg/s 
P = perimeter, m 

q" s = surface heat flux = 590 W/m 2 
T mi = 40 °C 
T mo =120°C 

Solving (a) for L 

T mc p( T rno- T rni ) 

P<f, ' 

The mass flow rate and perimeter are given by 

m = pS 2 ii, 


(a) 


(b) 


(c) 


P = 4 S, 

where 

S = duct side = 0.04 m 
u = mean flow velocity = 0.32 m/s 
p = density, kg/m 3 

Substituting (c) and (d) into (b) 

pSuc p (T mo - T mi ) 


(d) 


(e) 


To determine surface temperature at the outlet, use the solution for surface 
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temperature distribution for channel flow with uniform surface flux, given 
by equation (6.10) 


Px 1 

T s {x) = T mi + q " s —+ — 


me h(x) 


where 


h(x) = local heat transfer coefficient, W/m 2 —°C 
T s (x) = local surface temperature, 0 C 
x = distance from inlet of heated section, m 

Surface temperature at the outlet, T s (x), is obtained by setting x = L in (f). 
Substituting (c) and (d) into (f) 


AT 1 

T (L) = T j + q" -+- 

s mi s \pSuc p h(L ) 


Finally, it remains to determine the heat transfer coefficient at the outlet, 
h(L). This requires establishing whether the flow is laminar or turbulent. 
Thus, the Reynolds number should be determined. The Reynolds number 
for flow through a square channel is defined as 


Re - U JX. 

V 


where 


D e = equivalent diameter, m 
v = kinematic viscosity, m 2 /s 

The equivalent diameter for a square channel is defined as 


Substituting (i) into (h) 


D e = 4— = 4— =S. 

e P 4 S 


Re De = —. 


Properties of air are determined at the mean temperature T m defined as 


T . + T 

rjn _ mi _ mo 
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Substituting into (k) 

(40 + 120X°C) =80 „ c 

Properties of air at this temperature are: 

c p = 1009.5 J/kg-° C 
k =0.02991 W/m-°C 
Pr = 0.706 
v = 20.92 xlCT 6 m 2 /s 
p = 0.9996 kg/m 

Substituting into (j) 

D 0.32(m/s)0.04(m) 

Re De= - =7 -- = 611.9 

20.92x10 6 (nr/s) 

Since the Reynolds number is smaller than 2300, the flow is laminar. The 
heat transfer coefficient for fully developed laminar flow through a square 
channel with uniform surface flux is constant. It is given by equation (6.55) 
and Table 6.2 



= 3.608, 


( 1 ) 


where h = h . Solving (1) for h 

h= 3.608 — . (m) 

D e 

(iii) Computations. Substituting numerical values in (e) gives the 
channel length 

L _ 0.9996(kg/m 3 )0.04(m)0.32(m/s) 1009.5(J/kg-°C)(120 - 40)(°C) 

(4)590(W/m 2 ) 

= 0.4378 m 

To determine surface temperature at the outlet, the heat transfer coefficient 
is computed using (m) 

m-h- 3.608 ° 02991(W/m -° C > =2.7 W/m 2 -°C 
0.04(m) 
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Equation (g) gives surface temperature at the outlet 

T s (L ) = 40(°C) + 590( W/m 2 ) x 

4(0.4378)(m) 1 ^ 

- 1 - 

v 0.9996(kg/m 3 ) 0.04(m)0.32 (m/s) 1009.5(J / kg-°C) 2.7(W/m 2 -°C) y 
T S (L) = 338.5 °C 

(iv) Checking. Dimensional check : Computations showed that 
equations (e), (g), (j), and (m) are dimensionally correct. 

Quantitative checks', (i) Alternate approach to determining T s (x) : Applica¬ 
tion of Newton’s law of cooling at the outlet gives 


q" s =h[T s (L)-T mo ]. 


(n) 


Solving for T s (L) 


T S (L) = 


+ — = 120(°C) + 
h 


590(W/m 2 ) 
2.7(W/m 2 —°C) 


338.5° C 


(ii) The value of h is within the range reported in Table 1.1 for forced 
convection of gases. 

Limiting check'. If T mo = T mj , the required length should be zero. Setting 
T mo = T mi int0 ( e ) g ives L = °- 

(5) Comments, (i) As long as the outlet is in the fully developed region, 
surface temperature at the outlet is determined entirely by the local heat 
transfer coefficient. 

(ii) In solving internal forced convection problems it is important to 
establish if the flow is laminar or turbulent and if it is developing or fully 
developed. 


6.8 Thermal Entrance Region: Laminar Flow through Tubes 

6.8.1 Uniform Surface Temperature: Graetz Solution 

Consider laminar flow through a tube shown in Fig. 6.8. Fluid enters a 
heated or cooled section with a fully developed velocity. We neglect axial 
conduction (Pe > 100) and consider the case of uniform surface 
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temperature T s . It was shown in 
Chapter 3 that for two- 
dimensional fully developed flow 
the radial velocity vanishes 

v r = 0. (3.1) 

The axial velocity is 



4/j dz 



(3.12) 


Using the notation of this chapter, the axial velocity is expressed in 
dimensionless form as 


<=% = 2(1 -R 2 ). 
u 

Substituting (3.1) and (6.61) into energy equation (6.31) 

2 ' ’RdR{ dRJ 

The boundary conditions for this case are 

mm 0 

dR 

0(£i) = o, 


(6.61) 


(6.62) 


(6.63a) 

(6.63b) 


0(O,R) = \. 


(6.63c) 


Analytic and numerical solutions to this problem have been obtained [4, 5]. 
The following is a summary of the solution and results. Assume product 
solution of the form 


0({,R) = X(m(R)- (a) 


Substituting (a) into (6.62), separating variables 
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dXn 


+ 2 K*n = 0 ■ 


(b) 


d 2( H„ , 1 d<H n 
dR 2 R dR 


+ ^(l-i? 2 K„=0. 


(c) 


where A n arc the eigenvalues obtained from the boundary conditions. 
Solution X n {q) to (b) is exponential. However, solution R, n (R) to (c) is 
not available in terms of simple tabulated functions. Substituting the 
solutions to (b) and (c) into (a) 


0(4, R) = Yj (i?) ex P(“ 2 ^) ’ ( 6 - 64 ) 

n=0 


where C n is constant. With the temperature distribution given in (6.64), 

surface heat flux, mean temperature, local and average Nusselt numbers 
can be determined. Surface heat flux is given by 


f a (Z) = — (T a -T t ) 


m, i) 

dR 


( 6 . 22 ) 


Surface temperature gradient 80(g ,\) / OR is obtained by differentiating 
(6.64) 


dR 




n =0 


dRjV 

dR 


exp(-2i 2 ^) • 


(d) 


Defining the constant G n as 


■ ■ C n d<H n ( 1) 
2 dR 


(e) 


Substituting (d) and (e) into (6.22) 
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The local Nusselt number is given by 


Nu(4) = 


-2 gg&i) 

#m(4) ^ 


(6.27) 


where the gradient dO(£,Y)! dR is given in (d). The local mean 
temperature 0 m (4) is obtained by substituting (6.61) and (6.64) into 
(6.32b), integrating by parts and using (e) 


0»,te) = 8^^fexp ( - 2 T„O 


n =0 


Substituting (d), (e) and (6.66) into (6.27) 


exp(-2 fe) 

Nu({)=^ - 

2^ exp(-2/L^) 

n =0 


( 6 . 66 ) 


(66.7) 


The average Nusselt number for a tube of length is defined as 


mt)= 


HQD 

k 


(f) 


where /? (£) is determined by integrating the local heat transfer coefficient 
along a tube of length^. A simpler approach is to use equation (6.13) 
which contains the average heat transfer coefficient 


T m (x) = T s +(T ml -r,)exp[-- 

mC p 


(6.13) 


Solving (6.13) for h 


h = 


mc p 


In 


T m (*) - T s 
T mi ~ T s 


Px 


(g) 



246 6 Heat Transfer in Channel Flow 


_ 2 

Substituting (g) into (f), noting that m = punD /4, P = nD , and using 
the definitions of Re D and 0 m in (6.21) and (6.25), gives 


Nutf) = 



In 0 m (£)- 


( 6 . 68 ) 


The constants A n and G n are needed to compute q" s (g), 0 m (<%), Nu(£) 
and Nu(J;) in equations (6.65)-(6.68). Table 6.3 [4] lists values of A n and 
G n for 0 < n < 10. Equations (6.67) and (6.68) are used to plot and 
tabulate the local and average Nusselt numbers. Table 6.4 [5] gives Nu(%) 
and Nu(<^) at selected values of the axial distance q. Fig. 6.9 gives the 
variation of Nu(c f) and Nu(g) along a tube. 


Table 6.3 

Uniform surface temperature [4] 

77 

K 

G n 

0 

2.70436 

0.74877 

1 

6.67903 

0.54383 

2 

10.67338 

0.46286 

3 

14.67108 

0.41542 

4 

18.66987 

0.38292 

5 

22.66914 

0.35869 

6 

26.66866 

0.33962 

7 

30.66832 

0.32406 

8 

34.66807 

0.31101 

9 

38.66788 

0.29984 

10 

42.66773 

0.29012 


Table 6.4 

Local and average Nusselt 
number for tube at uniform 
surface temperature [5] 

g x/D 

Nu(c) 

Nug) 

* Re D Pr 

0 

OO 

OO 

0.0005 

12.8 

19.29 

0.002 

8.03 

12.09 

0.005 

6.00 

8.92 

0.02 

4.17 

5.81 

0.04 

3.77 

4.86 

0.05 

3.71 

4.64 

0.1 

3.66 

4.15 

OO 

3.66 

3.66 
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to' 6 10 ' 5 10 ' 4 to' 3 10 ' 2 10 " 1 10 ° 

x/D 
- ~ Re D Pr 

Fig. 6.9 Local and average Nusselt number for 
tube at uniform surface temepratu re [4] 

The following observations are made: 

(1) The local and average Nusselt numbers, and heat transfer coefficient, 
decrease as the distance c from the entrance is increased. 

(2) At any given location %, the average Nusselt number is greater than the 
local Nusselt number. 

(3) The Nusselt number reaches an asymptotic value of 3.657 at % « 0.05 . 
As was shown in Section 6.7.4, this corresponds to the Nusselt number in 
the fully developed region. Thus 

Nu( oo) = 3.657 . (6.69) 

(4) Surface heat flux and heat transfer coefficient depend on fluid 
properties such as thennal conductivity k, kinematic viscosity v and 
Prandtl number Pr. Properties in channel flow are evaluated at the 
average of inlet and outlet mean temperatures T m , defined as 

T m =(T mi+ T mo )/2. (6.70) 

Note that in problems where the outlet temperature is not known a priori 
and must be determined as part of the solution, a trial and error procedure is 
used. 
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Example 6.5: Hot Water Heater 

Water enters a tube with fully developed velocity and uniform temperature 
Tj = 25° C. The inside diameter of the tube is 1.5 cm and its length is 80 
cm. The mass flow rate is 0.002 kg/s. It is desired to heat the water to 
75° C by maintaining the surface at uniform temperature. Determine the 
required surface temperature. 

(1) Observations, (i) This is an internal forced convection problem, (ii) 
The surface is maintained at uniform temperature, (iii) The Reynolds 
number should be computed to establish if the flow is laminar or turbulent, 
(iv) Compute the thermal entrance length to determine if thermal entrance 
effects can be neglected. 

(2) Problem Definition. Determine the required surface temperature to 
raise the mean temperature to a specified level. This requires determining 
the heat transfer coefficient. 

(3) Solution Plan. Use the analysis of flow in tubes at uniform surface 
temperature. Compute the Reynolds number to establish if the flow is 
laminar or turbulent. Compute the thermal entrance length to determine if 
entrance or fully developed analysis is required. 

(4) Plan Execution. 

(i) Assumptions. (1) Continuum, (2) steady state, (3) constant 
properties, (4) uniform surface temperature, (5) negligible changes in 
kinetic and potential energy, (6) negligible axial conduction, (7) fully 
developed velocity, and (8) negligible dissipation. 

(ii) Analysis. For flow through a tube at uniform surface temperature, 
conservation of energy and Newton's law of cooling lead to equation (6.13) 

Ph 

T m (*) = T s + ( T mi - T s ) ex P[ - X\ , (6.13) 

me p 


where 

h = average heat transfer coefficient for a tube of length x, W/m 2 -° C 
m = mass flow rate= 0.002 kg/s 
T mj = mean inlet temperature = 25° C 
Tmo = mean outlet temperature = 75° C 


Applying (6.13) at the outlet, x = L, and solving for T s 
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Vmi - T m (L) cxp(PhL / me )j 

1 s =-=-. (a) 

1 - exp (PhL / me p ) 

To compute T s using (a), it is necessary to determine c p , P, and h . Water 
properties are determined at the mean temperature T m , defined as 


The perimeter P is 
where 


- T ■ +T 

ji _ mi _ mo 


P= 71 D, 


(b) 

(c) 


D = inside tube diameter =1.5 cm = 0.015 m 

The determination of h requires computing the Reynolds number to 
establish if the flow is laminar or turbulent, and computing the thermal 
entrance length to detennine if it is important. The Reynolds number is 


Re D = 


uD 


v 


(d) 


where 


V = kinematic viscosity, m /s 
u = mean velocity, m/s 

The flow rate gives the mean velocity 

u = 


4 m 


pnD 


2 ’ 


(e) 


where p is density. To detennine water properties, (b) is used to compute 


f„.(20 + 8 0><°C> =50 o c 


Properties of water at this temperature are 

c =4182 J/kg-°C 
k = 0.6405 W/m-°C 
Pr = 3.57 

v =0.5537x10' m 2 /s 
p = 988 kg/m 
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Substituting into (e) 


u = 


4(0.002)(kg/s) 
988(kg/m 3 )/r(0.015)"(m 2 ) 


= 0.01146 m/s 


Equation (d) gives 

feo = 0.0 1 146( m /s)0.015( m) =3105 
0.5537 x 1CT 6 (m 2 /s) 

Since the Reynolds number is less than 2300, the flow is laminar. The next 
step is to compute the thermal entrance length L t . For laminar flow through 
channels, the thermal entrance length is given by (6.6) 

— = C t PrRe D , (6.6) 

D 

where 

Cfj = hydrodynamic entrance length coefficient = 0.056, (Table 6.1) 

C t = thermal entrance length coefficient = 0.033, (Table 6.1) 

L fl = hydrodynamic entrance length, m 
L t = thermal entrance length, m 
Substituting numerical values into (6.6) 


L t = 0.033 x 0.015 (in) x 310.5 x 3.57 = 0.55 m 

Since L t is not negligible compared to tube length L, it follows that 
temperature jmtrance effects must be taken into consideration in 
determining h. For laminar flow in the entrance region of a tube at fully 
developed velocity profile and uniform surface temperature, Graetz 
solution gives h. Fig. 6.9 and Table 6.4 give the average Nusselt number 
Nu as a function of the dimensionless axial distance g, defined as 


x! D 

Re D Pr 


(f) 


The average heat transfer coefficient h is given by 


h = 


k 

D 


Nu. 


(g) 
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(iii) Computation. Evaluating £ at x = L 


£ = 


0.8(m)/0.015(m) 

310.5x3.57 


0.0481 


At ^ - 0.481 Fig. 6.9 gives 


Nu ~ 4.6 

Substituting into (g) 


h = 


0.6405(W/m-° C) 

--4.6 

0.015(m) 


196.4W/m 2 -°C 


Equation (a) gives the required surface temperature. First, the exponent of 
the exponential is calculated 


PhL 

mc p 


/r(0.015)(m)(196.4(W/m 2 - o C)0.8(m) 
0.002(kg/s)4182(J/kg-° C) 


0.88524 


Substituting into (a) 
T = 1 


1 - exp(0.88524) 


25(°C) - 75(°C)exp(0.88524) 


= 110.1° C 


(iv) Checking. Dimensional check : (i) Computations showed that 

equations (a), (e), (g) and (6.6) are dimensionally consistent, (ii) The 
Reynolds number and the exponent of the exponential are dimensionless. 

Limiting checks', (i) For the special case of T mi = T(L) , the required 
surface temperature should be the same as inlet temperature. Setting 

T mi = T ( L ) in ( a ) g ives T s = T mi ■ 

(ii) The required surface temperature should be infinite if the length is zero. 
Setting L = 0 in (a) gives T s = oo. 

Quantitative checks', (i) An approximate check can be made using 
conservation of energy and Newton’s law of cooling. Conservation of 
energy is applied to the water between inlet and outlet 

Energy> added at the surface = Energy gained by water. (h) 

Assuming that water temperature in the tube is uniform equal to T m , 
Newton’s law of cooling gives 
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Energy added at surface = h nDL{T s - T m ). (i) 

Neglecting axial conduction and changes in kinetic and potential energy, 
energy gained by water is 

Energy gained by water = me p (T mo - T mi ). (j) 

Substituting (i) and (j) into (h) and solving the resulting equation for T s 


T =T + 

± s m 1 


m c p ( T mo T mi ) 
h n DL 


Equation (k) gives 


T, = 50(°C) + 0002(ke/S)4182(J/kg -° CX75 - 25)< °° . 106.5”C 
196.4(W/m 2 -° C )n (0.015)(m)(0.8)(m) 

This is in reasonable agreement with the more exact answer obtained 
above. 

(ii) The value of h is within the range listed in Table 1.1 for forced 
convection of liquids. 

(5) Comments, (i) Using Fig. 6.9 to determine h introduces a small error. 

(ii) If entrance effects are neglected and the flow is assumed fully 
developed throughout, the corresponding Nusselt number is 3.657. Using 
this value gives h = 156.3W/m 2 -°C and T s - 121 °C. 

6.8.2 Uniform Surface Heat Flux 


We repeat Graetz entrance 
problem replacing the 
uniform surface tempera¬ 
ture with uniform surface 
heat flux, as shown in Fig. 
6.10. The fluid enters the 
heated or cooled section 
with fully developed 
velocity. The governing 



Fig. 6.10 


energy equation is the same as that for the Graetz problem, given by (6.62) 
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L n ?)56» 1 8 | 

( 89\ 

1-i?- — =- 

R — 

v ’8 £ R8R ] 

y 8R) 


(6.62) 


The boundary conditions, expressed in 
dimensionless form are:: 


mm 0 

vR 


(6.71a) 


_ q" s r 0 

8R K^-Ts)’ 


(6.71b) 


9(0, R) = 1. 6.71c) 


Analytic solution based on separation of 
variables as well as numerical solution to 
this problem is available [4]. The solution 
for the local Nusselt number is 


Table 6.5 

Unifonn surface flux [4] 

n 

Pi 

A n 

1 

25.6796 

0.198722 

2 

83.8618 

0.069257 

3 

174.1667 

0.036521 

4 

296.5363 

0.023014 

5 

450.9472 

0.016030 

6 

637.3874 

0.011906 

7 

855.8495 

0.009249 

8 

1106.3290 

0.007427 

9 

1388.8226 

0.006117 

10 

1703.3279 

0.005141 


Nu(4) = 


hx 

k 


11 

48 + 2 


00 

il- 


n =1 


-1 


exp(-2/?,^) 


(6.72] 


The eigenvalues /?„ and the constant^,, 
average Nusselt number is given by 


TT/ f*\ ^ 

Nu(%) = — = 
k 


00 

n =1 


li 

48 + 2 


are listed in Table 6.5 [4], The 


1 ~ exp(-2/7~ g) 

wle 


-l 


(6.73] 


The limiting case corresponding to % = oo gives the Nusselt number in the 
fully developed region. Setting % = oo in (6.72) or (6.73) gives 

M/(oo) = — = 4.364. (6.74) 

11 

This agrees with the solution of the fully developed region given in 
equation (6.55). The solution to the local and average Nusselt number is 
presented graphically in Fig. 6.11 [4]. 
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Fig. 6.11 Local and average Nusselt number for 
tube at uniform surface heat flux [4] 
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PROBLEMS 

6.1 Use scaling to determine the ratio L t / L h . Compare scaling estimates 
with exact solutions. 

6.2 Use scaling to estimate the hydrodynamic and thermal entrance 
lengths for the flow of air in a 3 cm x 3 cm square duct. The mean 
velocity is 0.8 m/s. Compare scaling estimates with exact solutions. 
Evaluate properties at 50° C. 

6.3 Far away from the entrance of a channel the velocity and temperature 
become fully developed. It can be shown that under such conditions 
the Nusselt number becomes constant. Consider air flowing with a 
mean velocity of 2 m/s through a long tube of diameter 1.0 cm. The 
mean temperature at a section in the fully developed region is 35°C. 
The surface of the tube is maintained at a uniform temperature of 
130°C. What is the length of the 
tube section needed for the mean 
temperature to reach 105°C? The 
Nusselt number for this case is 
given by 

Nu d = 3.657. 

6.4 A fluid is heated in a long tube with uniform surface flux. The 

resulting surface temperature distribution is found to be higher than 
design specification. Two suggestions are made for lowering surface 
temperature without changing surface flux or flow rate: (1) 
increasing the diameter, (2) decreasing the diameter. You are asked 
to determine which suggestion to follow. The flow is laminar and 
fully developed. Under such conditions the Nusselt number is given 
by 

Nu d = 4.364. 

6.5 Two identical tubes are heated with the same uniform flux at their 
surfaces. Air flows through one tube while water flows at the same 
rate through the other. The mean inlet temperature for both tubes is 
the same. Which tube will have a higher surface temperature 
distribution? Assume laminar flow and neglect entrance effects. For 
this case the Nusselt number is given by 

Nu d =4.364. 
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6.6 Water flows through a tube with a mean velocity of 0.2 m/s. The 
mean inlet temperature is 20°C and the inside diameter of the tube is 
0.5 cm. The water is heated to 80°C with uniform surface heat flux 
of 0.6 W/cm 2 . Determine surface temperature at the outlet. If 
entrance effects can be neglected the Nusselt number for fully 
developed flow is constant given by 

Nu d = 4.364. 


Is it justifiable to neglect entrance effects? 

6.7 Fluid flows with a mean axial velocity u in a tube of diameter D. 
The mean inlet temperature is T mi . The surface is maintained at 
uniform temperature T s . Show that the average Nusselt number for a 
tube of length L is given by 


Nul 


Re pP r in T mi - T s 
4 T m (L)-T/ 


where Nu l = 


hr L 


-» Re n = 


uD 


v 


and h L is the average heat transfer 


coefficient over the length L. 


6.8 Water flows through a 0.75 cm x 0.75 cm square duct with a mean 
velocity of 0.12 m/s. The duct is heated with a uniform surface flux 


of 0.25 W/cm 2 . The mean inlet 
temperature is 25°C. The maxi¬ 
mum allowable surface temper¬ 
ature is 95°C. Justify neglecting 
entrance effects and determine 
maximum outlet mean temper¬ 
ature. 



6.9 Two experiments were conducted on fully developed laminar flow 
through a tube. In both experiments surface temperature is 180°C 
and the mean inlet temperature is 20° C. The mean outlet 
temperature for the first experiment is found to bel20°C. In the 
second experiment the flow rate is reduced by a factor of 2. All other 
conditions remained the same. Determine: 

[a] The outlet temperature of the second experiment. 

[b] The ratio of heat transfer rate for the two experiments. 
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6.10 A long rectangular duct with 

a 4cm x 8 cm cross section is 
used to heat air from -19.6°C to 
339.6°C. The mean velocity in 
the duct is 0.2 m/s and surface 
temperature is 340 °C. 

Determine the required duct 
length. Is neglecting entrance 
effects justified? 

6.11 A rectangular duct with inside dimensions of 2cmx 4cm is used to 
heat water from 25 ° C to 115 0 C. The mean water velocity is 0.018 
m/s. The surface of the duct is maintained at 145 °C . Determine the 
required duct length. Assume fully developed flow conditions 
throughout. 

6.12 Air is heated in a 4cm x 4 cm square duct at uniform surface flux of 
590 W/m 2 . The mean air velocity is 0.32 m/s. At a section far away 
from the inlet the mean temperature is 40 ° C. The mean outlet 
temperature is 120 °C . Determine the required length and maximum 
surface temperature. 

6.13 Consider fully developed laminar flow in two tubes having the same 
length. The flow rate, fluid, inlet temperature and surface 
temperature are the same for both tubes. However, the diameter of 
one tube is double that of the other. Determine the ratio of the heat 
transfer rate from the two tubes. 

6.14 To evaluate the accuracy of scaling prediction of the thermal entrance 

length and Nusselt number, compare scaling estimates with the exact 
results of Graetz solution for flow through tubes. 

6.15 Use scaling to estimate the heat transfer coefficient for plasma at a 
distance of 9 cm from the entrance of a vessel. The mean plasma 
velocity is 0.042 m/s and the vessel diameter is 2.2 mm. Properties of 
plasma are: 

c p =3900 J/kg-°C, k = 0.5 W/m—°C, v = 0.94 x 10 -6 m 2 /s , 
p = 1040 kg/m 3 

6.16 Air flows with fully developed velocity through a tube of inside 
diameter 2.0 cm. The flow is fully developed with a mean velocity 
of 1.2 m/s. The surface is maintained at a uniform temperature of 
90°C. Inlet temperature is uniform equal 30 °C. Determine the length 
of tube needed to increase the mean temperature to 70°C. 
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6.17 


6.18 


Air flows with a mean velocity of 2 m/s through a tube of diameter 
1.0 cm and length 14 cm. The velocity is fully developed throughout. 
The mean temperature at the inlet is 35°C. The surface of the tube is 
maintained at a uniform temperature of 130°C. Determine the outlet 
temperature. 


A research apparatus for a 
pharmaceutical laboratory 
requires heating plasma in 
a tube 0.5 cm in diameter. 
The tube is heated by 
uniformly wrapping an 



electric element over its 


surface. This arrangement provides uniform surface heat flux. The 
plasma is monitored in a 15 cm long section. The mean inlet 
temperature to this section is 18° C and the mean velocity is 0.025 
m/s. The maximum allowable temperature is 42° C. You are asked 
to provide the designer of the apparatus with the outlet temperature 
and required power corresponding to the maximum temperature. 
Properties of plasma are: 


c p = 3900 J/kg-°C, v = 0.94 x 10 6 m 2 /s , p = 1040 kg/m 3 . 


6.19 An experiment is designed to investigate heat transfer in rectangular 
ducts at uniform surface temperature. One method for providing 
heating at uniform surface temperature is based on wrapping a set of 
electric elements around the surface. Power supply to each element is 
individually adjusted to provide uniform surface temperature. This 
experiment uses air flowing in a 4 cm x 8 cm rectangular duct 32 cm 
long. The air is to be heated from 22° C to 98° C. The velocity is 
fully developed with a mean value of 0.15 m/s. Your task is to 
provide the designer of the experiment with the heat flux distribution 
along the surface. This data is needed to determine the power 
supplied to the individual elements. 


a 

b 
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FREE CONVECTION 


7.1 Introduction 

Free convection is encountered in many situations. In fact, it is always 
present as long as fluid temperature is not uniform and there is an 
acceleration field such as gravity. In some applications, free convection 
heat transfer is small compared to other modes and therefore may be 
neglected. In others it is the dominant mechanism for heat transfer. There 
are situations where it is desirable to suppress free convection, such as in 
heat loss from steam pipes, windows, and solar collectors. On the other 
hand, one seeks to enhance the transfer of heat by free convection in 
cooling microelectronic components and packages. 

7.2 Features and Parameters of Free Convection 

(1) Driving Force. Fluid motion in free convection is driven by natural 
forces. In general, two conditions are required for fluids to be set in motion 
in free convection: (1) the presence of an acceleration field, and (2) a 
density gradient in the fluid. The most common acceleration field is 
gravity. Since all fluids undergo changes in density due to temperature 
changes, it follows that a temperature gradient will set up a density 
gradient. However, there are cases in which the presence of a density 
gradient in an acceleration field does not result in fluid motion. An example 
is a fluid which is contained between two horizontal plates with the upper 
plate at a higher temperature than the lower plate. 
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(2) Governing Parameters. Two parameters play a key role in the 
determination of the Nusselt number in free convection: (1) the Grashof 
number, and (2) the Prandtl number. The Grashof number is defined as 

Grashof number = Gr L = - - ———, (7.1) 

v 

where L is a characteristic dimension of the body. For a horizontal cylinder 
it is the diameter and for a vertical plate it is a dimension in the vertical 
direction. /? is a fluid property defined in equation (2.16). It is called the 
coefficient of thermal expansion, also known as compressibility factor. For 
ideal gases it is given by 


P 


T ’ 


for ideal gas, 


( 2 . 21 ) 


where T is in absolute degrees. In some solutions, the Grashof number 
appears multiplied by the Prandtl number. This dimensionless product is 
called the Rayleigh number , defined as 


Ra L 


Gr L Pr 


Pg(T s ~T a0 )L 3 _ (3g(T s 

? 

1//V 


(7.2) 


where a is thermal diffusivity. 

(3) Boundary Layer. As with forced convection, viscous and thermal 
boundary layers do exist in free convection. Furthermore the flow can be 
laminar, turbulent, or mixed. Boundary layer approximations for free 
convection are valid for Ra x > 10 4 . 

(4) Transition from Laminar to Turbulent Flow. The criterion for 
transition from laminar to turbulent flow is expressed in tenns of the 
Grashof or Rayleigh number. For vertical plates the transition Rayleigh 
number, Ra X[ , is given by 

Ra X( * 10 9 . (7.3) 

(5) External vs. Enclosure Free Convection. It is convenient to classify 
free convection as (i) external free convection, and (ii) enclosure free 
convection. In external free convection a surface is immersed in a fluid of 
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infinite extent. Examples include free convection over vertical plates, 
horizontal cylinders, and spheres. Enclosure free convection takes place 
inside closed volumetric regions such as rectangular confines, concentric 
cylinders, and concentric spheres. 

(6) Analytic Solutions. Since the velocity and temperature fields are 
coupled in free convection, analytic solutions require the simultaneous 
integration of the continuity, momentum, and energy equations. Even for 
the simplest case of laminar free convection over an isothermal vertical 
plate, the mathematical analysis is not elementary and results are obtained 
through numerical integration. 


7.3 Governing Equations 


Analysis of free convection is usually based on following approxi-mations: 

(1) Density is assumed constant except in evaluating gravity forces. 

(2) The Boussinesq approximation which relates density change to 
temperature change is used in formulating buoyancy force in the 
momentum equation. 

(3) Dissipation effect is neglected in the energy equation. 

Considering steady state, laminar, two-dimensional flow with constant 
properties, the continuity, momentum, and energy equations are obtained 
from equations (2.2), (2.29) and (2.19), respectively 


(7.4) 


du dv 

-1- 

dx dy 


du du 1 d ,d u 

u-z~ + v — = Pg(T-T a) ) -— (P~ P x ) + v(— y 

ox dy /A ox dx~ 


d 2 u 
dy 2 


),(7.5) 


dv dv 

U -h V - 

rx dy 


1 d 

Poo dy 


(P~P x ) + v( 




(7.6) 


dT dT 

u - 1 v — = a 

dx dy 


'd 2 T 
K dx 2 


+ 


aV 


(7.7) 
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In equation (7.5) gravity points in the negative x- 
direction as shown in Fig. 7.1. Further simpli¬ 
fications will be introduced in above equations 
based on boundary layer approximation. 

7.3.1 Boundary Layer Equations 

Boundary layer approximations used to simplify 
the governing equations in forced convection are 
applied to free convection. Fig. 7.1 shows the 
viscous and thermal boundary layers over a 
vertical plate. In boundary layer flow, the y- Fig. 7.1 

component of the Navier-Stokes equations, 

(7.6), reduces to 

^-(P~ Pao) = 0 ■ (a) 

Neglecting ambient pressure variation with distance x, it follows that 

■^-(P~Pco) = 0. ( b ) 

ox 



Furthermore, for boundary layer flow 

d 2 u d 2 u 

—x- « —x- ■ 
dx 2 dy 2 

Thus the x-component of the Navier-Stokes equations simplifies to 


(c) 


du du 

u — + v — = 
dx dy 


f>g(T-Tj 


d 2 u 



(7.8) 


Similarly axial conduction is neglected compared to normal conduction 


d~T d 2 T 

- —T 

8x 2 By 2 


(d) 


Substituting (d) into energy equation (7.7) 
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dT dT d 2 T 

u - 1 - v — = a ——. 

dx dy dy 2 


(7.9) 


Thus the governing equations for laminar boundary layer free convection 
are: continuity equation (7.4), x-momentum (7.8), and energy equation 
(7.9). These equations contain three unknowns: u, v, and T. However, it 
should be noted that momentum and energy are coupled since both contain 
the variables u, v, and T. 


7.4 Laminar Free Convection over a Vertical Plate: Uniform 
Surface Temperature 

Consider the vertical plate at uniform temperature T s shown in Fig. 7.1. 
The plate is submerged in an infinite fluid at temperature T a ». Of primary 
interest is the velocity and temperature distribution in the fluid adjacent to 
the plate. 

7.4.1 Assumptions. (1) Continuum, (2) Newtonian, (3) steady state, (4) 
laminar flow, (5) two-dimensional, (6) constant properties, (7) Boussinesq 
approximation, (8) unifonn surface temperature, (9) uniform ambient 
temperature, (TO) vertical plate and (11) negligible dissipation. 

7.4.2 Governing Equations. Based on the above assumptions the 
governing equations are: continuity (7.4), momentum (7.8), and energy 
(7-9) 



du dv 
— + — = 0, 

(7-4) 


dx dy 

du 
u — 
dx 

+ »*=/%Kr-r.) + K fC 

dy dy 

(7.8) 


dO dO d 2 0 

(7.10) 


u -h v — = a ——, 


dx dy dy~ 


where 0 is a dimensionless temperature defined as 

T-T 

e = -——. 

T s -Tv 


(7.11) 
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7.4.3 Boundary Conditions. The boundary conditions on velocity and 
temperature are: 

Velocity: 

(1) w(x,0) = 0, 

(2) P(x,0) = 0, 

(3) n(x,co) = 0, 

(4) u(0,y ) = 0. 

Temperature: 

(5) 0(x,O) = 1, 

(6) 0(x,cc) = 0, 

(7) 0(0, y) = 0 . 


7.4.4 Similarity Transformation [1]. Equations (74), (7.8), and (7.10) 
are solved simultaneously using similarity method to transform the three 
partial differential equations to two ordinary differential equations. The 
resulting ordinary differential equations are solved numerically. The 
appropriate similarity variable tj(x, y) for this case takes the form 


r/(x,y) = C -j^, 

X 

where 

" L 4v 2 


Substituting (7.13) into (7.12) 


>1 = 


Gr ; 

4 j 


\ 1/4 


(7.12) 


(7.13) 


(7.14) 


where the local Grashof number based on (7.1) is defined as 


Gr x = 


pg{T s -T x )x 3 


v 


(7.15) 


We postulate that the dimensionless temperature 6 depends on 77 . That is 

9(x,y) = 9(i 1 ). (7.16) 
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Continuity equation (7.4) is satisfied by introducing a stream function (// 
which gives the velocity components u and v as 


and 


dv/ 
u =-, 

(7.17) 

dy 

dw 

v = — 
dx 

(7.18) 


Using the stream function of Blasius solution for forced convection over a 
flat plate as a guide, the stream function for this problem is given by 


¥ 


== 4v 


Gr 




Z{*l)> 


(7.19) 


where gO]) is an unknown function to be determined. Introducing (7.19) 
into (7.17) and (7.18) 


u = 2v 


JGG dl 

x dr/ 


(7.20) 


and 


v = - 


(Gr x ) 


1/4 


( 4 ) 


1/4 


d4 

n-r - 3 £ 

dij 


(7.21) 


Substituting (7.20) and (7.21) into (7.8) and (7.10) and using (7.11) and 
(7.16), gives 


d 3 % 

dtj 3 


dr/ 


f df ' 2 

d?i 


0 = 0 , 


(7.22) 


d 2 0 
dij 1 


+ 3 Pr% 


d0_ 

drj 


= 0 . 


(7.23) 


Note that the original variables x and y do not appear in the transformed 
equations (7.22) and (7.23). They are replaced by the single independent 
variable rj. 
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Using (7.14), (7.16), (7.20), and (7.21), the four boundary conditions on 
velocity and three conditions on temperature transform to: 


= 0 . 


Velocity: 
dr/ 

( 2 ) m=o, 

dZ;(cc) 


( 3 ) 

( 4 ) 


dr] 

d %{ go) 


= 0, 

= 0 . 


dr] 

Temperature: 
( 1 ) 0 ( 0 ) = 1 , 
( 2 ) 0(oo) = 0, 


(3) 0(oo) = 0. 

The following observations are made regarding the above transformation: 

(1) The three original partial differential equations, (7.4), (7.8), and (7.10) 
are transformed into two ordinary differential equations. 

(2) Equation (7.22) is a third order non-linear ordinary differential equation 
requiring three boundary conditions. 

(3) Equation (7.23) is a second order ordinary differential equation 
requiring two boundary conditions. 

(4) The boundary conditions are transformed in terms of the similarity 
variable r/. 

(5) The original seven boundary conditions on u, v, and T are transformed 
into five conditions on % and 9. 

(6) The problem is characterized by a single parameter which is the Prandtl 
number. 
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7.4.5 Solution. 

Equations (7.22) and (7.23) 
and their five boundary con¬ 
ditions are solved numer¬ 
ically [1]. The solution is 
presented graphically in 
Figs. 7.2 and 7.3. Fig. 7.2 
gives the axial velocity 
u(x,y) and Fig. 7.3 gives 
the temperature distribution 
T (x, y ) for various Prandtl 
numbers. 



7.4.6 Heat Transfer Coefficient and Nusselt Number. The heat transfer 
coefficient h is based on Fourier’s law and Newton’s law. It is given by 
(see Sections 1.6 and 2.10.6) 

h = - k ^^- l {T s - Ta ,). (7.24) 

dy 

Expressing the above in terms of the variables 0 and // 

^ _ -k dT d6{ 0) dij 
T s ~T aD dO dri dy 


Using (7.11) and (7.14), the above gives 


h = dL 


Gr v 


1/4 


am) 

dr/ 


4 


( 7 . 25 ) 
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Fig. 7.3 Temperature distribution [1] 
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The average Nusselt number is given by 


Nul 


hL 

k 


4 

3 


f Gr T ^ 1/4 


V * J 


d0{ 0) 

dij 


(7.28) 


Surface temperature gradient, d0(0) / drj , which 
appears in the above equations is obtained from 
the numerical solution of equations (7.22) and 
(7.23). This important factor depends on the 
Prandtl number only and is listed in Table 7.1 for 
selected values of the Prandtl number. Also listed 
in this table is d 2 <%(0)/drj 2 . This constant is 
needed to determine surface velocity gradient and 
shearing stress. 


Table 7.1 

1,2] 

Pr 

dd( 0) 

d 2 m 




drj 

drj 

0.01 

0.0806 

0.9862 

0.03 

0.136 


0.09 

0.219 


0.5 

0.442 


0.72 

0.5045 

0.676 

0.733 

0.508 

0.6741 

1.0 

0.5671 

0.6421 

1.5 

0.6515 


2.0 

0.7165 

0.5713 

3.5 

0.8558 


5.0 

0.954 


7.0 

1.0542 


10 

1.1649 

0.4192 

100 

2.191 

0.2517 

1000 

3.9660 

0.1450 


Special Cases 

Equations (7.22) and (7.23) are simplified for two limiting cases corre¬ 
sponding to very small and very large Prandtl numbers. The local Nusselt 
number for these cases is given by [3] 

Nu x = 0.600 (PrRa x ) 1/4 , Pr -» 0, (7.29a) 

Nu x = 0.503 (PrGr x ) U4 , Pr -> oo . (7.29b) 

Example 7.1 Vertical Plate at Uniform Surface Temperature 

A square plate measuring 8cmx8 cm is suspended vertically in air. The 
plate is maintained at uniform surface temperature of 70 °C. The ambient 
air is at 10 °C. Of interest is the determination of flow and heat transfer 
conditions at the trailing end X = L. Specifically. 


determine : 


| °t 

(1) Axial velocity u at y = 0.2 cm 

/ 


(2) Air temperature Taty = 0.2 cm 

T s 

■ t: 

(3) Viscous boundary layer thickness 8 L 

;,:i: 

(4) Thermal boundary layer thickness 8 t 

x , 

i\i • 

■} 

(5) Nusselt number 


'•A.':' 

(6) Heat transfer coefficient 



(7) Heat flux 

0 



(8) Total heat transfer rate from the plate. 
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(1) Observations, (i) This is an external free convection problem over a 
vertical flat plate, (ii) The plate is maintained at uniform surface 
temperature, (iii) The Rayleigh number should be computed to determine if 
the flow is laminar, (iv) If the flow is laminar Fig. 7.2 gives the axial 
velocity u and viscous boundary layer thickness 8. Similarly, Fig. 7.3 
gives temperature distribution, and thermal boundary layer thickness 8 t . 
(v) Attention is focused on the trailing edge of the plate. This means that 
local values of Nusselt number and heat transfer coefficient should be 
determined. 

(2) Problem Definition. Determine flow and heat transfer characteristics 
for free convection over a vertical flat plate at uniform surface temperature. 

(3) Solution Plan. Compute the Rayleigh number to determine if the flow 
is laminar. If it is, use the similarity solution results including Figs. 7.2 and 
7.3. 


(4) Plan Execution. 

(i) Assumptions. (1) Continuum, (2) Newtonian fluid, (3) steady state, 
(4) Boussinesq approximations, (5) two-dimensional, (6) laminar flow 
( Ra x <10 9 ), (7) flat plate (8) uniform surface temperature, (9) no 
dissipation, and (10) no radiation. 

(ii) Analysis and Computation. The Rayleigh number is computed at 
the trailing edge to establish if the flow is laminar. The Rayleigh number is 
defined in equation (7.2) as 


figy.-T.#' 

va 

where 

g = gravitational acceleration = 9.81 m/s “ 

L = plate length = 0.08 m 

Ra / = Rayleigh number at the trailing end x = L 

T s = surface temperature = 70° C 

T.j = ambient temperature =10° C 

a — thermal diffusivity, m /s 

fi = coefficient of thermal expansion = 1 / Tj K" 

V = kinematic viscosity, m 2 /s 

Properties are evaluated at the film temperature T T 


(7.2) 
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T _ T s +T ao _ (70 + 10)(°C) 1QOc 
f 2 2 


Properties of air at this temperature are 

k = thermal conductivity = 0.0271 W/m-°C 
Pr = 0.71 


v = 16.96x 10“ 6 m 2 /s 


a = 


V 16.96x10 6 m 2 /s 


Pr 


0.71 


= 23.89 x 10~ 6 m 2 /s 


/? = 


1 


= 0.0031936 K 


-1 


40 U C + 273.15 
Substituting into (7.2) 

0.0031936(K -1 )9.81(m/s 2 )(70 - 10)(K)(0.08 3 ) 


Ra, = - 


16.96(K _1 )(m 2 /s)23.89 x 10~ 6 (m 2 /s) 


Thus the flow is laminar. Axial velocity u is given by (7.20) 

, d4 

u = 2v -, 

x d)j 

where dq / drj is given in Fig. 7.2 as a function of rj 


n = 


f Gr y ,A 


V J 


y_ 

X 


where, according to (7.2) 


Ra T 2.3792 xl0 c 


= 3.3455 xl0 e 


Gr = Gr, = 

Pr 0.71 

Using (a) to evaluate rj at x = 0.08 m and y - 0.002 m 


n = 


3.3455x10 


6 4 


1/4 


0.0032(m) 

0.08(m) 


= 1.21 


At 77 = 1.21 and Pr = 0.71, Fig. 7.2 gives 

dq x 

■ = 14- 


drj 2vy]Gr x 


2.3753 xlO 6 


(7.20) 


(a) 


0.27 
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Solving for u at x = L = 0.08 m 

2 2(16.96 x 10 _6 )(m 2 /s)V3.3455xl0 6 


u = 021 - 


= 0.27- 


0.08(m) 


= 0.2094 m/s 


At rj = 1.21 and Pr = 0.71, Fig. 7.3 gives the temperature at x = 0.8 m and 
y = 0.002 m 


e = 


T-T 

-*■ GO 

T, -T 


0.43 


T^T 7 *, + 0.43(7; -7 7 oo ) = 10( o C) + 0.43(70-10)( o C) = 35.8°C 

At the edge of the viscous boundary layer, y = d, the axial velocity 
vanishes. Fig. 7.2 gives the corresponding value of r/ as 


il(x,5)*5 = 


< Gr, ^ 


1/4 


V * ) 


Solving for 8 
8 = 5(0.08)(m) 


,1/4 


3.3455x10° 


= 0.0132 m = 1.32 cm 


At the edge of the thermal boundary layer, y = S t , the temperature 
reaches ambient value and thus 0 ~ 0. Fig. 7.3 gives the corresponding 
value of i) as 


T](x,S t )* 4.5 = ^°^ 
Solving for 8 t 


1/4 


V * J 


( 


,1/4 


8 . = 4.5(0.08)(m) 


^6 


= 0.0119 m = 1.19 cm 


V.3.3455 x 10 ) 

The local Nusselt number is given by equation (7.26) 


,, hx 
Nu r = — = - 
x k 


Gr Y 


1/4 


d0( 0) 

drj 


(7.26) 
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Table 7.1 gives the temperature gradient at the surface dd(0)/drj for 
various Prandtl numbers. Extrapolation to Pr = 0.71 gives 


d0( 0) 
drj 


-0.5018 


Using (7.26), the local Nusselt number is evaluated at the trailing end, x = 
L = 0.08 m 


Nu l = 


hL 

k 


Gr, 


1/4 


d0{ 0) 
drj 


= 0.5018 


3.3455 x 10 


1/4 


15.18 


The local heat transfer coefficient at the trailing end is obtained from the 
definition of the Nusselt number above 


= k = 0.0271(W/m-°C) 1518 = 5 U w/m ,_ 0c 

L 0.08(m) 

Newton’s law of cooling gives surface heat flu xq" 

q” = h(T s -PJ = 5.14(W/m-°C)(70 - 10)(°C) = 308.4 W/m 2 

Total heat transfer from the plate is determined using the average heat 
transfer coefficient h 


q T - hA(T s - T r/j ). 


(b) 


where A is surface area and h is given by (7.27) 


*=-!* 
3 L 


^Gr, ^ 1/4 


V ^ J 


dd{ 0) 

di i 


(7.27) 


- 4 (0.027l)(W/m-°C) 

3 0.08(m) 


3.3455 xl0 e 


nl/4 


(-0.5018) = 6.85 W/m 2 -°C 


Substituting into (b) 

q T = 6.86(W/m 2 -°C)0.08(m)0.08(m)(70 - 10)(°C) = 2.63 W 
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(iii) Checking. Dimensional check : Computations showed that units 
for u, T, 8, 8 ,, Nit, h, q" and q T are consistent. 

Quantitative check, (i) The heat transfer coefficient is within the range 
given in Table 1.1 for free convection of gases. 

(ii) Computations showed that 8 > 8 t . This must be the case since the 
thermal boundary layer thickness cannot be greater than the velocity 
boundary layer thickness. Why? 

(5) Comments, (i) As expected, fluid velocity and heat transfer coefficient 
are relatively small in free convection. 

(ii) The local heat transfer coefficient at location x is smaller than the 
average for a plate of length x. This is due to the fact that the heat transfer 
coefficient decreases as the distance from the leading edge is increased. 

7.5 Laminar Free Convection over a Vertical Plate: 

Uniform Surface Heat Flux 

Fig. 7.4 shows a vertical plate with uniform 
surface heat flux. The plate is submerged in an 
infinite fluid at temperature T m . Analytical 
determination of the velocity and temperature 
distribution follows the procedure used in Section 
7.4 replacing unifonn surface temperature with 
unifonn surface heat flux. The two problems are 
based on the same assumptions and governing 
equations. They differ by the thennal boundary 
condition at the surface, which takes the form 

8T(x, 0) 

:;- = q*> 

dy 

where q” s is surface heat flux. It is important to recognize that for uniform 
surface heat flux, surface temperature varies along the plate. Thus, of 
interest is the determination of surface temperature variation T s (x) and the 
local Nusselt number Nu x . This problem was solved by similarity 
transformation [4], The solution for surface temperature variation is given 
by 


< 5 h 


-J 


x 

0 


5 < d 

A; i 


u\; 


T 

s co 

Poo 


■y 


Fig. 7.4 

(7.30) 
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T s( x )-Toa 


(3gk A 


1/5 


0 ( 0 ), 


(7.31) 


where (7(0) is a dimensionless parameter which 
depends on the Prandtl number and is given in Table 
7.2 [4]. The local Nusselt number is given by 


Nil x = 


PgVs 4 
5 v 1 2 k 


1 

m' 


(7.32) 


Table 7.2 [4] 


Pr 

0(0) 

0.1 

- 2.7507 

1.0 

- 1.3574 

10 

- 0.76746 

100 

- 0.46566 


For a wide range of Prandtl numbers, the parameter 0(0) may also be 
determined using the following correlation equation [5] 


0(0) = 


4 + 9Pr 1/2 + lOPr 
5 Pr 2 


0.001 < Pr < 1000 . 


(7.33) 


Properties are determined at the film temperature Tf , defined as 

T f =[ T o 0 +T s (L/2)\/2. (7.34) 


Example 7.2: Vertical Plate at Uniform Surface Flux 

An 8 cm high plate is suspended vertically in air. The plate is heated at 
uniform surface flux of 308.4 W / m. The ambient temperature is 10° C. 
Determine surface temperature, Nusselt number and heat transfer 
coefficient at x = 2, 4, 6 and 8 cm from the leading end. 

(1) Observations, (i) This is an external free convection problem over a 
vertical flat plate, (ii) The plate is heated at uniform surface flux, (iii) The 
Rayleigh number should be computed to determine if the flow is laminar, 
(iv) Surface temperature is given by equation (7.31) and the local Nusselt 
number is given by equation (7.32). 

(2) Problem Definition. Determine the distribution of surface temperature, 
Nusselt number and heat transfer coefficient along a uniformly heated 
vertical plate under free convection. 




276 7 Free Convection 


(3) Solution Plan. Compute the Rayleigh number to determine if the flow 
is laminar. Use (7.31) and (7.32) to determine surface temperature and 
Nusselt number at the trailing end. Use Newton’s law to determine the 
heat transfer coefficient. 

(4) Plan Execution. 

(i) Assumptions. (1) Continuum, (2) Newtonian fluid, (3) steady state, 
(4) Boussinesq approximations, (5) two-dimensional, (6) laminar flow 
( Ra x <10 9 ), (7) flat plate, (8) uniform surface heat flux, (9) no 
dissipation, and (10) no radiation. 

(ii) Analysis and Computation. The Rayleigh number is computed at 
the trailing edge to establish if the flow is laminar. The Rayleigh number is 
defined in equation (7.2) as 

figjr.-T.y? (72) 

va 


Since surface temperature is unknown, the Rayleigh number cannot be 
computed. To proceed, the flow is assumed laminar and subsequently 
verified once surface temperature is computed. For laminar flow, surface 
temperature and Nusselt number are given by 


T s( x )- T oo 


v 2 («:) 4 


1/5 


0 ( 0 ), 


(7.31) 


Nu x 


pgq's 

5v 2 k 


1/5 


X 


1 

m’ 


(7.32) 


where (7(0) is given in Table 7.2. ft can also be determined using (7.33). 
Properties are determined at the film temperature defined in equation 
(7.34). 


(iii) Computations. Assume T s {LI 2) = 70°C. Compute film 
temperature using (7.34) 

T _ ^o+^a/2) _ (10 + 70)(°C) _ 1()Oc 
f 2 2 

Properties of air at this temperature are 
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k= 0.0271 W/m-°C 
Pr = 0.71 

v = 16.96 xl0~ 6 m 2 /s 


a = 


V 16.96x10 6 m 2 /s _g 2 , 

— = 23.89x10 in/s 


Pr 


0.71 


/? = 


1 


= 0.0031936 K 


■1 


40°C +273.15 
Equations (7.33) is used to evaluate 0(0) 

-i 1 / 5 


0 ( 0 ) = - 


4 + 9(0.71) 1/2 +10(0.71) 


= -1.4928 


5(0.71) 

The assumed surface temperature at x = LI 2 is verified first using (7.31) 


T S (L/ 2) = 10(°C)- 


(16.96x10 6 ) 2 (m 4 /s 2 )(308.4) 4 (W 4 /m 8 ) 

5- 

0.0031934(1/K)9.81(m/s 2 )(0.0271) 4 (W 4 /m 4 -K 4 


nl/5 


(0.04)(m) 


(-1.4928) 


= 56.96 U C 


This is lower than the assumed temperature. This procedure is repeated 
until a satisfactory agreement is obtained between the assumed and 
computed surface temperature at x = LI 2. Following this iterative 
procedure, surface temperature at x = LI 2 is found to be 

T s (L/2) = 56.7° C 

The corresponding film temperature is 

2 2 

Properties of air at this temperature are 

k= 0.02662 W/m-°C 
Pr = 0.71 

u = 16.3283 xl0 _6 m 2 /s 
P = 0.002662 K' 1 

Equation (7.33) gives 

0(0) = -1.4922 
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Equation (7.32) is used to determine the Nusselt number at the trailing end 


Nu T = - 


0.0032626(l/K)9.81(m/s 2 )308.3(W/m 2 ) 4 4 , 

(0.08) (m ) 


5(16.328 x 10“ V (m 4 /s 2 )0.02662(W/m-° C) 
= 17.28 


1/5 


1 


-1.4922 


The local heat transfer coefficient at the trailing end is obtained from the 
definition of Nusselt number 



0.02662(W/m-° C) 
0.0 8 (in) 


17.28 = 5.75 W/m 2 -°C 


Surface temperature, Nusselt number, and heat transfer coefficient at 
various locations along the plate are determined following the above 
procedure. The result is tabulated below. 


x(m) 

T s (x)(°C) 

Nu x 

h(x)( W/m 2 -°C) 

q' s ( W/m 2 ) 

0.02 

50.6 

5.70 

7.59 

308.2 

0.04 

56.7 

9.92 

6.60 

308.2 

0.06 

60.6 

13.73 

6.09 

308.2 

0.08 

63.6 

17.28 

5.75 

308.2 


To verify that the flow is laminar throughout, equation (7.2) is used to 
compute the Rayleigh number at x = L 

0.0032626 (K )9.81 (m/s 2 ) (63.6 - 10 )(K)( 0.08 ) 3 (m 3 ) 

Ra ^ = -0.711 

(16.3283 x 10 “ 6 ) 2 (m 2 /s) 2 

= 2.3424 x 10 6 

Since Ra L < 10 9 , the flow is laminar. 

(iii) Checking. Dimensional check : Computations showed that units 
for T s , Nu and h are consistent. 

Quantitative check, (i) The heat transfer coefficient is within the range 
given in Table 1.1 for free convection of gases, (ii) The tabulated results 
show that application of Newton’s law at the four locations along the plate 
gives uniform surface flux. 
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(5) Comments, (i) Since surface temperature is unknown, the problem is 
solved by an iterative procedure, (ii) As with forced convection over a flat 
plate, the heat transfer coefficient decreases as the distance from the 
leading edge is increased. 

7.6 Inclined Plates 

We consider a plate which is inclined 
at an angle 6 from the vertical. In Fig. 

7.5a the heated side of the plate is 
facing downward while Fig. 7.5b the 
cooled side is facing upward. Note that 
the flow field is identical for both 
cases and consequently the same 
solution holds for both. Note further 
that gravity component for the inclined 
plate is geos 6 while for the vertical 
plate it is g. Studies have shown that the vertical plate solutions of Sections 
7.4 and 7.5 apply to inclined plates, with g replaced by geos 0 [6-8], 
Flowever, this approximation deteriorates at large values oft?. Thus, this 
approach is recommended for 0 < 60° . 




Fig. 7.5 


7.7 Integral Method 

The integral method can be applied to obtain 
approximate solutions to free convection 
boundary layer flows problems. As an example, 
consider the problem of a vertical plate at 
uniform surface temperature shown in Fig. 7.6. 
An exact analytic solution to this problem is 
presented in Section 7.4. 


dx 


8 A 


U 


T: 


* 

g 


T 

1 00 

Poo 


y 


7.7.1 Integral Formulation of Conservation of Fig. 7.6 

Momentum 


The starting point in integral solutions is the integral formulation of 
conservation of momentum. To simplify the analysis we assume that the 
viscous and thermal boundary layers are the same. That is 
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8 = S t . (a) 

This approximation is valid for Prandtl numbers in the neighborhood of 
unity. Application of the momentum theorem in the x-direction to the 
element 8xdx shown in Fig. 7.6, gives 

X F * = M * (out) “ M x ( in )» ( b ) 

where 

^ F x = sum of all external forces acting on element in the x-direction 
M x (in) = x-momentum of the fluid entering element 
M x (out) = x-momentum of the fluid leaving element 

The element Sxdx of Fig. 7.6 is enlarged in Fig. 7.7 showing the x- 
momentum and x-forces. The forces acting on the element are due to 
shearing stress T 0 at the wall, pressure forces p and gravity force (weight) 
dW. Applying equation (b) and using the notations in Fig. 7.7, we obtain 



M x dW pgdxdy pS (p + dp/2)d<5 

Fig. 7.7 


p8 + p + — dS - p8 -—(pS)dx - T 0 dx-= M x +———dx -M x , 

\ 2 ) dx \dx) 

(c) 

Simplifying equation (c) and neglecting higher order terns 


- 5dp - z 0 dx - dW =-— dx . 

dx 


(d) 
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Wall shearing stress is given by 


To =M 


du(x, 0 ) 

dy 


(e) 


In determining the weight of the element 8 x dx, one must take into 
consideration the variation of density in the y-dircction. This requires 
integration of the weight of a differential element dx x dy along the 
thickness 5 of the boundary layer. Thus 

£ 

dW = dx I pgdy . (f) 

•’o 


The jc-momentum of the fluid entering the element is 

S(x) 



0 


where u = u(x,y) is axial velocity. Note that the density p is assumed 
constant in evaluating momentum. This is consistent with the Boussinesq 
approximation used in obtaining similarity solution to this problem. 
Substituting (e), (f) and (g) into (d) and rearranging 


~ P 


du(x, 0 ) 

dy 




(h) 


Pressure and gravity terms in (h) will now be combined. Pressure gradient 
in boundary layer flow is given by 


dp ~ dp op 

dx dx 


Pccg ■ 


(i) 


Thus pressure gradient term in (h) can be rewritten as 


s^ 

dx 


-Paogd 


8 

PaogdV- 


(j) 
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Substituting (j) into (h) and rearranging 

du(x, 0) f d f 2 , n \ 

~P — r - + S (A» ~p)dy = p— \u dy. (k) 

dy Jb ax 4) 

However, density change can be expressed in terms of temperature change 

p x -p = pj3(T-T ryj ). (2.28) 

Introducing (2.28) into (k) and treating J3 and p as constants 

+ ({T-T x )dy = ^- fu 2 dy, (7.35) 

dy l dx J Q 

where v = p / p. Note the following: 

(1) There is no shearing force on the slanted surface since the velocity 
gradient at the edge of the boundary layer vanishes, 
i.e. du(x,S)/ dy ~ 0. 

(2) Equation (7.35) applies to laminar as well as turbulent flow. 

(3) Although u and T are functions of x and y, once the integrals in (7.35) 
are evaluated one obtains a first order ordinary differential equation 
with x as the independent variable. 


7.7.2 Integral Formulation of Conservation of Energy 

The following assumptions are made in the integral formulation of 
conservation of energy: 

(1) No changes in kinetic and potential energy 

(2) Negligible axial conduction 

(3) Negligible dissipation 

(4) Properties are constant 

Based on the above assumption, integral formulation of conservation of 
energy for free convection boundary layer flow is the same as that for 
forced convection. Thus equation (5.7) is applicable to free convection 


8T(x, O) 

a —— 


d_ 

dx 


S(x) 

j u(T - T w )dy , 

o 


dy 


(7.36) 
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where a is thermal diffusivity. 

7.7.3 Integral Solution 

Consider the vertical plate shown in Fig. 7.6. The plate is maintained at 
uniform temperature T s and the quiescent fluid is at uniform temperature 
T y . Following the procedure used in integral solution of forced 
convection, velocity and temperature profiles are assumed. Recall that in 
forced convection a velocity profile is assumed in tenns of a single 
unknown function 8(x). Application of the integral fonn of momentum is 
used to detennine 8(x). Similarly, a temperature profile is assumed in 
tenns of a single u nk nown function S t (x). Application of the integral 
form of energy is used to determine 8 t (x). However, in the integral 
formulation of conservation of momentum and energy for free convection 
we assumed that 8 « 8 t . Thus we have two equations, (7.35) and (7.36) 
for the determination of a single unknown 8. This presents a quandary 
which must be resolved so that both (7.35) and (7.36) are used to insure 
that conservation of momentum and energy are satisfied. The problem is 
resolved by introducing a second u nk nown function in the assumed 
velocity profile. 

Assumed Velocity Profile. To proceed, we assume laminar boundary layer 
flow. Thus a polynomial is an appropriate velocity profile. Assume a fourth 
degree polynomial for the axial velocity u(x,y) 

u(x,y)= a 0 (x) + a x (x)y + a 2 (x)y 2 + a 3 (x)y 3 . (a) 

The coefficients a n (x ) are determined using the following known exact 
and approximate boundary conditions on the velocity 


(1) u(x, 0) = 0, 

(2) u(x,8 ) « 0, 


(3) 


du(x,S ) 
dy 



v 
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Note that the second and third conditions are approximate since the edge of 
the boundary layer is not uniquely defined. The fourth condition is obtained 
by setting y = 0 in the x-component of the equations of motion, (7.5). 

Equation (a) and the four boundary conditions give the coefficients a n (x) 


Pg(T s -T rfj ) 


t' o\^ s -"oo / e _ 

, Cl\ —- O , (2 2 — 

4v 

jSg(T s ~T rJD ) 1 


Pg{T s -T x ) 

2v 


<*3 = 


4v 8 


Substituting the above into (a) and rearranging 


Tr Pg(T s -W 

u =- O V 

4v 


l-2^ + 4 
8 8 2 


This can be written as 


it = 


Pg{T s ~TJ s2 

4v 


y_ 

8 


1 -— 

8 


(b) 


To introduce a second u nk nown function in the assumed velocity profile 
(b), we define 


u 0 (x) 


Pg(T s -T„) 3 2 

4v 


(c) 


Equation (b) becomes 

u = uAx) — 

° 8 



(7.37) 


Note that replacing the term in bracket in (c) with u o (x) implies that 
u„(x) is independent of c)(x).Thus in (7.32) both r)(x) and u o (x) arc 
unknown. This means that both conservation of momentum and energy are 
needed to solve the problem. 

Assumed Temperature Profile. A third degree polynomial is assumed for 
the temperature profile 
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T (x, y ) = b Q (x) + b x (x) y + b 2 (x) y* 


(d) 


The boundary conditions are 
(1) T(x,0) = T s , 


(2) T(x,8)*T c 
dT(x, 8) 


(3) 


dy 


0 . 


Equation (d) and the three boundary conditions give the coefficients b n (x) 

b 0 =T s , b x =-2(T s -T m )\, b 2 =(T s -T^)\. 

o 8 


Substituting the above into (d) and rearranging 
T(x,y) = T 00 + (T s -T 00 ) 


\~y 

8 


(7.38) 


Heat Transfer Coefficient and Nusselt Number. Equation (7.24) gives 
the heat transfer coefficient h 


k dT(x, 0 ) 

dy 

T s -I’o 0 


Substituting (7.38) into (7.24) 


h = 


2k 

8(x) 


Thus the local Nusselt number is 


Nu x 


hx _ 2 x 
k 8(x) 


(7.24) 


(7.39) 


(7.40) 


The problem becomes one of determining the boundary layer thickness 



286 7 Free Convection 


Solution. To determine the functions 8(x) and u 0 (x) we substitute (7.37) 
and (7.38) into (7.35) 

-y^PiKT.-T.) (Vfl <4-1- 


Evaluating the integrals in (e) and rearranging 


— — lild]=-fig{T s -T^S -v — 
105 dx l J 3 s ' S 


(7.41) 


Similarly, substituting (7.37) and (7.38) into (7.36) 


Six) 4 

2a(T s -T x )± = (T s -TJ J y 1-| dyV (f) 

o 


Evaluating the integrals and rearranging 


——[uS\ = a— . 
60 dx L ° J 8 


(7.42) 


Equations (7.41) and (7.42) are two simultaneous first order ordinary 
differential equations. The two dependent variables are 8(x) and u o (x). 
We assume a solution of the form 


u 0 (x) = Ax m , 


(7.43) 


8 (x) = Bx h 


(7.44) 


where A, B, m and n are constants. To determine these constants we 
substitute (7.43) and (7.44) into (7.41) and (7.42) to obtain 

—/fir 2 ”""' 1 = -pg(T 0 - T r )Bx" --vx m ~ n , (7.45) 

105 3 V ' B 


fn ^ABx m+n ~ ] =a-x~ n 


( 7 . 46 ) 
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To satisfy (7.45) and (7.46) at all values of x, the exponents of x in each 
term must be identical. Thus, (7.45) requires that 

2m + n-\ = n = m- n. (g) 

Similarly, (7.46) requires that 

m + n ; — 1 = —n . (h) 


Solving (g) and (h) for m and n gives 

1 1 

m = —, n — — . 

2 4 

Introducing (i) into (7.45) and (7.46) gives two simultaneous algebraic 
equations for A and B 


(i) 


1 

85 


A 2 B 


= l -Pg{T 0 -T„)B 

— AB = a—. 
280 B 



(j) 

(k) 


Solving equations (j) and (k) for A and B, gives 


and 


A = 5.\lv 


B = 3.93 Pr 


[o 20 1 

Pr A _ 

-1/2 

~Pg{T s -T a> ) 

1/2 

A r T 

21_ 


L v 2 J 



(pr + ™) 

1/4 

~j3g(T s -T x )~ 

-1/4 

l 21J 


L v 2 J 



( 1 ) 


(m) 


Substituting (i) and (in) into (7.44), rearranging and introducing the 
definition of Rayleigh number, gives the solution to 5 (x) 


8 

- = 3.93 
x 


20 1 , 

-+ 1 

21 Pr 


1/4 


(Ra x ) 


-1/4 


(7.47) 


Introducing (7.47) into (7.40) gives the local Nusselt number 
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Nll x 


0.508 


20 1 , 

-+ 1 

21 Pr 


1 -1/4 


(Ra x ) 


1/4 


(7.48) 


7.7.4 Comparison with Exact Solution for Nusselt Number 

Equation (7.26) gives the exact solution to the local Nusselt number for 
free convection over a vertical plate at uniform temperature 


Nu x 


Gr x l 1/4 d0{ 0) 
4 drj 


(7.26) 


To compare this result with the integral solution (7.48), equation (7.26) is 
rewritten as 



d0{ 0) 
dr/ 


(7.49) 


To facilitate comparison, integral solution (7.48) is rewritten as 

-1/4 


Gr y 

-1/4 

20 1 

X 

Nu x = 0.508 

-+ 1 

4 


21 Pr 


(4Pr) 


1/4 


(7.50) 


The accuracy of the integral 
solution depends on the agreement 
of the right hand side of (7.50) 
with - dd(0) / dr/ of exact solu¬ 
tion (7.49). Temperature gradient 
dd(G)l dr) depends on the 
Prandtl number and is given in 
Table 7.2. The two solutions are 
compared in Table 7.3. The exact 
solution for the limiting case of 
Pr —» 0 is given in (7.29a) 


Table 7.3 


Pr 

d0( 0) 
chj 

0.508 

"20 1 

-+ 1 

21 Pr 

0.01 

0.0806 

0.0725 

0.09 

0.219 

0.213 

0.5 

0.442 

0.4627 

0.72 

0.5045 

0.5361 

1.0 

0.5671 

0.6078 

2.0 

0.7165 

0.7751 

5.0 

0.954 

1.0285 

10 

1.1649 

1.2488 

100 

2.191 

1.2665 

1000 

3.9660 

4.0390 


(4 Pry 


Nu x | exact = 0.600 {PrRa x ) 1/4 , Pr -> 0. (7.29a) 
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Applying integral solution (7.47) to Pr —» 0 gives 

Nu x | in teg r ai = °- 51 4(PrRa x ) 174 , Pr ^ 0. (7.51a) 

Similarly, exact and integral solutions for the limiting case of Pr —> oo are 
given by 

tf^lexact -0.503(Ra x f\ Pr —> qo , (7.29b) 

and 

“Anegr,!' 0 - 508 ^)'' 4 . Pr-*™. (7.51b) 

The following observations are made regarding the above comparisons: 

(1) The error ranges from 1% for Pr —> oo to 14% for Pr —> 0. 

(2) Although the integral solution is based on the assumption that 
8 = 8 t (Pr « 1), the solution is reasonably accurate for a wide range of 
Prandtl numbers. 
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PROBLEMS 


7.1 Explain why 

[a] S t can not be larger than 8 . 

[b] 5 can be larger than 8 t . 

7.2 A vertical plate 6.5cm high and 30 wide cm is maintained at 82 °C . 
The plate is immersed in water at 18 0 C . Determine: 

[a] The viscous boundary layer thickness. 

[b] The thermal boundary layer thickness at the trailing end. 

[c] The average heat transfer coefficient. 

[d] Total heat added to water. 

7.3 Use Fig. 7.3 to determine d0(0)l dr/ for Pr = 0.01 and 100. 
Compare your result with the value given in table 7.1. 

7.4 In designing an air conditioning system for a pizza restaurant an 
estimate of the heat added to the kitchen from the door of the pizza 
oven is needed. The rectangular door is 50 cm x 120 cm with its 
short side along the vertical direction. Door surface temperature is 
110°C. Estimate the heat loss from the door if the ambient air 
temperature is 20°C. 

7.5 To compare the rate of heat transfer by radiation with that by free 

convection, consider the following test case. A vertical plate 
measuring 12 cm x 12 cm is maintained at a uniform surface 
temperature of 125°C. The ambient air and the surroundings are at 
25°C. Compare the two modes of heat transfer for surface 
emissivities of 0.2 and 0.9. A simplified model for heat loss by 
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radiation q r is given by 

q r =scrA(Ts -T^r), 

—8 

where A is surface area, £ is emissivity, and <7 = 5.67x10 
W/m 2 — K 4 . Surface and surroundings temperatures are measured in 
degrees kelvin. 

7.6 A sealed electronic package is designed to 
be cooled by free convection. The package 
consists of components which are mounted 
on the inside surfaces of two cover plates 
measuring 7.5 cm x 7.5 cm cm each. 

Because the plates are made of high 
conductivity material, surface temperature 
may be assumed uniform. The maximum 
allowable surface temperature is 70°C. 

Determine the maximum power that can be 
dissipated in the package without violating 
design constraints. Ambient air temperature 
is 20°C. 

7.7 Assume that the electronic package of 
Problem 7.6 is to be used in an underwater 
application. Detennine the maximum power 
that can be dissipated if the ambient water 
temperature is 20°C. 

7.8 Consider laminar free convection from a vertical plate at uniform 
surface temperature. Two 45° triangles are drawn on the plate as 
shown. Detennine the ratio of the heat transfer rates from the two 
triangles. 

7.9 A vertical plate measuring 21 cm x 21 cm is at a uniform surface 
temperature of 80°C. The ambient air temperature is 25°C. Deter¬ 
mine the heat flux at 1 cm, 10 cm, and 20 cm from the lower edge. 

7.10 200 square chips measuring 1 cm x 1 cm 
each are mounted on both sides of a thin 
vertical board 10 cm x 10 cm. The chips 
dissipate 0.035 W each. Assume unifonn 
surface heat flux. Determine the maximum 
surface temperature in air at 22°C. 
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7.11 12 cm x 12 cm power boards dissipate 15 watts uniformly. Assume 
that all energy leaves the board from one side. The maximum 
allowable surface temperature is 82° C. The ambient fluid is air at 
24° C. Would you recommend cooling the board by free 
convection? 

7.12 Use the integral method to obtain solution to the local Nusselt number 

for laminar flow over a vertical plate at uniform surface temperature 
T s . Assume 8 = 8 t and a velocity and temperature profiles given 
by 

u{x, y) = a 0 (x) + a x (x)y + a 2 (x)y 2 + a 3 ( x)y 3 , 

and 

T (x, y) = b Q (x) + b x (x )y + b 2 (x)y 2 +b 2 (x) y 3 . 


Since there is a single u nk nown S t (x), either the momentum or 
energy equation may be used. Select the energy equation to 
determine 8 t (x). 

7.13 Consider laminar free convection over a vertical plate at uniform 
surface flux q" . Assume 8 = 8 t and a third degree polynomial 
velocity profile given by 


i(x,y) = u 0 {x)^- 
8 


i~y 

8 


Show that: 

[a] An assumed second degree polynomial for the temperature profile 
gives 


T(x,y) = T w + 


III 

2 k 


8 - 2y + 


8 


[b] The local Nusselt number is given by 


Nu x 


4(Pr) 2 Pgq" s ^4 

36 + 45 Pr kv 2 


1/5 



8 


CORRELATION EQUATIONS: 
FORCED AND FREE CONVECTION 


8.1 Introduction 

There are many situations where analytic determination of the heat transfer 
coefficient h is difficult to obtain. As was shown in previous chapters, 
even after making many simplifying assumptions, the analytic determina¬ 
tion of h is generally not a simple mathematical problem. When 
complicating factors such as geometry, variable properties, turbulent flow, 
boiling, condensation, etc. are involved, the heat transfer coefficient is 
usually determined experimentally. This does not mean that each time 
there is a need for h for which there is no analytic solution we must conduct 
an experiment. Instead, we utilize the experimental results of other 
researchers. Experimental results are usually correlated and presented as 
dimensionless equations which are convenient to use. Such equations are 
known as correlation equations. They are extensively used in the solution 
of heat transfer problems and therefore deserve special attention. 

In this chapter we will explain how correlation equations are obtained, 
discuss their selection and use and present common cases. Four topics will 
be considered: (1) external forced convection over plates, cylinders, and 
spheres, (2) internal forced convection through channels, (3) external free 
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convection over plates, cylinders and spheres, and (4) free convection in 
enclosures. 

8.2 Experimental Determination of Heat Transfer Coefficient h 

To detennine the heat transfer coefficient 
h it is common to work with Newton's law 
of cooling which defines h as 

h = —^—. ( 8 . 1 ) 

T -T 

S 00 

By measuring surface temperature T s , 
surface heat flux q ", and free stream 
temperature T m , equation (8.1) can be used 
to detennine the heat transfer coefficient. A common method for heating a 
surface and calculating the flux is shown in Fig. 8.1. Heating is provided by 
an electric resistor. Measurement of current i and voltage drop A V provides 
data for calculating dissipated power and heat flux. Thermocouples are 
commonly used to measure surface temperature. A refinement of this 
experimental setup involves using multi-resistors and circuits to provide a 
prescribed surface flux or surface temperature. 

Correlation equations are presented in dimensionless form. This is an 
effective and efficient way to organize and present experimental data. 
Instead of presenting equations for h, it is common to correlate data in 
terns of a dimensionless heat transfer coefficient called the Nusselt 
number. Since the parameters governing convection heat transfer are 
known from dimensional analysis, both the design of experiments for 
determining the Nusselt number and the form of correlation equations are 
based on this knowledge. For example, for constant properties forced 
convection heat transfer with no dissipation, we have shown that 

Nu x = /(x*; Re, Pr) . (2.52) 

Thus, experiments are designed such that both the Reynolds and Prandtl 
numbers can be varied and measurements are made for calculating the 
Nusselt number at various locations x*. The collected data is then 
correlated according to equation (2.52). 
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8.3 Limitations and Accuracy of Correlation Equations 

All correlation equations have limitations which must be carefully noted 
before they are applied. First, geometry is an obvious factor. External 
flow over a tube is not the same as flow through a tube. Thus, each 
equation is valid for a specific configuration. Second, limitations on the 
range of parameters, such as the Reynolds, Prandtl and Grashof numbers, 
for which a correlation equation is valid, are determined by the availability 
of data and/or the extent to which an equation correlates the data. 

Since correlation equations are based on experimentally determined 
data, they do not always provide very accurate predictions of h. Errors as 
high as 25% are not uncommon. 

8.4 Procedure for Selecting and Applying Correlation Equations 

To identify the appropriate correlation equation for a specific application, 
the following steps should be considered: 

(1) Identify the geometry under consideration. Is it flow over a flat plate, 
over a cylinder, through a tube, or through a channel? 

(2) Identify the classification of the heat transfer process. Is it forced 
convection, free convection, external flow, internal flow, entrance 
region, fully developed region, boiling, condensation, micro-gravity? 

(3) Determine if the objective is finding the local heat transfer coefficient 
(local Nusselt number) or average heat transfer coefficient (average 
Nusselt number). 

(4) Check the Reynolds number in forced convection. Is the flow 
laminar, turbulent or mixed? 

(5) Identify surface boundary condition. Is it uniform temperature or 
uniform flux? 

(6) Examine the limitations on the correlation equation to be used. Does 
your problem satisfy the stated conditions? 

(7) Establish the temperature at which properties are to be determined. 
For external flow properties are usually determined at the film 
temperature T f 


T f =(T s +TJ/2. 


(8.2) 
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and for internal flow at the mean temperature T m . However, there are 
exceptions that should be noted. 

(8) Use a consistent set of units in carrying out computations. 

(9) Compare calculated values of h with those listed in Table 1.1. Large 
deviations from the range of h in Table 1.1 may mean that an error has 
been made. 

8.5 External Forced Convection Correlations 

8.5.1 Uniform Flow over a Flat Plate: Transition to Turbulent Flow 

We consider boundary layer flow 
over a semi-infinite flat plate 
shown in Fig. 8.2. In the region 
close to the leading edge the flow 
is laminar. As the distance from 
the leading edge increases so does 
the Reynolds number. At some 
location downstream, x = x t , tur¬ 
bulence begins to appear and transition from laminar to turbulent flow 
develops. The Reynolds number corresponding to this location is called 
the transition or critical Reynolds number Re x , . Its value, which is exper¬ 
imentally determined, depends on several factors including surface finish, 
pressure gradient, free stream turbulence, etc. For uniform flow over a flat 
plate the transition Reynolds number is approximately given by 

Re x =^«5xl0 5 . (8.3) 

1 v 

It should be kept in mind that this value is not an exact criterion for this 
flow configuration. It may be lower or higher, with extreme values that 
differ by as much as orders of magnitude. 

Correlation equations will be presented for the basic geometry of a semi- 
infinite flat plate with uniform upstream velocity and temperature. Laminar, 
turbulent and mixed flow conditions will be considered. We will examine 
various boundary conditions for this flat plate geometry. 

(1) Plate at Uniform Surface Temperature. The local heat transfer 
coefficient is determined from the local Nusselt number. To proceed, 
establish if the flow is laminar or turbulent. For x < x t the flow is laminar 


v T 

' 00 5 ± CO 

- > 


* — 1 : 


aminar 


transition 

Fig. 8.2 


turbulent 


->x 
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and thus equation (4.72) is applicable. In the turbulent region, x > x t , the 
following correlation equation is used [1] 


Nu x = — = 0.0296 (Re x ) 4l5 (Pr) l/3 . (8.4a) 

k 

Equation (8.4a) is valid for: 

flat plate, constant T s 

5 x 10 5 < Re x < 10 7 (8.4b) 

0.6 < Pr < 60 
properties at T f 


With the local heat transfer coefficient determined in the laminar and 
turbulent regions, we can construct the average heat transfer coefficient h 
for a plate of length L. For L <x t the flow is laminar. For L > x t the 
flow is mixed, being laminar for 0 < x < x t and turbulent for x t < x < L. 
Determining h for this case requires integration of the local value over 
both the laminar and turbulent regions. Starting with the definition of h in 
(2.50), we have 


h = 


1 

L 



(8.5) 


where h L (x) and h t (x) are the local heat transfer coefficients in the 
laminar and turbulent regions, respectively. The local laminar Nusselt 
number in (4.72) gives h L (x). Equation (8.4a) gives h, (x) . Substituting 
(4.72b) and (8.4a) into (8.5) we obtain 


h=t 

L 


0.332 


V /2 


V K 7 


r ’ dx 

1 ^ 


dx ^ 4/5 


+ 0.0296 


Ko 



When the integration is earned out, the result is 


( 8 . 6 ) 


h 


|{o.664 (Re Xt ) 1/2 + 0.037 [(Re L ) 415 - (Re X( ) 4 ' 5 



(8.7a) 
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Or, expressed in tenns of the average Nusselt number Nu L , equation 
(8.7a) gives 


Nu l =^k = 10.664 (Re x ) 1/2 + 0.037 [(Re L ) 4/5 - (Re, ) 4/5 


Pr 


1/3 


(8.7b) 

This result is limited to the assumptions leading to Pohlhausen’s solution 
and the range of Pr and Re x given in (8.4b). 

(2) Plate at Uniform Surface Temperature with an Insulated Leading 
Section. This case is shown in 
Fig. 8.3. A leading section of 
length x 0 is insulated. Transition 
from laminar to turbulent flow 
can take place within or beyond 
this section. The laminar flow 
case was presented in Chapter 5 
where the local Nusselt number 
is given by equation (5.21). For 
turbulent flow the local Nusselt number is given by [2] 



Nu x 


hx 

k 


0.0296 (Re x ) 4l5 (Pr) m 


l-(xjx) 


9/10 


1/9 


( 8 . 8 ) 


T 


S ■■ 


(3) Plate with Uniform Surface Flux. Fig. 8.4 shows a plate which is 
heated uniformly along its surface. As with the case of uniform surface 
temperature, the flow is laminar for 
0 < x < x, and turbulent for x > x t . For 
the laminar region the local Nusselt 
number is determined analytically using 
(5.36) or (5.37). In the turbulent region 
the local Nusselt number is [2] 


x 

-> 


t T t q\ t 

Fig. 8.4 


Nu x = — = 0m0(Re x ) 415 Pr 113 . 
k 


(8-9) 


Note that surface temperature T s (x) varies along the plate. The variation is 
determined by Newton's law of cooling using the local heat transfer 
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coefficient (8.9). Properties are determined at the film temperature 
T f = ( T s + T r ) / 2, where T s is the average surface temperature. 

Example 8.1: Power Dissipated by Chips 

An array of 30x90 chips measuring 0.4cm x 0.4 cm each are mounted 
flush on a plate. Surface temperature of the chips is T s = 76°C. The array 
is cooled by forced convection of air 
at T f . = 24° C flowing parallel to the 
plate with a free stream velocity V x = j/ 

35 m/s. Determine the dissipated — 
power in the array. 

(1) Observations, (i) This is a forced convection problem over a flat plate, 
(ii) Surface temperature is uniform. (iii) The average heat transfer 
coefficient and Newton’s law of cooling give the heat transfer rate from the 
surface to the air. (iv) The Reynolds number at the trailing end should be 
calculated to determine if the flow is laminar, turbulent or mixed. 

(2) Problem Definition. Find the average heat transfer coefficient for 
flow over a semi-infinite flat plate. 

(3) Solution Plan. Apply Newton's law of cooling to determine the heat 
transfer from the surface to the air. Calculate the Reynolds number to 
establish if the flow is laminar, turbulent or mixed. Use an analytic 
solution or a correlation equation to determine the average heat transfer 
coefficient. 

(4) Plan Execution. 

(i) Assumptions. (1) Continuum, (2) Newtonian, (3) steady state, (4) 
constant properties, (5) uniform upstream velocity and temperature, (6) 
uniform surface temperature, (7) negligible plate thickness, (8) negligible 
edge effects, (9) all dissipated power in chips is transferred to the air by 
convection, (10) no radiation, and (11) the array is oriented with its short 
side facing the flow. 

(ii) Analysis. Applying Newton’s law of cooling to the surface of the 
array gives 

P = q T =hA(T s -T m ), (a) 

where 

A = surface area 

h = average heat transfer coefficient, W/nr-°C 
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P = power dissipated by the chips, W 

q T = total heat transfer from surface = power dissipated in array, W 
T s = surface temperature = 76°C 
T cf . = free stream temperature = 24°C 

To determine h it is necessary to establish if the flow is laminar, turbulent 
or mixed. This is determined by calculating the Reynolds number at the 
trailing end of the array. Re L , and comparing it with the transition 
Reynolds number, Re Xf . These two numbers are defined as 

Re L = — • <b) 

V 

and 

Re Xt = — = 5xl0 5 , (c) 

v 

where 

L = length of array = 90(chips)x0.4(cm/chip) = 36 cm = 0.36 m 
V r/ _ = free stream velocity = 35 m/s 

V = kinematic viscosity of air, m 2 /s 

Properties are evaluated at the film temperature Tf given by 

T f = (T s + T x )/2 = (76 + 24)(°C)/2 = 50°C 

Air properties at this temperature are 

£ = 0.02781 W/m-°C 
Pr = 0.709 

V = 17.92 x 10^ 6 m 2 /s 
Substituting into (b) 

35(m/s)0.36(m) =lmMf) s 
17.92 x 10 _6 (m 2 /s) 

Comparing this with the transition Reynolds number shows that the flow is 
turbulent at the trailing end. Therefore, the flow is mixed over the array and 
the average heat transfer coefficient is given by equation (8.7b) 

h=j{o.664(Re X( ) m + 0.037 [(itej 4/5 - {Re Xf ) 4/5 ] }(Pr) 1/3 . (d) 
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This result is limited to the assumptions leading to Pohlhausen’s solution 
and the range of Pr and Re x given in (8.4b). 

(iii) Computations. The area of the rectangular array is 

A = 30(chips)x0.4(cm/chip)x90(chips)0.4(cm/chip) = 432 cm 2 
= 0.0432 m 2 

Equations (c) and (d) give h 

- = 0.02781 W/m- C) | Q 664(5x 1Q 5 } l /2 +0 .037[(7.031x 10 5 ) 4/5 -(5x 10 5 ) 4/5 1(0.703) 1/3 } 
0.36(m) ' L 

h = 61.3 W/m 2 -°C 
Substituting into (a) 

P= q T = 61.3(W/m 2 -°C) 0.0432(m 2 ) (76 - 24)(°C) = 137.7 W 

(iv) Checking. Dimensional check : Computations showed that 
equations (a), (b) and (d) are dimensionally consistent. 

Quantitative check : The calculated value of h is within the range given in 
Table 1.1 for forced convection of gases. 

(5) Comments, (i) Pohlhausen’s solution (4.72b) for laminar flow and 
correlation equation (8.4a) for turbulent flow were used to solve this 
problem. The solution is limited to all the assumptions and restrictions 
leading to these two equations. 

(ii) More power can be dissipated in the array if the boundary layer is 
tripped at the leading edge to provide turbulent flow over the entire array. 
The corresponding heat transfer coefficient can be obtained by 
setting Re Xf = 0 in equation (d) 

Mil = — = 0 .031 Re L 415 Pr m . 

k 

Solving for h 

h = °- 02781 ( W/m ~ C> (0.037)(7.031 x 10 5 ) 4/5 0.709 1/3 = 121.3 W/m 2 -°C 
0.36(m) 


Substituting into (a) 
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P = q T = 121.3(W/m 2 — 0 C)0.0432(m 2 )(76 - 24)(° C) = 272.5 W 

Thus, turbulent flow over the entire array almost doubles the maximum 
dissipated power. 


8.5.2 External Flow Normal to a Cylinder 

Fig.8.5 shows forced convection normal to a 
cylinder. Since the flow field varies in the 
angular direction 6, the heat transfer coefficient 
h also varies with 0. An equation which 
correlates the average heat transfer coeffi¬ 
cient h over the circumference is given by [3] 



Nu d 


hD 

k 


Valid for: 


0.3 + 


0.62 Re l D 2 Pr m 


1 + 


f \ 2n 
\ Pr j 


1/4 


1 + 


Re 


. 5/8 


D 


282,000 


4/5 


(8.10a) 


flow normal to cylinder 
Pe = Re D Pr > 0.2 
properties at 7+ 


(8.10b) 


where Reo is the Reynolds number based on diameter and Pe is the Peclet 
number defined as the product of the Reynolds and Prandtl numbers. For 
Pe < 0.2, the following is used [4] 


Valid for: 


Nil D 


hD _ 1 

k 0.8237 - O.SXnPe 


flow normal to cylinder 
Pe = Re D Pr < 0.2 
properties at T f 


(8.11a) 


(8.11b) 


Equations (8.10) and (8.11) may also be applied to cylinders with uniform 
flux. 
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8.5.3 External Flow over a Sphere 

The average Nusselt number for the flow over a sphere is given by [5] 


Nu d 


Valid for: 


— = 2 + [0.4i?4 /2 + 0.06i?4 /3 ]Pr° 4 (-^) 4 . ( 8 . 12 a) 


flow over sphere 
3.5 > Re D > 7.6xl0 4 
0.71 < Pr < 380 
1 < ju/ ju s < 3.2 
properties at T r/J , // v at T s 


(8.12b) 


8.6 Internal Forced Convection Correlations 

In Chapter 6 , analytic determination of the heat transfer coefficient is 
presented for a few laminar flow cases. We will now present correlation 
equations for the entrance and fully developed regions under both laminar 
and turbulent flow conditions. The criterion for transition from laminar to 
turbulent flow is expressed in terms of the Reynolds number Re D , based on 
the mean velocity u and diameter D. The flow is considered laminar for 
Re D < Re Df , where 

Re Dt = ^“ 7 “ ~ 2300. (8.13) 

Properties for internal flow are generally evaluated at the mean tempera¬ 
ture T m . 

8.6.1 Entrance Region: Laminar Flow through Tubes at Uniform 
Surface Temperature 

In considering heat transfer in the entrance region of tubes and channels, 
we must first determine if both velocity and temperature are developing 
simultaneously or if the velocity is already fully developed but the 
temperature is developing. This latter case is encountered where the heat 
transfer section of a tube is far away from the flow inlet section. 
Correlations for both cases will be presented for laminar flow in tubes at 
uniform surface temperature. 

(1) Fully Developed Velocity, Developing Temperature: Laminar Flow. 

This case is encountered where the velocity profile develops prior to 
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entering the thermal section as 
shown in Fig. 8.6. This problem 
was solved analytically using 
boundary layer theory. Flowever, 
the form of the solution is not 
convenient to use. Results are 
correlated for the average Nusselt 
number for a tube of length L in 
the following form [6]: 



— hD „ „ 0.0668 (D/L)Re D Pr 

Nu d = -= 3.66 +----—--. 

k 1 + 0.04 [(D/L)Re D Pr] 2/3 


(8.14a) 


Valid for: . “ , 

entrance region ot tube 

uniform surface temperature T s 

fully developed laminar flow (Re D < 2300) 

developing temperature 

properties at T m = (T mi +T mo )l2 


(8.14b) 


where T mi and T mo are the mean temperatures at the inlet and outlet, 
respectively. 


(2) Developing Velocity and Temperature: Laminar Flow. A correla¬ 
tion equation for this case is given by [5, 7] 


Valid for: 


Nu d 


hD 

k 


\M[(D/L) RejjPr'i ' 



0.14 


entrance region of tube 
uniform surface temperature T s 
laminar flow ( Re D < 2300) 
developing velocity and temperature 


0.48 < Pr < 16700 
0.0044 < < 9.75 



Pr 



0.14 

>2 


properties at T m = (T ml + T mo )l2, ju s at T s 


(8.15a) 


(8.15b) 
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Example 8.2: Force Convection Heating in a Tube 

Water enters a tube with 
a uniform velocity u = 

0.12 m/s and uniform 
temperature T mi = 18°C. 

The surface of the tube is 
maintained at T s = 72°C. The tube diameter is D = 1 cm and its length is L 
= 1.5 m. Determine the heat transfer rate to the water. 

(1) Observations, (i) This is an internal flow problem through a tube at 
uniform surface temperature, (ii) Both velocity and temperature are 
developing, (iii) Entrance effects can be neglected if the tube is much 
longer than the developing lengths L h and L t . (iv) The Reynolds number 
establishes if the flow is laminar or turbulent, (v) Heat transfer to the water 
can be calculated if the outlet temperature is known. 

(2) Problem Definition. Determine the outlet water temperature. 

(3) Solution Plan, (i) Apply conservation of energy to the water to 
determine the rate of heat transfer q s . (ii) Calculate the Reynolds number. 

(iii) Determine the hydrodynamic and thermal entrance lengths to establish 
if this is an entrance or fully developed flow problem. 

(4) Plan Execution 

(i) Assumptions. Anticipating the need to apply conservation of energy 
and to determine the heat transfer coefficient, the following assumptions 
are made: (1) Continuum, (2) negligible changes in kinetic and potential 
energy, (3) constant properties, (4) steady state, (5) no energy generation 
( q" = 0 ), (6) negligible axial conduction ( Pe > 100, to be verified), (7) 
axisymmetric flow, and (8) uniform surface temperature. 

(ii) Analysis. Application of conservation of energy to the water 
between the inlet and outlet gives 

Os ~ mc p (T mo — T mi ), (a) 

where 

c p = specific heat, J/kg-°C 

m = mass flow rate, kg/s 

q s = rate of heat transfer to water, W 

T mi = inlet temperature = 18°C 

T mo = T m (L ) = outlet temperature, °C 
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The mass flow rate is given by 

punD 2 


where 

D = tube diameter = 1 cm = 0.01 m 
u = mean velocity = 0.12 m/s 
p = density, kg/m’ 

Properties of water are evaluated at T m , defined as 


(b) 


T m = (T mi + T mo )/2. 


(c) 


The mean fluid temperature T m (x) at distance x from the inlet is given by 
equation (6.13). Setting x = L in (6.13) gives the outlet temperature T m (L) = 
T 

1 mo 

Ph 

T mo =T S + (T mi - T s ) exp [- — Z], (d) 

mc p 

where 

h = average heat transfer coefficient, W/m 2 -°C 
L = tube length = 1.5 m 
P = tube perimeter = kD 
T s = surface temperature = 72°C 

The problem now becomes one of finding the heat transfer coefficient h. 
The Reynolds number is determined next to establish if the flow is laminar 
or turbulent. The Reynolds number is defined as 


Re 


D 


uD 

9 

V 


(e) 


where V is the kinematic viscosity evaluated at the mean temperature T m . 
Since the outlet temperature T mo is unknown, an iterative procedure is 
required to determine T m . An assumed value for T mo is used to obtain 
approximate values for water properties needed to calculate T mo . If the 
calculated T mo is not close to the assumed value, the procedure is repeated 
until a satisfactory agreement is obtained. Assume T mo = 42°C. Equation 
(c) gives 


T m =(18 + 42) °C/2 = 30 °C 


Properties of water at this temperature are: 
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c p = 4180 J/kg-°C 
k = 0.6150 W/m-°C 
Pr = 5.42 

ju= 0.7978 x 10~ 3 kg/s-m 
V = 0.8012 x 10~ 6 m 2 /s 
p = 995.7 kg/m 3 

Substituting into equation (e) gives the Reynolds number 

R uD = 0 .12(m/s)0.01W =149?8 
v 0.8012xl0‘ 6 (m"/s) 

Since this is smaller than the transition Reynolds number ( Re’ D = 2300), the 
flow is laminar. The Peclet number is calculated to verify assumption (6) 

Pe = Re D Pr = 1497.8x5.42 = 8118 

Thus neglecting axial conduction is justified. To determine if the flow is 
developing or fully developed, the hydrodynamic and thermal entrance 
lengths, L h and L t , are calculated using equations (6.5) and (6.6) and 
Table 6.1 

L h = 0.056 DRe D = (0.056)(0.01 m)(1497.8) = 0.839 m 

L t = 0.033 DRe D Pr = (0.033)(0.01 m)(1497.8)(5.42) = 2.679 m 

Comparing these with the tube length, L = 1.5 m, shows that both velocity 
and temperature are developing. Therefore, entrance effects must be taken 
into consideration in determining/? . The applicable correlation equation 
for this case is (8.15a) 

m D = ^ = \M[(D/L) Re D Pr] l/3 {^) 0M , (f) 

where jU s is the viscosity at surface temperature T s . Before using equation 

(f), the conditions on its applicability, equation (8.15b), must be satisfied. 
Consideration is given to the 6 th and 7 th conditions in (8.15b). 

p/p s = 0.7978x 10 3 (kg^-m^/0.394x 10 3 (kg/s-m) = 2.02 


and 
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[(D/L) Re D Pr] m (£)° A4 = 


0.0 l(m) 
1.5(m) 


1/3 


(1497.8)(5.42) 


(2.02) 014 


4.17 


Therefore, all conditions listed in (8.15b) are satisfied. 


(iii) Computations. Equation (b) gives m 

995.7(kg/m 3 )0.12(m/s)(0.01) 2 (m 2 ) 

m = n -- 

4 

Equation (f) gives h 

— hD [ 0.01(m) 

Nu „ =-= 1.86 -—- 

k [_ 1.5(m) 

= 7.766 


= 0.0093 84 kg/s 


(1497.8)(5.42) 


1/3 


0.7978 xlO" 3 (Kg/s-m) 
0.394 xlO" 3 (Kg/s - m 


-i 0.14 


h = — Nu D = °- 615 ( W/m ' 7.766 = 477.6 (W/m 2 -°C) 

D 0.01(m) 


Substituting into (d) gives T mo 
T mo = 72( 0 C)-(72-18)(°C)exp 


/r477.6(W/m 2 -°C)0.01(m)1.5(m) 
0.009384 (kg/s)4180(J/kg-°C) 


= 41.6°C 

This is close to the assumed value of 42°C. Substituting into (a) gives q s 


q s = 0.009384(kg/s) 4180(J/kg-°C) (41.6 - 18)(°C) = 925.7 W 


(iv) Checking. Dimensional check : Computations showed that 
equations (a), (b) and (d)-(f) are dimensionally consistent. 

Quantitative check : (i) The calculated value of the heat transfer coefficient 
is within the range suggested in Table 1.1 for forced convection of liquids. 

(ii) To check the calculated heat transfer jute q s , assume that the water 
inside the tube is at a uniform temperature T m 

T m = (T mi + T mo ) / 2 = (18 + 41.6)°C /2 = 29.8 °C 

Application of Newton's law of cooling gives 

q s = hA(T s -T m ) = 477.6(W/m 2 -°C) /rO.Ol (m) 1.5(m) (72-29.8) (°C) 
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= 949.8 W 

This is close to the exact answer of 925.7 W. 

(5) Comments, (i) The determination of the Reynolds number is critical in 
solving this problem. 

(ii) If we jncorrectly assume fully developed flow, the Nusselt number will 
be 3.66, h =225.09 W/m-°C, T mo =30.8°C and q s = 502.1 W. This 
is significantly lower than the value obtained for developing flow. 

8.6.2 Fully Developed Velocity and Temperature in Tubes: 

Turbulent Flow 

Unlike laminar flow through tubes, turbulent flow becomes fully developed 
within a short distance (10 to 20 diameters) from the inlet. Thus entrance 
effects in turbulent flow are sometimes neglected and the assumption that 
the flow is fully developed throughout is made. This is common in many 
applications such as heat exchangers. Another feature of turbulent flow is 
the minor effect that surface boundary conditions have on the heat transfer 
coefficient for fluids with Prandtl numbers greater than unity. Therefore, 
results for uniform surface temperature are close to those for uniform 
surface heat flux. 

Because heat transfer in fully developed turbulent flow has many 
applications, it has been extensively investigated. As a result, there are 
many correlation equations covering different ranges of Reynolds and 
Prandtl numbers. Two correlation equations will be presented here. 

(1) The Colburn Equation [8]: This is one of the earliest and simplest 
equations correlating the Nusselt number with the Reynolds and Prandtl 
numbers as 

Nu d =^f- = 0.023 (Re D ) 4l5 (Pr) m . (8.16a) 

/C 

Valid for: _ 

fully developed turbulent flow 
smooth tubes 
Re D > 10 4 
0.7 < Pr <160 
LID >60 

properties at7)„ = (T mi + T mo ) / 2 


(8.16b) 
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This equation is not recommended since errors associated with it can be as 
high as 25%. Its accuracy diminishes as the difference in temperature 
between surface and fluid increases. 

(2) The Gnielinski Equation [9, 10]: Based on a comprehensive review of 
many correlation equations for turbulent flow through tubes, the following 
equation is recommended: 


Nu D 


(JI %)(Re D - 1000)TV 


\ + - 1 ) 


.2/3 


\ + (D / L) 


2/3 


(8.17a) 


Valid for: 

developing or fully developed turbulent flow 
2300 <Re D < 5 x 10 6 
0.5 < Pr < 2000 
0<D/L<\ 

properties atf m = (T mi + T mo ) / 2 


(8.17b) 


The DIL factor in equation (8.17a) accounts for entrance effects. For fully 
developed flow set DIL = 0. The friction factor f is defined as 


D Ap 
L pu 2 12 


(8.18) 


where u is the mean fluid velocity and Ap is the pressure drop in a tube 
of length L. This factor depends on the Reynolds number and surface 
finish. It is obtained from the Moody chart [11]. For smooth tubes/may 
be approximated by [12] 

/= (0.79 In Re D - 1.64) 2 (8.19) 


8.6.3 Non-circular Channels: Turbulent Flow 

Correlation equations for turbulent flow through tubes can be applied to 
non-circular channels to provide a reasonable approximation for the 
average heat transfer coefficient. In such applications the diameter D 
appearing in the correlation equations is replaced by the hydraulic or 
equivalent diameter D e defined as 
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D e = AA j f, ( 8 . 20 ) 

where A f is the flow area and P is the wet perimeter. 

8.7 Free Convection Correlations 
8.7.1 External Free Convection Correlations 

Correlation equations for several configurations are available. Some are 
based on analytical or numerical results while others are based on 
experimental data. 

(1) Vertical Plate: Laminar Flow, Uniform Surface Temperature. 

This is an important geometry since it can be used to 
model many applications. Fig.8.7 shows a vertical plate 
which is submerged in an infinite fluid at T a0 . Surface 
temperature T s is uniform. If T s > T,^ , the fluid will rise 
along the surface forming viscous and thermal boundary 
layers. The viscous boundary layer can be laminar or ^ 
turbulent. A solution to this problem was presented in x 
Chapter 7 for laminar boundary layer flow [13]. The 
following equation correlates the results for the local 
Nusselt number to within 0.5% [14] Fi g . 8.7 



A T hx 3 
Nu y = — = — 


41 2.435 + 4.884.Pr +4.9537^ 


( Ra x ) , (8.21a) 


where Ra x is the local Rayleigh number defined in (7.2) with L replaced 

by the variable x. To determine the average Nusselt number for a plate of 
lengths, equation (8.21a) is substituted into (2.50) to give the average heat 

transfer coefficient h and Nu L 



2.435 + 4.884 Pr~ + 4.953 Pr 


(Ra L ) 114 . (8.21b) 


Equations (8.21a) and (8.21b) are valid for: 
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vertical plate 

uniform surface temperature T s 

laminar, 10 4 < Ra, < 10 9 
0 < Pr < oo 
properties at TV 


(8.21c) 


(2) Vertical Plates: Laminar and Turbulent, Uniform Surface Temper¬ 
ature. A single equation which correlates experimental data for the 
average Nusselt number for laminar, transition and turbulent flow was 
developed by Churchill and Chu [15] 


Nu l 


Valid for: 


hL 

k 


0.825+ T 


0.387(7?^) 


1/6 


1 + (0.492 / Pr) 


,9/16 


8/27 


(8.22a) 


vertical plate 

uniform surface temperature T s 
laminar, transition, and turbulent 

10“‘<i?a i <10 12 
0 < Pr < co 

properties at TV 


(8.22b) 


Although (8.22a) can be applied in the laminar range, Ra L < 10 9 , better 
accuracy is obtained using (8.21b). 


(3) Vertical Plates: Laminar Flow, Uniform Surface Heat Flux. Of 

interest in this case is the determination of surface temperature 
T s (x) which varies along the plate. The local Nusselt number for laminar 
flow is given by [16] 


Nu x 


hx 

k 


Pr 


-|l/5 


,/7 - Gr x 

4 + 9Pr + 107V ' 


(8.23) 


where the local heat transfer coefficient h(x) is expressed in terms of 
surface heat flux q" s as 


h(x ) = 


T s {x)-T a ’ 


(8.24) 
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The modified Grashof number Gr x in (8.23) is defined as 


Grl = Pg “'’ -« 


kv l 


X . 


(8.25) 


Substituting (8.24) and (8.25) into (8.23) and solving for (T s - T r ), we 
obtain 

, 1/5 




.1/2 , inn.. (..2 


4 + 9Pr + lOPr 


Pr 


v 


Pg A k 


<h 


x 


. (8.26a) 


Equations (8.23) and (8.26a) are valid for: 


vertical plate 
uniform surface flux q" s 

laminar, 10 4 < Gr* x Pr < 10 9 

0 < Pr <oo 


(8.26b) 


However, properties in (8.26a) depend on surface temperature 
T s (x), which is not known a priori. A solution can be obtained using an 
iterative procedure. An assumed value for the surface temperature at the 
mid-point, T s (L / 2), is used to calculate the film temperature at which 
properties are determined. Equation (8.26a) is then used to calculate 
T s (L/2). If the calculated value does not agree with the assumed 
temperature, the procedure is repeated until a satisfactory agreement is 
obtained. 

(4) Inclined Plates: Laminar Flow, Uniform Surface Temperature. We 

consider a plate of length L which is 
tilted at an angle 9 from the vertical. 

Fig. 8.8a shows an inclined plate with 
its heated surface facing downward 
while Fig. 8.8b shows a plate with its 
cooled surface facing upward. Note 
that the flow field is identical for both 
cases and consequently the same 
solution holds for both. Note further 
that gravity component for the 
inclined plate is geos 0 while for the 



Fig. 8.8 
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vertical plate it is g. It is reasonable to use the correlation equation for the 
vertical plate, with g replaced by geos 6 . However, this approximation 
deteriorates at large values of 0. Thus equations (8.21a), (8.21b) and 
(8.22a) can be used for inclined plates with Rayleigh number modified to 


Ra x 


J3g cos 6(T S -T o0 )x 3 
a v 


This approximation is valid for: 


(8.27) 


inclined plate 

uniform surface temperature T s 

laminar, Ra L < 10 9 
0 < 0 < 60 


(8.28) 


For an inclined plate with its heated surface facing up or cooled surface 
facing down, the flow is complicated by transition and three-dimensional 
effects. Correlation equations for this case are given in [17, 18]. 

(5) Horizontal Plates: Uniform Surface Temperature. The recommend¬ 
ed correlations for the following two arrangements are [19-21]: 

(i) Heated upper surface or cooled lower surface 

Nui =0.54(i?a £ ) 1/4 , for 10 5 < Ra L <2xl0 7 , (8.29a) 

m L = 0A4(Ra L ) 113 , for 2xl0 7 < Ra L <3xl0 10 . (8.29b) 


Valid for: 


horizontal plate 

hot surface up or cold surface down 
properties, except /?, at Tj 

P at Tj' for liquids, for gases 


(8.29c) 


(ii) Heated lower surface or cooled upper surface 


Nu l = 0.2l(Ra L ) 114 , for 3 x 10 5 < Ra L < 3 x 10 10 , (8.30a) 


Valid for: 





8.7 Free Convection Correlations 315 


horizontal plate 

hot surface down or cold surface up 
properties, except /?, at jy 

P at Tf for liquids, T m for gases 


(8.30b) 


Properties in equations (8.29) and (8.30) are determined at the film 
temperature Tf. The characteristic length L is defined as [18] 


^ _ surface area 
perimeter 


(8.31) 


Although equations (8.29) and (8.30) are for uniform surface 
temperature, they are applicable to uniform surface flux. In this case 
the flux is specified while surface temperature is unknown. Surface 
temperature is determined following the procedure used in vertical 
plates at uniform flux, described in case (3) above. 

(6) Vertical Cylinders. Correlation equations for vertical plates can be 
applied to vertical cylinders if the effect of boundary layer curvature is 
negligible. This approximation is valid if the thermal boundary layer 
thickness S t is small compared to the diameter of the cylinder D. The 
condition for 5 t /D « 1 is 


f > (^F’ for/v " 1 ' (832) 


(7) Horizontal Cylinders. This case has many 
engineering applications such as heat loss from 
steam pipes, refrigeration lines and fins. Fig. 8.9 
shows free convection over a horizontal cylinder. 
Due to flow asymmetry, the local heat transfer 
coefficient varies along the circumference. The 
following equation correlates the average Nusselt 
number for a wide range of Rayleigh numbers [22] 



♦ 

g 


Fig.8.9 


Nu d 


hD 


(0.60 + 


0.387 (Ra D ) V6 


1 +(0.559 /Pr) 9116 

8/27 


k 


(8.33a) 
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Valid for: 


horizontal cylinder 
uniform surface temperature or flux 
l(T 5 <fta D < 10 12 
properties at Tf 


(8.33b) 


Note that the characteristic length in the Rayleigh number is the diameter/) 
of the cylinder. 


(8) Spheres. The average Nusselt number for a sphere is given by [23] 


Valid for: 


tt hD 
Nu d = — 


= 2 + - 


0.58 9{Ra D ) 


1/4 


1 + 


0 . 469^1 
Pr J 


9/16 


4/9 


sphere 

uniform surface temperature or flux 
Ra D < 10 11 
Pr > 0.7 
properties at Tj- 


8.34a) 


(8.34b) 


Example 8.3: Free Convection Heat Loss from a Window 

Estimate the heat loss to a 2.5 m high and 1.25 m wide glass window. The 
average inside surface temperature is 7°C. Room air temperature is 23°C. 
Room surroundings is at 28°C and window surface 
emissivity £ = 0.87. 

(1) Observations, (i) Heat transfer to the inside 
surface of the window is by free convection and 
radiation, (ii) The problem can be modeled as a 
vertical plate at uniform surface temperature, (iii) 

Newton’s law of cooling gives the heat transfer 
rate, (iv) The Rayleigh number should be checked 
to establish if the flow is laminar or turbulent, (iiv) 

Stefan-Boltzmann relation (1.12) can be used to 
estimate radiation heat loss. 
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(2) Problem Definition. Determine the average free convection heat 
transfer coefficient h for a vertical plate at uniform surface temperature. 

(3) Solution Plan, (i) Apply Newton's law of cooling, (ii) Use a free 
convection correlation equation for an isothennal vertical plate to 
determine the heat transfer coefficient. Apply Stefan-Boltzmann relation 
(1.12) to estimate radiation heat rate. 

(4) Plan Execution. 

(i) Assumptions. (1) Continuum, (2) vertical plate, (3) unifonn surface 
temperature, (4) quiescent ambient air, (5) negligible edge effects, (6) 
window is small compared to room, and (7) ideal gas. 

(ii) Analysis. The total heat transfer rate q is given by 

q = q c + q r » ( a ) 


where q c and q r are heat transfer rates by convection and radiation, 
respectively. Newton's law of cooling q c 

q c =hA(T a: -T s ), (b) 

where 

A = surface area of glass = 2.5(m)xl.25(m) = 3.125 m 2 
h = average heat transfer coefficient, W/m 2 -°C 
T s = surface temperature = 7°C = 280.15 K 
Do = room air temperature = 23°C = 296.15 K 

Radiation heat rate is determined using Stefan-Boltzmann relation (1.12) 

q r = £<J A(T s 4 ur -T s 4 ), ( c ) 

where 

T sur = surroundings temperature = 28°C = 301.15 K 
s = emissivity = 0.87 
<r = 5.67 x 10 8 W/m 2 -K 4 


The Rayleigh number is calculated to determine the appropriate correlation 
equation for the average heat transfer coefficient h . The Rayleigh number 
is defined as 


Ra L 


MkzlsKpr 

T72 


(d) 


where 
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g = gravitational acceleration = 9.81 m/s 2 

L = length scale in the direction of gravity = 2.5 m 

Pr = Prandtl number 

/? = coefficient of thermal expansion, 1/K 

V = kinematic viscosity, m 2 /s 

Air properties are evaluated at the film temperature Tj defined as 
T f = ( T s + 7)J/2 = (7°C + 23°C)/2 = 15°C 

Air properties at this temperature are 

k = 0.02526 W/m-°C 
Pr = 0.7145 
v = 14.64 x 1(T 6 nr/s 


For an ideal gas ft is given by 



where 7} in this equation is in degrees kelvin. Thus 


(e) 


p = 1/(15 + 273.15)K = 0.003471/K 
Substituting into (d) 

_ 0.00347(l/K)9.81(m/s 2 )(23 - __ 2gm x 

(14.64 xl0“ 6 ) 2 (m 4 /s 2 ) 


Thus the flow is turbulent and the appropriate correlation equation is 
(8.24a) 


Nu l 


hL 

k 


0.825 + T 


0.387 (Ra L ) 


1/6 


1 + (0.492 /Pr) 


9/16 


8/27 


(f) 


The conditions for the applicability of (f), listed in (8.24b) must be 
satisfied. 

(iii) Computations. Equation (f) gives 


Nu l 


hL 

k 


0.825 + 


0.387(28.373xl0 9 ) 1/6 


1 +(0.492/0.7145) 


9/16 


8/27 


} =351.57 
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h - 3M.57x0.02S26(W/m-°C) _ 3 J5 WAnl 
2.5(m) 

Substituting into (b) gives 

g c = 3.55(W/nr-°C) 3.125(m 2 ) (23-7)(°C) = 177.5W 
Equation (c) gives radiation heat loss 

q r = 0.87(5.67 x 10~ 8 )(W/m 2 -K 4 )3.125(m 2 )x 

[(301.15) 4 (K 4 ) — (280.15) 4 (K 4 )]= 318.4W 
Total heat loss to the window is 

q = 177.5 W + 318.4 W = 495.9 W 

(iv) Checking. Dimensional check : Computations show that equations 
(b), (c), (d) and (f) are dimensionally consistent. 

Quantitative check : The magnitude of h is in line with typical free 
convection values for air given in Table 1.1. 

Validity of correlation equation (8.26a): Conditions listed in equation 
(8.24b) are satisfied. 

(5) Comments, (i) Radiation heat loss is very significant. It accounts for 
64% of the total heat loss. 

(ii) The use of the simplified radiation model of equation (1.12) is justified 
since the window has a small area compared to the walls, floor and ceiling 
of the room. 

(iii) No information on the glass thickness and outside heat transfer 
coefficient is needed to solve this problem because the inside surface 
temperature is given. 

8.7.2 Free Convection in Enclosures 

Examples of free convection in enclosures are found in double-glazed 
windows, solar collectors, building walls, concentric cryogenic tubes and 
electronic packages. A fluid in an enclosed space experiences free 
convection if the walls of the enclosure are not at a uniform temperature. A 
buoyancy force causes the fluid to circulate in the enclosure transferring 
heat from the hot side to the cold side. If buoyancy forces are not large 
enough to overcome viscous forces, circulation will not occur and heat 
transfer across the enclosure will essentially be by conduction. Heat flux 
due to circulation is determined from Newton’s law 
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q" = h(T h —T c ), 


(8.35) 


where h is the heat transfer coefficient, T c and T h are the cold and hot 
surface temperatures. The heat transfer coefficient is obtained from Nusselt 
number correlation equations. Such equations depend on configuration, 
orientation, geometric aspect ratio, Rayleigh number Ra / , and Prandtl 
number/ 5 /'. We will consider selected common examples. 


(1) Vertical Rectangular Enclosures. Consider a 
rectangular cavity with one side at 7} 3 and the 
opposite side at T c , shown in Fig. 8.10. The top and 
bottom surfaces are insulated. The fluid adjacent to 
the hot surface rises while that near the cold wall 
falls. This sets up circulation in the cavity resulting 
in the transfer of heat from the hot to the cold side. 
Boundary layers fonn on the side walls while the core 
remains stagnant. The aspect ratio L / 8 is one of the 
key parameters governing the Nusselt number. 
Another parameter is the Rayleigh number based on 
the spacing 8 and defined as 



8 

Fig. 8.10 


Ra s = 


pg{T h -T c )8 3 

K 2 


(8.36) 


For 1 < L / S < 40, the following correlation equations are recommended 
[24-26], 


— h8 

Nus =-= 0.18 

k 


Pr 


0.2 + Pr 


-Ra , 


0.29 


(8.37a) 


Valid for 


vertical rectangular enclosure 

1 < — < 2 
8 

10“ 3 < Pr < 10 5 

Pr -I 

- Ra s >10 3 

0.2 + Pr d 

properties at T = ( T c +T h )/2 


(8.37b) 
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(2) Horizontal Rectangular Enclosures. Fig. 8.11 shows a horizontal 
enclosure heated from below. At low Rayleigh numbers the fluid remains 
stagnant and heat transfer through the cavity is by conduction. At a critical 
value of the Rayleigh number, Rag c , a cellular flow pattern develops. This 
Rayleigh number is given by 


Ra Sc = 1708. 

The Nusselt number for cellular flow is 
given by [27] 


_ £ ^ C 

* |QQQQI 1* 

^ T h 


Fig. 8.11 


Nus = — = 0.069^ ] 1/3 [Pr] 0074 
k 

Valid for 

horizontal rectangular enclosure 
heated from below 

3xl0 5 <Ra s < 7 x 10 9 

properties at T = (T c + T h )/ 2 

(3) Inclined Rectangular Enclosures. 

An important application of this geometry is solar collectors. To maximize 
solar energy absoiption the collector is tilted an angle 0 from the 
horizontal, as shown in Fig. 8.12. However, 
energy is lost from the collector to the ambient 
air due to convection. To estimate this loss it 
is necessary to determine the heat transfer 
coefficient in the collector’s enclosure. 

Correlation equations for the Nusselt number 
depend on the aspect ratio LI 8 and 
inclination angle#. For 0° < 0 < 90° the 
lower surface is heated and the upper surface 
is cooled. This relationship is reversed for Fig. 8.12 

90° < 9 < 1 80°. Within 0° < 9 < 90 0 the 
average Nusselt number passes through a 
minimum value at a critical angle 6 c which 
varies with aspect ratio according to Table 8.1. 

Due to the changing flow pattern with 




(8.41a) 

(8.41b) 
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inclination and aspect ratio, a single correlation equation is not available. 
The following equations are recommended (28-31): 


Nus = — = 1+1.44| 
k 


1 -- 


1708 


Rag cos 9 


1 - 


1708(1.8 sin 6) 
Rag cos 6 


1.6 


(Rag cos 6) 
18~ 


1/3 


-1 


Valid for 


inclined rectangular enclosure 
L/S >12 
0 <6 < 0 C 

set [ ] * = 0 when negative 
properties at T = (T c + T h )/2 


(8.42a) 


(8.42b) 


- y — 

Nus = — = Nus( 0°) 

k 


Nus ^ (90 ° > ( s in q >0.25 

Nu S (0°) 


0/e r 


(8.43a) 


Valid for 


inclined rectangular enclosure 
L/S< 12 

o < e < e c 

properties at T = (T c + T h ) / 2 


(8.43b) 


Nus = — = Nus (90°) [sin 0] 0 25 . (8.44a) 

k 

Valid for 

inclined rectangular enclosure 
all L/S 

e c <0< 90° 

properties at T = (T c + T h ) / 2 


(8.44b) 






324 8 Correlation Equations: Forced and Free Convection 


Valid for 


— hS , 
k 


Nu s { 90°)-1 


sin#. 


inclined rectangular enclosure 
all LIS 

90°< 0 < 180° 

properties at T = (T c +T h )/2 


(8.45a) 


(8.45b) 


Example 8.4: Advertising Display 

A proposed device for an advertising 
display is based on observing fluid 
circulation in a rectangular enclosure. The 
idea is to fill the enclosure with colored 
water and many small reflective particles 
of the same density as water. The particles 
move with the fluid providing visual 
observation of the flow patterns. The enclosure is 70 cm long, 5 cm wide 
and 70 cm deep. The heated side is to be maintained at 27° C and the cold 
side at 23° C. The design allows the inclination angle 9 of the cavity to be 
varied from 0° to 180°. Estimate the power requirement for the device 
when the inclination angle is 30°. 

(1) Observations, (i) Power requirement is equal to the heat transfer rate 
through the enclosure, (ii) The problem can be modeled as an inclined 
rectangular cavity at specified hot and cold surface temperatures, (iii) 
Newton’s law of cooling gives the heat transfer rate, (iv) The aspect ratio 
and critical inclination angle should be computed to determine the 
applicable correlation equation for the Nusselt number. 

(2) Problem Definition. Determine the average free convection heat 
transfer coefficient h for an inclined rectangular enclosure. 

(3) Solution Plan, (i) Apply Newton's law of cooling, (ii) Compute the 
aspect ratio and critical inclination angle. Select an appropriate Nusselt 
number correlation equation for convection in an inclined rectangular 
cavity. 

(4) Plan Execution. 
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(i) Assumptions. (1) Continuum, (2) uniform hot and cold surface 
temperatures, (3) insulated top and bottom surfaces, (4) negligible radiation 
and (5) properties of the water-particles mixture are the same as those of 
water. 

(ii) Analysis. Newton's law of cooling gives 


P = q = hA(T h -T c ), (a) 

where 

A = surface area of rectangle = 0.7(m)x0.7(m) = 0.49 m 2 

h = average heat transfer coefficient, W/m 2 -°C 

P = power requirement, W 

q = heat transfer rate through cavity, W 

T h = hot surface temperature = 27°C 

T c = cold surface temperature = 23°C 

The aspect ratio is defined as 

L 

aspect ratio = —, (b) 

8 

where 

L = length of rectangle = 0.7 m 
8 = width of rectangle = 0.05 m 
Equation (b) gives 
L _ 0.7(m) _ H 
8 0.05(m) 

According to Table 8.1, the critical angle is 0 C = 70° . Since LI8 >12 
and 0 <9 <6 c , it follows that the applicable correlation equation for the 
Nusselt number is 


Nug 


hS 


= 1 + 1.44 


1708 

Rag cost? 


1 1708(1.8sin6>) 1 - 6 

+ , 

(Rag cos0) 1/3 

Rag cos 6 


18 


8.42a) 


The Rayleigh number is defined as 


Rag = 


f]g(T h -T c y 


Pr , 


(c) 


where 
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g = gravitational acceleration = 9.81 m/s 2 
Pr = Prandtl number 
ft- coefficient of thermal expansion, 1/K 
v = kinematic viscosity, m 2 /s 

Water properties are evaluated at the film temperature T defined as 

T = (T h+ T c )/ 2. (d) 

(iii) Computations. Equation (d) gives 

f= (27 + 23 X °C) 

2 

Properties of water at this temperature are: 

k = thermal conductivity = 0.6076 W/m-° C 
Pr = 6.13 

ft — 0.259 x 10~ 3 1/K 
y = 0.8933 xl0 _6 m 2 /s 
Substituting into (c) 

0.259 x 10 _3 (l/K)9.81(m/s 2 )(27 - 23)(° C)(0.05) 3 (m 3 ) 

a —o 6.13 

(0.8933 xl0“ 6 ) 2 (m 4 /s 2 ) 

= 9.75898 xlO 6 
Substituting into (8.42a) 


— h & 

Nu 5 = -= 1 + 1.44| 

k 


1 - 


1708 


9.75898 x10 6 cos30° 


1 - 


1708(1.8sin30°) 1,6 
9.75898 x IQ 6 cos30° 


(9.75898 x10 6 cos30) 1/3 
18 


-1 


= 12.755 


h = 12.755— = 12.755——————————^ = 155 W/m 2 -°C 

5 0.05(m) 

Equation (a) gives the required power 

P = 155(W/m 2 -°C)(0.49)(m 2 )(27 - 23)(°C) = 303.8 W 
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(iv) Checking. Dimensional check : Computations showed that the 
Nusselt number and Rayleigh number are dimensionless. 

Quantitative check : The magnitude of h is in line with typical free 
convection values for liquids given in Table 1.1. 

Validity of correlation equation (8.42a): Conditions listed in equation 
(8.42b) are satisfied. 

(5) Comments, (i) If the device is to be used continuously, the estimate 
power requirement is relatively high. Decreasing the temperature difference 
between the hot and cold surfaces will reduce the power requirement. 

(ii) The ambient temperature plays a role in the operation of the proposed 
device. The design must take into consideration changing ambient 
temperature. 

(iii) Changing the inclination angle will change the power requirement. 


(4) Horizontal Concentric Cylinders. Fig. 8.13 
shows two long concentric cylinders. The inner 
cylinder of diameter D ; is maintained at uniform 
temperature 7). The outer cylinder of diameter D 0 is 
maintained at uniform temperature T 0 . If Ti>T 0 , 
buoyancy force sets up two flow circulation cells in 
the annular space as shown in Fig. 2.13 . Flow 
direction is reversed for T i <T a . In both cases flow 
circulation results in an enhancement of the thermal 
conductivity. The one-dimensional heat transfer rate 
per unit cylinder length, q ', is given by 



f 

q = 


27lk eff 

In (D 0 ID,) 


W-TJ ■ 


(8.46) 


Correlation equation for the effective conductivity k e ff is given by [32] 




= 0.386 


Pr * 
-Ra 


eff J 

-i 1/4 


0.861 + Pr 


where 


Ra = 


[in (A,/A)] 4 


£ J [(D f )- J,3 +(Z> 0 ) 


-3/5 


-3/5 


J Ra S- 


(8.47a) 


(8.47b) 
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Valid for 



concentric cylinders 
10 2 < Ra* < 10 7 
properties at T = (T ; +T 0 )I2 


(8.47c) 


(8.47d) 


8.8 Other Correlations 

In the previous sections, correlation equations have been presented for 
limited processes and configurations. It should be emphasized that the 
above treatment is highly abridged. There are many other correlation 
equations for topics such as condensation, boiling, high speed flow, jet 
impingement, dissipation, liquid metals, enhancements, finned geometries, 
irregular geometries, micro-gravity, non-Newtonian fluids, etc.. Some are 
found in textbooks, others in handbooks and journals. 
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PROBLEMS 


8.1 Water at 120°C boils inside a channel with a flat surface measuring 
45cmx 45 cm. Air at 62 


m/s and 20°C flows over 
the channel parallel to the 
surface. Determine the 
heat transfer rate to the air. 
Neglect wall resistance. 


V 


air 

T 


water 


water 


8.2 


8.3 


Steam at 105°C flows inside a specially designed narrow channel. 
Water at 25°C flows over the channel with a velocity of 0.52 m/s. 
Assume uniform outside surface temperature T s =105 °C. 


[a] Determine surface heat flux at 20 
cm and 70 cm down-stream from the 
leading edge of the channel. 

[b] Determine the total heat removed by 
the water if the length is L = 80 cm and 
the width is W- 100 cm. 

Electronic components are mounted on 
one side of a circuit board. The board is 
cooled on the other side by air at 23°C 
flowing with a velocity of 10 m/s. The 
length of the board is L = 20 cm and its 
width is W = 25 cm. Assume uniform 
board temperature. 
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[a] Determine the maximum power that can be dissipated in the 
package if surface temperature is not to exceed 77°C. Assume that all 
dissipated power is conducted through the plate to the air. 

[b] To increase the maximum power without increasing surface 
temperature, it is recommended that the boundary layer be tripped to 
turbulent flow very close to the leading edge. Is this a valid 
recommendation? Substantiate your view. 

8.4 Water at 15°C flows with a velocity of 0.18 m/s over a plate of length 
L = 20 cm and width W = 25 cm. Surface temperature is 95°C. 
Determine the heat transfer rate from the leading and trailing halves 
of the plate. 

8.5 A chip measuring 5minx 5mm is placed flush on a flat plate 18 cm 
from the leading edge. The chip 
is cooled by air at 17°C flowing 
with a velocity of 56 m/s. Deter¬ 
mine the maximum power that 
can be dissipated in the chip if its 
surface temperature is not to 
exceed 63°C. Assume no heat loss 
from the back side of the chip. 

8.6 A 1.2 m x 1.2 m solar collector is 
mounted flush on the roof of a 
house. The leading edge of the 
collector is located 5 m from the 
leading edge of the roof. Estimate 
the heat loss to the ambient air on 
a typical winter day when wind speed parallel to the roof is 12 m/s 
and air temperature is 5°C. Outside collector surface temperature is 
estimated to be 35°C. 

8.7 Water at 20°C flows over a rectangular plate of length L= 1.8 m and 
width W= 0.3 m. The upstream velocity is 0.8 m/s and surface 
temperature is 80°C. Two orientations are considered. In the first 
orientation the width W faces the flow and in the second the length L 
faces the flow. Which orientation should be selected to minimize 
heat loss from the plate? Determine the heat loss ratio of the two 
orientations. 

8.8 100 flat chips are placed on a 10 cm x 10 cm circuit board and 
cooled by forced convection of air at 27°C. Each chip measures 
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lcmxlcm and dissipates 0.13 W. The maximum allowable chip 
temperature is 83°C. Free stream air velocity is 5 m/s. Tests showed 
that several chips near the trailing end of the board exceeded the 
allowable temperature. Would you recommend tripping the 
boundary layer to turbulent flow at the leading edge to solve the 
overheating problem? Substantiate your recommendation. 

8.9 Water at 27°C flows normally over a tube with a velocity of 4.5 m/s. 
The outside diameter of the tube is 2 cm. Condensation of steam 
inside the tube results in a uniform outside surface temperature of 
98°C. Determine the length of tube needed to transfer 250,000 W of 
energy to the water. 

8.10 A proposed steam condenser design for marine applications is based 
on the concept of rejecting heat to the surrounding water while a boat 
is in motion. The idea is to submerge a steam-carrying tube in the 
water such that its axis is normal to boat velocity. Estimate the rate 
of steam condensation for a 75 cm long tube with an 
outside diameter of 2.5 cm. Assume a condensation temperature of 
90°C and a uniform surface temperature of 88°C. Ambient water 
temperature is 15°C and boat speed is 8 m/s. 

8.11 An inventive student wanted to verify the speed of a boat using heat 
transfer analysis. She used a 10 cm long electrically heated tube with 
inside and outside radii of 1.1 cm and 1.2 cm, respectively. She 
immersed the tube in the water such that its axis is normal to boat 
velocity. She recorded the following measurements: 

Water temperature = 16.5°C 

Outside surface temperature of tube = 23.5°C 

Electric energy dissipated in tube = 480 W 

Determine the speed of the boat. 

8.12 A thin electric heater is wrapped around a rod of diameter 3 cm. 
The heater dissipates energy uniformly at a rate of 1300 W/m. Air at 
20°C flows normal to the rod with a velocity of 15.6 m/s. Determine 
the steady state surface temperature of the heater. 

8.13 A fluid velocity measuring instrument consists of a wire which is 
heated electrically. By positioning the axis of the wire normal to 
flow direction and measuring surface temperature and dissipated 
electric power, fluid velocity can be estimated. Determine the 
velocity of air at 25°C for a wire diameter of 0.5 mm, dissipated 
power 35 W/m and surface temperature 40°C. 
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8.14 Students were asked to devise unusual methods for determining the 
height of a building. One student designed and tested the following 
system. A thin walled copper balloon was heated to 133°C and 
parachuted from the roof of the building. Based on aerodynamic 
consideration, the student reasoned that the balloon dropped at 
approximately constant speed. The following measurements were 
made: 

D = balloon diameter =13 cm 
M = mass of balloon =150 grams 
T f = balloon temperature at landing = 47°C 
T y = ambient air temperature = 20°C 
U = balloon velocity = 4.8 m/s 

Determine the height of the building. 

8.15 A 6 cm diameter sphere is used to study skin friction characteristics 
at elevated temperatures. The sphere is heated internally with an 
electric heater and placed in a wind tunnel. To obtain a nearly 
unifonn surface temperature the sphere is made of copper. Specify 
the required heater capacity to maintain surface temperature at 
140°C. Air velocity in the wind tunnel is 18 m/s and its temperature 
is 20°C. 

8.16 A hollow aluminum sphere weighing 0.2 kg is initially at 200°C. The 
sphere is parachuted from a building window 100 m above street 
level. You are challenged to catch the sphere with your bare hands as 
it reaches the street. The sphere drops with an average velocity of 4.1 
m/s. Its diameter is 40 cm and the ambient air temperature is 20°C. 
Will you accept the challenge? Support your decision. 

8.17 Steam condenses on the outside surface of a 1.6 cm diameter tube. 
Water enters the tube at 12.5°C and leaves at 27.5°C. The mean 
water velocity is 0.405 m/s. Outside surface temperature is 34 °C. 
Neglecting wall thickness, determine tube length. 

8.18 A 150 cm long tube with 8 nun inside diameter passes through a 
laboratory chamber. Air enters the tube at 12°C with fully developed 
velocity and a flow rate 0.0005 kg/s. Assume unifonn surface 
temperature of 25°C, detennine outlet air temperature. 

8.19 Water enters a tube with a fully developed velocity and unifonn 
temperature T mi = 18°C. The inside diameter of the tube is 1.5 cm 
and its surface temperature is unifonn at T s = 125°C. Neglecting 
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wall thickness, determine the length of the tube needed to heat the 
water to 82°C at a flow rate of 0.002 kg/s. 

8.20 Cold air is supplied to a research apparatus at a rate of 0.14 g/s. The 
air enters a 20 cm long tube with uniform velocity and uniform 
temperature of-20°C. The inside diameter of the tube is 5 mm. The 
inside surface is maintained at 30°C. Determine the outlet air 
temperature. 

8.21 Water flows through a tube of inside diameter 2.5 cm. The inside 
surface temperature is 230°C and the mean velocity is 3 cm/s. At a 
section far away from the inlet the mean temperature is 70°C. 

[a] Calculate the heat flux at this section. 

[b] What will the flux be if the mean velocity is increased by a factor 
of ten? 

8.22 Air flows through a tube of inside diameter 5 cm. At a section far 
away from the inlet the mean temperature is 30°C. At another 
section further downstream the mean temperature is 70°C. Inside 
surface temperature is 90°C and the mean velocity is 4.2 m/s. 
Determine the length of this section. 

8.23 Two identical tubes have inside diameters of 6 mm. Air flows 
through one tube at a rate of 0.03 kg/hr and through the other at a rate 
of 0.4 kg/hr. Far away from the inlets of the tubes the mean 
temperature is 120°C for both tubes. The air is heated at a uniform 
surface temperature which is identical for both tubes. Determine the 
ratio of the heat flux of the two tubes at this section. 


8.24 Two concentric tubes of diameters 2.5 cm and 6.0 cm are used as a 
heat exchanger. Air flows through the inner tube with a mean 
velocity of 2 m/s and mean temperature of 190°C. Water flows in the 
annular space between the two tubes with a mean velocity of 0.5 m/s 
and a mean temperature of 30°C. Detennine the inside and outside 
heat transfer coefficients. 


8.25 A heat exchanger consists of a tube and 
square duct. The tube is placed co¬ 
axially inside the duct. Hot water flows 
through the tube while cold water passes 
through the duct. The inside and outside 
diameters are 5 cm and 5.2 cm, 
respectively. The side of the duct is 10 
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cm. At a section far away from the inlet the mean hot water 
temperature is 90°C and the mean cold water temperature is 30°C. 
The mean hot water velocity is 1.32 m/s and the mean cold water 
velocity is 0.077 m/s. Determine the inside and outside heat transfer 
coefficient. 

8.26 In designing an air conditioning system for a pizza restaurant an 
estimate of the heat added to the kitchen from the door of the pizza 
oven is needed. The rectangular door is 50 cm x 120 cm with its 
short side along the vertical direction. Door surface temperature is 
110°C. Ambient air and surroundings temperatures are 20°C and 
24°C, respectively. Door surface emissivity is 0.08. Estimate the heat 
loss from the door. 

8.27 To compare the rate of heat transfer by radiation with that by free 
convection, consider the following test case. A vertical plate 
measuring 12cmxl2cml2 is maintained at a uniform surface 
temperature of 125°C. The ambient air and the surroundings are at 
25°C. Compare the two modes of heat transfer for surface 
emissivities of 0.2 and 0.9. 

8.28 A sealed electronic package is designed to be 
cooled by free convection. The package 
consists of components which are mounted on 
the inside surfaces of two cover plates 
measuring 10 cm x 10 cm cm each. Because 
the plates are made of high conductivity 
material, surface temperature may be assumed 
unifonn. The maximum allowable surface 
temperature is 70°C. Determine the maximum 
power that can be dissipated in the package 
without violating design constraints. Ambient air temperature is 
20°C. Neglect radiation heat exchange. 

8.29 Assume that the electronic package of Problem 8.28 is to be used in 
an undersea application. Determine the maximum power that can be 
dissipated if the ambient water temperature is 10°C. 

8.30 A plate 20 cm high and 25 cm wide is placed 
vertically in water at 29.4°C. The plate is 
maintained at 70.6°C. Determine the free 
convection heat transfer rate from each half. 




0 
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8.31 Consider laminar free convection from a 
vertical plate at uniform surface temperature. 

Two 45° triangles are drawn on the plate as 
shown. 

[a] Explain why free convection heat transfer 
from triangle 1 is greater than that from the 
triangle 2. 

[b] Determine the ratio of the heat transfer from two triangles. 

8.32 A vertical plate measuring 21 cm x 21 cm is at a uniform surface 
temperature of 80°C. The ambient air temperature is 25°C. 
Determine the free convection heat flux at 1 cm, 10 cm and 20 cm 
from the lower edge. 

8.33 200 square chips measuring 1 cm x 1 cm each 
are mounted on both sides of a thin vertical 
board measuring 10 cm x 10 cm. The chips 
dissipate 0.035 W each. Assume uniform 
surface heat flux. Determine the maximum 
surface temperature in air at 22°C. Neglect 
heat exchange by radiation. 

8.34 An apparatus is designed to determine 
surface emissivity of materials. The 
apparatus consists of an electrically 
heated cylindrical sample (disk) of 
diameter D and thickness 8. The disk is S 
insulated along its heated side and rim. > 

It is placed horizontally with its heated 
surface facing down in a large chamber 
whose surface is maintained at uniform 
temperature T sur . The sample is cooled 
by free convection and radiation from its upper surface. To determine 
the emissivity of a sample, measurements are made of the diameter 
D, electric power input P, surface temperature T s , surroundings 
temperature T sut . and ambient temperature T Vj . Determine the 
emissivity of a sample using the following data: 

D = 12 cm, 8 = 0.5 cm, P = 13.2 W, 7^ = 98°C , T sur = 27°C, 
T ao =22°C. 

8.35 It is desired to increase heat loss by free convection from a wide 
vertical plate without increasing its surface temperature. Increasing 
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the height of the plate is ruled out because of the limited vertical 
space available. It is suggested that a taller plate can be accommo¬ 
dated in the same vertical space by tilting it 45°. Explore this 
suggestion and make appropriate recommendations. Assume laminar 
flow. 

8.36 Estimate the free convection heat transfer rate from five sides of a 
cubical ceramic kiln. Surface temperature of each side is assumed 
unifonn at 70°C and the ambient air temperature is 20°C. Each side 
measures 48 cm. 

8.37 Determine the surface temperature of a single burner electric stove 
when its power supply is 75 W. The diameter of the burner is 18 cm 
and its emissivity is 0.32. The ambient air temperature is 30 °C and 
the surroundings temperature is 25 0 C . 

8.38 A test apparatus is designed to determine surface emissivity of 
material. Samples are machined into disks of diameter D. A sample 
disk is heated electrically 
on one side and allowed 
to cool off on the opposite 
side. The heated side and 
rim are well insulated. 

The disk is first placed 
horizontally in a large 
chamber with its exposed 
surface facing up. At 
steady state the exposed 
surface temperature is measured. The procedure is repeated, without 
changing the power supplied to the disk, with the exposed surface 
facing down. Ambient air temperature in the chamber is recorded. 

[a] Show that surface emissivity is given by 

s _ (T s \ -T ao )-h 2 (T s2 - Too) 

<J(T S \-T S \) 

where subscripts 1 and 2 refer to the exposed surface facing up and 
down, respectively, and 

h = average heat transfer coefficient, W/trr—°C 
T s = surface temperature, K 
T r/ = ambient temperature, K 
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<r = Stefan-Boltzmann constant, W/m“-K 4 
[b] Calculate the emissivity for the following case: 

D = 14 cm, T sl = 533 K, T sl = 573 K, T rXi = 293 K. 

8.39 A hot water tank of diameter 65 cm and height 160 cm loses heat by 
free convection. Estimate the free convection heat loss from its 
cylindrical and top surfaces. Assume a surface temperature of 50°C 
and an ambient air temperature of 20°C. 

8.40 Hot gases from a furnace are discharged through a round horizontal 
duct 30 cm in diameter. The average surface temperature of a 3 m 
duct section is 180°C. Estimate the free convection heat loss from 
the duct to air at 25°C. 

8.41 A 6 m long horizontal steam pipe has a surface temperature of 
120°C. The diameter of the pipe is 8 cm. It is estimated that if the 
pipe is covered with a 2.5 cm thick insulation material its surface 
temperature will drop to 40°C. Determine the free convection heat 
loss from the pipe with and without insulation. The ambient air 
temperature is 20°C. 

8.42 An electric wire dissipates 0.6 W/m while suspended horizontally in 
air at 20°C. Determine its surface temperature if the diameter is 0.1 
mm. Neglect radiation. 

8.43 The diameter of a 120 cm long horizontal section of a neon sign is 
1.5 cm. Estimate the surface temperature in air at 25°C if 12 watts 
are dissipated in the section. Neglect radiation heat loss. 

8.44 An air conditioning duct passes horizontally a distance of 2.5 m 
through the attic of a house. The diameter is 30 cm and the average 
surface temperature is 10°C. The average ambient air temperature in 
the attic during the summer is 42°C. Duct surface emissivity is 0.1. 
Estimate the rate of heat transfer to the cold air in the duct. 

8.45 Estimate the surface temperature of a light bulb if its capacity is 150 
W and the ambient air is at 23°C. Model the bulb as a sphere of 
diameter 9 cm. Neglect radiation. 

8.46 A sphere of radius 2.0 cm is suspended in a 
very large water bath at 25°C. The sphere is 
heated internally using an electric coil. 

Determine the rate of electric power that must 
be supplied to the sphere so that its average 
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surface temperature is 85°C. Neglect radiation. 

8.47 A fish tank at a zoo is designed to 
maintain water temperature at 4 0 C . 

Fish are viewed from outdoors 
through a glass window L = 1.8 m 
high and w = 3 m wide. The average 
ambient temperature during summer 
months is 26°C. To reduce water 
cooling load it is proposed to create an 
air enclosure over the entire window 
using a pexiglass plate. Estimate the reduction in the rate of heat 
transfer to the water if the air gap thickness is 8 = 6 cm. Neglect 
radiation. Assume that the cold side of the enclosure is at the same 
temperature as the water and the warm side is at ambient 
temperature. 

8.48 It is proposed to replace a single pane observation window with 
double pane. On a typical winter day the inside and outside air 
temperatures are =20°C and T 0 = —10°C. The inside and 
outside heat transfer coefficients are h t = W/m 2 —°C and 
h a = 37W/m 2 -°C. The height of the window is L = 0.28m and 
its width is iv = 3 m. The thickness of glass is t = 0.3 cm and its 
conductivity is k g = 0.7 W/m—°C. Estimate the savings in energy 
if the single pane window is replaced. Note that for the single pane 
window there are three resistances in series and the heat transfer rate 
qi is given by 



_ m-T 0 ) 

?1 “1 7 T 

- 1 - 1 - 

hi kg ho 

For the double pane window, two additional resistances are added. 
The width of the air space in the double pane is 8 — 3 cm. In 
determining the heat transfer coefficient in the cavity, assume that 
enclosure surface temperatures are the same as the inside and outside 
air temperatures. 

8.49 To reduce heat loss from an oven, a glass door 
with a rectangular air cavity is used. The 
cavity has a baffle at its center. Door height is 
L = 65 cm and its width is tv = 70 cm. The 
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air space thickness is 8 = 1.5 cm. Estimate the heat transfer rate 
through the door if the inside and outside surface temperatures of the 
cavity are 198° C and 42° C. 

8.50 The ceiling of an exhibit room 
is designed to provide natural 
light by using an array of 
horizontal skylights. Each unit 
is rectangular with an air gap 
8 = 6.5 cm thick. The length 
and width of each unit are L = 54 cm and w = 120 cm. On a typical 
day the inside and outside glass surface temperatures are 15° C and 
—15° C. Estimate the rate of heat loss from each unit. 

8.51 Repeat Example 8.4 using inclination angles of 0°, 60°, 90°, 120°, 
150° and 175° . Plot heat transfer rate q vs. inclination angle 0. 

8.52 A rectangular solar collector has an 
absorber plate of length L = 2.5 m and 
width w = 4.0 m. A protection cover is 
used to fonn a rectangular air enclosure 
of thickness 8 = 4 cm to provide 
insulation. Estimate the heat loss by 
convection from the plate when the 
enclosure inclination angle is 45° and 
its surfaces are at 28° C and 72° C. 

8.53 A liquid-vapor mixture at T i = — 20° C 
flows inside a tube of diameter 
Dj = 4 cm and length L = 3 m. The 
tube is placed concentrically inside 
another tube of diameter D 0 = 6 cm. 

Surface temperature of the outer tube is 
at T Q = 10°C. Air fills the annular 
space. Determine the heat transfer rate 
from the mixture. 







CONVECTION IN MICROCHANNELS 


9.1 Introduction 

Research on fluid flow and heat transfer in microchannels was partly driven 
by miniaturization of microelectronic devices. The need for efficient 
cooling methods for high heat flux components focused attention on the 
cooling features of microchannels. Microchannels are used in a variety of 
engineering and scientific applications. The inkjet printer is a classic 
example. Extensive use is found in medical applications and in mico- 
elecro-mechanical systems (MEMS) such as micro heat exchangers, 
mixers, pumps, turbines, sensors and actuators. 

9.1.1 Continuum and Thermodynamic Hypothesis 

The analysis and results of all previous chapters are based on two 
fundamental assumptions: (1) continuum, and (2) thermodynamic 
equilibrium. The continuity equation, Navier-Stokes equations, and the 
energy equation are applicable as long as the continuum assumption is 
valid. The no-velocity slip and no-temperature jump at a solid boundary, 
imposed in previous chapters, are valid as long as thermodynamic or quasi¬ 
thermodynamic equilibrium can be justified. In Chapter 1, the Rnudsen 
number was used to establish a criterion for the validity of the continuum 
and thermodynamic assumptions. The Knudsen number is defined in terns 
of the molecular mean free path A as 
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where D e is a characteristic length, such as channel equivalent diameter. 
The continuum model is valid for [ 1 ] 

Kn <0.1. (1.3a) 

Thus as channel size becomes smaller the Rnudsen number increases and 
the continuum assumption begins to fail at approximately Aj 7 = 0.1. On 
the other hand, departure from thermodynamic equilibrium leads to the 
failure of the no-velocity slip and no-temperature jump boundary 
conditions. This takes place at a much smaller Knudsen number given by 

Kn < 0.001. (1.3b) 

It should be understood that departure from continuum behavior takes place 
progressively as the Knudsen number is increased. Microchannels are 
characterized by their relatively small size. A legitimate question is, how 
small must a channel be to be classified as micro? The answer to this 
question is not obvious since the mean free path depends on the fluid as 
well as on its temperature and pressure. Noting that the mean free path of 
liquids is much smaller than that of gases, liquid flow in a small channel 
may be in the continuum domain while gas flow in the same channel may 
be outside it. Thus classification of microchannels by size is inherently 
arbitrary. 

9.1.2 Surface Forces 

As channel size becomes smaller the ratio of surface area to volume 
becomes larger. This can be illustrated for the case of a tube of diameter D 
and length f. The ratio of surface area A to volume V is 

i = = 4 ( 9 

v nD 2 LI 4 D 

Equation (9.1) shows that the smaller the diameter, the larger is A/V. 
Consequently, the role of surface forces becomes more dominant as the 
diameter decreases. As an example, for a tube with D - 1 m, equation 
(9.11) gives A/V-4 m" 1 . On the other hand, lor D — 1 jum , 
A/V = 4x 10 6 m" 1 . This represents a 10 6 fold increase in AN. Thus 
conditions at the boundaries may depart from the continuum behavior and 
take on different forms. This has important implications in the analysis of 
microchannel problems. Under certain conditions, continuum governing 
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equations for flow and energy can still be applied while boundary 
conditions must be modified. Another size effect on gas flow in 
microchannels is the increase in pressure drop in long channels. This 
results in significant density changes along channels. Consequently, unlike 
flow in macrochannels, compressibility becomes an important factor and 
must be taken into consideration. 

9.1.3 Chapter Scope 

This chapter presents an introduction to convection heat transfer in 
microchannels. To lay the foundation for the treatment of microchannel 
convection, topic classification and definitions are presented. This includes: 
distinction between gases and liquids, microchannel classification, 
rarefaction and compressibility, velocity slip and temperature jump 
phenomena. The effect of compressibility and axial conduction will be 
examined. Analytic solutions to Couette and Poiseuille flows and heat 
transfer will be detailed. Attention will be focused on convection of gases 
in microchannels. The treatment will be limited to single phase shear 
driven laminar flow between parallel plates (Couette flow) and pressure 
driven flow (Poiseuille flow) through rectangular channels and tubes. 

Although extensive research on fluid flow and heat transfer in 
microchannels has been carried out during the past two decades, much 
remains unresolved. Due to the complex nature of the phenomena, the role 
of various factors such as channel size, Reynolds number, Knudsen 
number, surface roughness, dissipation, axial conduction, and 
thermophysical properties, is not fully understood. As with all new 
research areas, discrepancies in findings and conclusions are not 
uncommon. Conflicting findings are attributed to the difficulty in making 
accurate measurements of channel size, surface roughness, pressure 
distribution, as well as uncertainties in entrance effects and the 
determination of thermophysical properties. 

9.2 Basic Considerations 

9.2.1 Mean Free Path 

The mean free path A of a fluid is needed to establish if the continuum 
assumption is valid or not. For gases, A is given by [2] 
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X = ^KrT , (9.2) 

p V 2 

where p is pressure, R is gas constant, T is absolute temperature, and // is 
viscosity. Since A is very small, it is expressed in terms of micrometers, 
// = 10 m.. This unit is also known as micron. For liquids,/! is much 
smaller than for gases. It is clear from (9.2) that as the pressure decreases 
the mean free path increases. Application of (9.2) to air at 300 K and 
atmospheric pressure (p - 101,330 N/m 2 ) gives A- 0.067/an. Properties 
and the mean free path of 
various gases are listed in 
Table 9.1. Pressure drop in 
channel flow results in an 
axial increase in A . There¬ 
fore the Knudsen number 
increases in the flow direc¬ 
tion. Upper atmospheric air 
cannot be treated as contin¬ 
uum and is referred to as 
rarefied gas due to low pressure and large A. 


Table 9.1 


gas 

R 

J/kg-K 

P 

kg'irf 

//xlO 7 

kg/s-m 

/l 

jU m 

Air 

287.0 

1.1614 

184.6 

0.067 

Helium 

2077.1 

0.1625 

199.0 

0.1943 

Hydrogen 

4124.3 

0.08078 

89.6 

0.1233 

Nitrogen 

296.8 

1.1233 

178.2 

0.06577 

Oxygen 

259.8 

1.2840 

207.2 

0.07155 


9.2.2 Why Microchannels? 


We return to the continuum, no-slip solution for laminar fully developed 
convection in tubes. For constant surface temperature, we learned in 
Chapter 6 that the Nusselt number is constant in the fully developed region. 
This is true for tubes as well as channels of other cross section geometry. 


Equation (6.57) gives 
hD 

Nu d =-= 3.657 , (6.57) 

k 

where D is diameter, h is heat 
transfer coefficient, and k is fluid 
thermal conductivity. Solving (6.57) 
for h, gives 

k 

h = 3.657 —. (9.3) 



Examination of (9.3) shows that the 
smaller the diameter, the larger the 
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heat transfer coefficient. Fig. 9.1 shows the variation of h with D for air and 
water. The conductivity k is determined at a mean fluid temperature of 
40° C. The dramatic increase in h as the diameter is decreased has 
motivated numerous studies aimed at the development of efficient cooling 
methods to maintain pace with the rapid miniaturization of microelectronic 
devices during the past three decades. Early studies have analytically and 
experimentally demonstrated the potential of microchannels for cooling 
high power density devices using water [3]. Typically, grooves are 
machined in a sink to fonn fins to 
enhance heat transfer. The heat si nk 
is attached to a substrate and forms 
flow channels as shown in Fig. 9.2. 

Due to fabrication constraints, 
microchannels usually have rectan¬ 
gular or trapezoidal cross-sections. It 
should be noted that although 
microchannels have high heat 
transfer coefficients, pressure drop 
through them increases as channel size becomes smaller. 

9.2.3 Classification 

A common classification of flow in microchannels is based on the Knudsen 
number. The continuum and thermodynamic equilibrium assumptions hold 
as long as channel size is large compared to the mean free path X. As 
channel size approaches X , flow and temperature phenomena begin to 
change. The following flow classification is recommended for gases [1]: 



Kn < 0.001 

continuum, no-slip flow 

0.001< Kn <0.1 

continuum, slip flow 

.\<Kn< 

flow 

10 < Kn 

free molecular flow 


To appreciate the classification of (9.4) attention is focused on four factors: 
(i) continuum, (ii) thermodynamic equilibrium, (iii) velocity slip, and (iv) 
temperature jump. If there is no relative velocity between the fluid and a 
surface, the condition is referred to as no-slip. Similarly, if there is no¬ 
temperature discontinuity at a surface (fluid and surface are at the same 
temperature), the condition is described as no-temperature jump. Macro- 
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scale analysis (Chapters 1-8) is based on the assumptions of continuum, 
thermodynamic equilibrium, no-velocity slip and no-temperature jump. 
These conditions are valid in the first regime of (9.4) where Kn < 0.001. 
Recall that under these conditions solutions are based on the continuity, 
Navier-Stokes equations, and energy equation. As device or channel size is 
reduced the Rnudsen number increases. At the onset of the second regime, 
Kn > 0.001, thermodynamic equilibrium begins to fail, leading to velocity 
slip and temperature jump. This requires reformulation of the velocity and 
temperature boundary conditions. Away from the boundaries the fluid 
behaves as a continuum. For most gases, failure of thermodynamic 
equilibrium precedes the breakdown of the continuum assumption. Thus, 
the Navier-Stokes equations and energy equation are still valid. As size is 
reduced further the continuum assumption fails. This occurs at Kn > 0.1, 
which is the beginning of the transition flow range. This requires 
reformulation of the governing equations and boundary conditions. 
Transition flow is characterized by total departure from thermodynamic 
equilibrium and the continuum model. It is commonly analyzed using 
statistical methods to examine the behavior of a group of molecules. As 
device size becomes an order of magnitude smaller than the mean free path, 
Kn >10, the free molecular flow mode begins. This flow is analyzed 
using kinetic theory where the laws of mechanics and thermodynamics are 
applied to individual molecules. 

It should be noted that regime limits in (9.4) are arbitrary. Furthermore, 
transition from one flow regime to another takes place gradually. In this 
chapter we will limit ourselves to the slip flow regime. 

9.2.4 Macro and Microchannels 

Since channel size has significant effect on flow and heat transfer, channels 
can also be classified according to size. However, size alone does not 
establish if the continuum assumption is valid or not. Nevertheless, 
channels that function in the continuum domain, with no velocity slip and 
temperature jump, and whose flow and heat transfer behavior can be 
predicted from continuum theory or correlation equations, are referred to as 
macrochannels. On the other hand, channels for which this approach fails 
to predict their flow and heat transfer characteristics are known as 
microchannels. It should be emphasized that for microchannels the 
continuum assumption may or may not hold. Various factors contribute to 
distinguishing microchannel flow phenomena from macrochannels. These 
factors include two and three dimensional effects, axial conduction, 
dissipation, temperature dependent properties, velocity slip and temperature 
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jump at the boundaries and the increasingly dominant role of surface forces 
as channel size is reduced. 

9.2.5 Gases vs. Liquids 

In the analysis of macro flow and heat transfer no distinction is made 
between gases and liquids. Solutions to gas and liquid flows for similar 
geometries are identical as long as the governing parameters (Reynolds 
number, Prandtl number, Grashof number, etc.) and boundary conditions 
are the same for both. This is not the case under micro scale conditions. 
The following observations are made regarding gas and liquid 
characteristics in microscale applications [4]. 

(1) Because the mean free paths of liquids are much smaller than those of 
gases, the continuum assumption may hold for liquids but fail for gases. 
Thus, despite the small size of typical MEMS applications, the continuum 
assumption is valid for liquid flows. 

(2) While the Knudsen number provides a criterion for the validity of 
thermodynamic equilibrium and the continuum model for gases, it does not 
for liquids. 

(3) The onset of failure of thermodynamic equilibrium and continuum is 
not well defined for liquids. Thus the range of validity of the no-slip, no- 
temperature jump, linearity of stress-rate of strain relation, (2.7), and 
linearity of Fourier’s heat flux-temperature relation, (1.8), are unknown. 

(4) As device size becomes smaller, surface forces become more important. 
In addition, the nature of surface forces in liquids differs from that of gases. 
Consequently, boundary conditions for liquids differ from those for gases. 

(5) Liquid molecules are much closer to each other than gas molecules. 
Thus liquids are almost incompressible while gases are compressible. 

In general, the physics of liquid flow in microdevices is not well known. 
Analysis of liquid flow and heat transfer is more complex for liquids than 
for gases and will not be considered here. 

9.3 General Features 

As channel size is reduced, flow and heat transfer behavior change 
depending on the domain of the Knudsen number in condition (9.4). 
Knudsen number effect is referred to as rarefaction. Density change due to 
pressure drop along microchannels gives rise to compressibility effects. 
Another size effect is viscous dissipation which affects temperature 
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distribution. Of particular interest is the effect of channel size on the 
velocity profile, flow rate, friction factor, transition Reynolds number, and 
Nusselt number. Consideration will be limited to the variation of these 
factors for fully developed microchannel gas flow as the Knudsen number 
increases from the continuum through the slip flow domain. 


9.3.1 Flow Rate 


^-> 1 , 

Qt 


(9.5) 


Fig. 9.3 shows the velocity profiles for fully developed laminar flow. The 
no-slip and slip profiles are shown in Fig. 9.3a and 9.3b, respectively. 
Velocity slip at the surface 
results in an increase in the 
flow rate Q as conditions 
depart from thermodynamic 
equilibrium. Thus 



(b) 


Fig. 9.3 


where subscript e refers to the experimentally determined slip flow rate and 
subscript t represents the flow rate determined from macrochannel theory 
or correlation equations. This notation will be used throughout to refer to 
other performance characteristics such as friction factor and Nusselt 
number. 

9.3.2 Friction Factor 

The friction coefficient C ,■ for channel flow is defined as 

C,= - r “ , . (4.37a) 

(1/2 )p«- m 

where T w is wall shear stress and u m is the mean velocity. For fully 
developed flow through tubes, Cj can be expressed in terms of pressure 
drop and is referred to as the friction factor f 
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where D is diameter, L is length and A p is pressure drop. Thus, 
measurements of A p can be used to determine /. For fully developed 
laminar flow in macrochannels / is independent of surface roughness. 
Furthermore, the product of / and Reynolds number is constant. That is 

f Re = Po , (9.7) 

where Po is known as the Poiseuille number. For example, for continuum 
flow through tubes, Po = 64. For rectangular channels the Poiseuille 
number depends on channel aspect ratio. For fully developed laminar flow 
in macrochannels Po is independent of Reynolds number. To examine the 
accuracy of theoretical models, the Poiseuille number has been computed 
using extensive experimental data on microchannels. Applying (9.7) to 
experimentally determined Po and normalizing it with respect to the 
theoretical value, gives 

^ = C*. (9.8) 

'/? 

When (Po)i is determined from macroscopic (continuum) theory or 
correlation equations, the departure of C * from unity represents the degree 
to which macroscopic theory fails to predict microscopic conditions. 

The behavior of / depends on the Rnudson number as well as on the 
nature of the fluid. Extensive experimental data on gases and liquids by 
several investigators have been compiled and evaluated [5-7], The 
compiled data covers a wide range of Reynolds numbers, hydraulic 

diameters, and aspect ratios. Because pressure drop in the reported 

experiments was usually measured between channel inlet and outlet, the 
computed friction factor did not always correspond to fully developed flow. 
Reported values for (J* ranged from much smaller than unity to much 
larger than unity. Nevertheless, reviewing the experimental data on friction 
factors in microchannels suggests the following preliminary conclusions: 

(1) The Poiseuille number Po appears to depend on the Reynolds number. 
This is in contrast to macrochannels where Po is independent of Reynolds 
number for fully developed flow. 

(2) Both increase and a decrease in the friction factor are reported. 

(3) The conflicting findings are attributed to the difficulty in making 
accurate measurements of channel size, surface roughness, pressure 
distribution, as well as uncertainties in entrance effects, transition to 
turbulent flow, and the determination of thermophysical properties. 
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9.3.3 Transition to Turbulent flow 

The Reynolds number is used as the criterion for transition from laminar to 
turbulent flow. In macrochannels, transition Reynolds number depends on 
cross-section geometry and surface roughness. For flow through smooth 
tubes it is given by 

/1 T~) 

Re t - -— « 2300. (6.1) 

v 

However, for microchannels, reported transition Reynolds numbers ranged 
from 300 to 16,000 [7], One of the factors affecting the determination of 
transition Reynolds number in microchannels is fluid property variation. 
Outlet Reynolds number can be significantly different from inlet. The 
effect of size and surface roughness on the transition Reynolds number is 
presently not well established. 

9.3.4 Nusselt number 

As shown in equation (6.57), the Nusselt number for fully developed 
laminar flow in macrochannels is constant, independent of Reynolds 
number. However, the constant depends on channel geometry and thermal 
boundary conditions. As with the friction factor, the behavior of the Nusselt 
number for microchannels is not well understood, resulting in conflicting 
published conclusions. Nevertheless, there is agreement that microchannel 
Nusselt number depends on surface roughness and Reynolds number. 
However, the following demonstrates the widely different reported results 
for the Nusselt number [8, 9] 

0.21<^——^-<100. (9.9) 

(- Nu) t 

Difficulties in accurate measurements of temperature and channel size, as 
well as inconsistencies in the determination of thennophysical properties, 
partly account for the discrepancies in the reported values of the Nusselt 
number. 

9.4 Governing Equations 

It is generally accepted that in the slip-flow domain, 0.001 < Kn <0.1, the 
continuity, Navier Stokes equations, and energy equation are valid 
throughout the flow field [1, 10], However, common assumptions made in 
the analysis of macrochannels require reconsideration. Macrochannel 
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solutions of Chapter 6 are based on negligible compressibility, axial 
conduction, and dissipation. 

9.4.1 Compressibility 

The level of compressibility is expressed in terms of Mach number M 
which is defined as the ratio of fluid velocity and the speed of sound. 
Incompressible flow is associated with Mach numbers that are small 
compared to unity. Compressibility in microchannel flow results in non¬ 
linear pressure drop [8, 11]. Its effect depends on Mach number as well as 
the Reynolds number [12, 13]. Friction factor increases as the Mach 
number is increased. For example, at M = 0.35 Poiseuille number ratio for 
tube flow is C* = 1.13 . On the other hand, the Nusselt number decreases 
from Nu = 3.5 at M= 0.01 to Nn = 1.1 at M= 0.1 [8], 

9.4.2 Axial Conduction 

In examining axial conduction in channel flow a distinction must be made 
between conduction in the channel wall and conduction in the fluid. In 
Section 6.6.2 fluid axial conduction in macrochannels was neglected for 
Peclet numbers greater than 100. However, microchannels are typically 
operated at low Peclet numbers where axial conduction in the fluid may be 
important. A study on laminar fully developed gas flow through micro¬ 
channels and tubes showed that the effect of axial conduction is to increase 
the Nusselt number in the velocity-slip domain [14], However, the increase 
in Nusselt number diminishes as the Knudsen number is increased. The 
maximum increase is of order 10%, corresponding to Kn = 0 . 


9.4.3. Dissipation 

To examine the role of dissipation we return to the dimensionless form of 
the energy equation (2.41a) 


£L_+—0* 

Dt* RePr Re 


(2.41a) 


where 0 * is the dissipation function and Ec is the Eckert number defined 
as 


Ec = 


V rf 


2 


c p (T s -T x ) 


(2.43) 
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Since Ec is proportional to , it can be shown that it is proportional to the 
square of Mach number, M . Thus as long as Mis small compared to 
unity, the effect of dissipation can be neglected in microchannels. 


9.5 Velocity Slip and Temperature Jump Boundary Conditions 


To obtain solutions in the slip-flow domain, fluid velocity and thermal 
conditions must be specified at the boundaries. Unlike the no-slip case, the 
velocity does not vanish at stationary surfaces and fluid temperature 
departs from surface temperature. An approximate equation for the 
velocity slip for gases is referred to as the Maxwell slip model and is given 
by [1] 


where 


u(x, 0) - n s 


2 - <j u du(x,0 ) 

- A - 

a u dn 


(9.10) 


u(x, 0) = fluid axial velocity at surface 
u s = surface axial velocity 
x = axial coordinate 

n = normal coordinate measured from the surface 
<J U = tangential momentum accommodating coefficient 

Gas temperature at a surface is approximated by [1] 


where 


T(x,0)-T s 


2-<7 t 2 y A dT(x, 0) 
c7 t 1 + y Pr dn 


(9.11) 


T(x, 0) = fluid temperature at the boundary 

T s = surface temperature 

7 = c p / c v , specific heat ratio 

<J T = energy accommodating coefficient 

The accommodating coefficients, a u and a T , are empirical factors that 
reflect the interaction between gas molecules and a surface. They depend 
on the gas as well as the geometry and nature of the impingement surface. 
Their values range from zero (perfectly smooth) to unity. Experimentally 
determined values of cr u and <J T are very difficult to obtain. Nevertheless, 
there is general agreement that their values for various gases flowing over 
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several surfaces are close to unity [15]. Two observations are made 
regarding (9.10) and (9.11): 

(1) They are valid for gases. Liquid flow through microchannels gives rise 
to different surface phenomena and boundaiy conditions. 

(2) They represent first order approximation of the velocity slip and 
temperature jump. Additional terms in (9.10) and (9.11) provide second 
order correction which extend the limits of their applicability to Kn = 0.4 
[10, 16], 

9.6 Analytic Solutions: Slip Flows 

In previous chapters we considered both Couette and Poiseuille flows. 
Analysis and solutions to these two basic flows, subject to slip conditions, 
will be presented in this 
section. In Couette flow the 
fluid is set in motion inside a 
channel by moving an adjacent 
surface. This type of flow is 
also referred to as shear driven 
flow. On the other hand, fluid 
motion in Poiseuille flow is 
generated by an axial pressure 
gradient. This class of flow 
problems is referred to as 
pressure driven flow. Both 
flows find extensive applications in MEMS. An example of shear driven 
flow is found in the electrostatic comb-drive used in microactuators and 
microsensors. Fig. 9.4 shows a schematic diagram of such a device. The 
lateral motion of the comb drives the fluid in the channel formed between 
the stationary and moving parts. Typical channel length is 100//m and 
width is 2 jum. A model for this application is Couette flow between two 
infinite plates. 

Other examples of shear driven flows are found in lubrication of 
micromotors, rotating shafts and microturbines. A simplified model for this 
class of problems is shown in Fig. 9.5. Angular motion of the fluid in the 
gap between the inner cylinder (rotor) and the housing (stator) is shear 
driven by the rotor. Poiseuille flow is encountered in many MEMS devices 
such as micro heat exchangers and mixers. Fig. 9.2 shows a typical 



Fig. 9.4 
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example of fluid cooled micro heat sink. A 
major concern in Poiseuille flow is the large 
pressure drop associated with microchannels. 

Uniform surface temperature and uniform 
surface heat flux are two basic boundary 
conditions that will be considered in heat 
transfer analysis of Couette and Poiseuille 
flows. Consideration will also be given to 
surface convection, compressibility, and 
internal heat dissipation. 

9.6.1 Assumptions. 

Analytical solution will be based on common simplifying assumptions. 
These assumptions are: 

(1) Steady state, (2) laminar flow, (3) two-dimensional, (4) idea gas, (5) 
slip flow, regime (0.001 < Kn < 0.1), (6) constant viscosity, conductivity, 
and specific heats, (7) negligible lateral variation of density and pressure, 
(8) negligible dissipation (unless otherwise stated), (9) negligible gravity, 
and (10) the accommodation coefficients are assumed to be equal to unity, 

(<7 U = a T = L °)- 

Note that the assumption <j u =<J T =1.0 is made for the following 
reasons: (1) Their exact values are uncertain, and furthermore, there is 
general agreement that they are close to unity. (1) Including them in the 
analysis introduces no conceptual complications or difficulties. (3) 
Solutions will be more concise. 

9.6.2 Couette Flow with Viscous Dissipation: 

Parallel Plates with Surface Convection 

Fig. 9.6 shows two infinitely large parallel 
plates separated by a distance H. The 
upper plate moves axially with uniform 
velocity u s . The lower plate is insulated 
while the upper plate exchanges heat with 
the ambient by convection. The ambient 
temperature is T, and the heat transfer 
coefficient along the exterior surface of 
the moving plate is h 0 . This is an example 
of shear driven flow in which the fluid is set in motion by the plate. Taking 
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into consideration dissipation and slip conditions, we wish to determine the 
following: 

(1) The velocity distribution 

(2) The mass flow rate 

(3) The Nusselt number 

Thus the problem is finding the flow field and temperature distribution in 
the moving fluid. 

Flow Field. The vector form of the Navier-Stokes equations for compres¬ 
sible, constant viscosity flow is given by (2.9) 


P^ = PS -V^ + i // v(v-F)+//V 2 F. 


(2.9) 


The axial component is 


9 9 

/du du du\ dp 4 d u d"u u d / dv \ , . 

p{— + u — + v—) = pg x -^- + -M—v + M—y + ^ — 


' dt dx dy dx 3 

For steady state and negligible gravity 


dx" 


dy 2 3 dx dy' 


du 



0 . 


(b) 


In addition, since the plates are infinitely long and the boundary conditions 
are uniform, it follows the all derivatives with respect to x must vanish. 
That is 


Thus (a) simplifies to 



du d 1 u 


(c) 


(d) 


The continuity equation (2.2a) is now used to provide infonnation on the 
vertical velocity component v 


dp d 
— + — 
dt dx 


( pu ) 



(pv) 


d 

H- 

dz 


( pw ) = 0 . 


(2.2a) 
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Introducing the above assumptions into (2.2a), gives 


4 ~( p v )= o- ^ 

dy 

However, since density variation in the lateral y-di recti on is assumed 
negligible, (e) yields 

£-o. (0 

dy 


Integration of (f) and using the condition that V vanishes at the surfaces 
shows that V = 0 everywhere and thus streamlines are parallel (see 
Example 3.1, Section 3.3.1). Substituting (f) into (d) 


2 

d~u 

dy 2 


= 0 . 


(9.12) 


Equation (9.10) provides two boundary conditions on (9.12). Setting 
<J tl = 1 and noting that for the lower plate n = y = 0, (9.10) gives 


u(x, 0) = A 


du(x, 0) 
dy 


For the upper plate, n = H—y, (9.10) gives 


u(x,H ) = u s 


, du(x,H) 

A --- 

dy 


The solution to (9.12) is 


u = Ay + B. 


(g) 


(h) 

(i) 


Boundary conditions (g) and (h) give the two constants of integration A and 
B 

II, u V A 

A = --—, B = —--. 

H + 2A H + 2A 


Substituting into (i) 
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11 s (y ^ \ 
1 + 2(2/ H) K H H J 

Defining the Knudsen number as 


Kn = —. 
H 


Solution (j) becomes 


u 


1 


(£ + *»)• 


1 + 2 Kn H 


The following observations are made regarding this result: 

(1) Fluid velocity at the moving plate, y = H, is 


u{H) 1 + Kn 


1 + 2 Kn 


< 1 . 


(j) 


(9.13) 


(9.14) 


Thus the effect of slip is to decrease fluid velocity at the moving plate and 
increase it at the stationary plate. 

(2) Setting Kn = 0 in (9.14) gives the limiting case of no-slip. 

(3) For the no-slip case (Kn = 0), the velocity distribution is linear 


y 


00 


This agrees with equation (3.8) of Example 3.1 

Mass Flow Rate. The flow rate, m, for a channel of width W is given by 


P 

J o 


m = W I p u dy 


(9.15) 


Substituting (9.14) into (9.15) and noting that p is assumed constant along 
y, gives 

.H 

y 


m = pW 


b 


u.. 


+ 2 Kn H 


(77 + Kn)dy. 
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Evaluating the integral 

7/ 

m = pWH^~. 


(9.16) 


It is somewhat surprising that the flow rate is independent of the Knudsen 
number. To compare this result with the flow rate through macro¬ 
channels, m o , solution (k) is substituted into (9.15). This yields 

ji 

m a =pWH-±. (9.17) 

This is identical to (9.16). Thus 


m 



1 . 


(9.18) 


This result indicates that the effect of an increase in fluid velocity at the 
lower plate is exactly balanced by the decrease at the moving plate. 

Nusselt Number. The Nusselt number for a parallel plate channel, based 
on the equivalent diameter D e = 2H, is defined as 


Nu 


2 Hh 
k 


The heat transfer coefficient h for channel flow is defined as 


Substituting into (1) 


where 


k dT(H) 



dT(H ) 

Nu = -2H ———, 

T m ~T s 


( 1 ) 


(9.19) 


k = thermal conductivity of fluid 
T = fluid temperature function (variable) 
T m = fluid mean temperature 
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T s = plate temperature 

It is important to note the following: (1) The heat transfer coefficient in 
microchannels is defined in tenns of surface temperature rather than fluid 
temperature at the surface. (2) Because a temperature jump develops at the 
surface of a microchannel, fluid temperature at the moving plate, T(x, H ), 
is not equal to surface temperature T s . (3) Surface temperature is 
unknown in this example. It is determined using temperature jump equation 
(9.11). (4) Care must be taken in applying (9.11) to Fig. 9.6. For 
n = H - y and a T = 1, (9.11) gives 


T s = T(x,H) + 


2 y X dT(x,H ) 
1 + y Pr By 


(9.20) 


The mean temperature T m , as defined in Section 6.6.2, is 




me p T m = W | pc p uTdy . 


(9.21) 


Noting that c p and p are independent of y, and using (9.16) for the mass 
flow rate m , the above gives 


T = 

x m 


u s H 


r 


H 

nTdy , 


(9.22) 


where u is given in (9.14). Examination of equations (9.19)-(9.22) shows 
that the determination of the heat transfer coefficient requires the 
determination of the temperature distribution of the moving fluid. 
Temperature distribution is governed by the energy equation. For two- 
dimensional, constant conductivity flow, (2.15) gives 


i ST ST ST , , r d 2 T d 2 T 

pc A -b u -h v —) = k (—— H-; 

pK dt dx dy J K dx 2 dy < 


) + /3T(u^- + v^-) + ju0. 


dx dy' 


(2.15) 


However, noting that all derivatives with respect to x must vanish, 
and in addition, v = d I dt = 0, the above simplifies to 


d 2 T 

k—— + pO = 0. 

dy 2 


(9.23) 
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The dissipation function Q is given by 


( did 

2 

' dv^ 

( Sw') 

— 

+ 


+ — 

\ydXJ 


[fy) 

\dz) 


f du 

dv^ 


f do 

dwd 

(dw du' 

— + — 

+ 

-1- 

+-1- 

\dy 

dx j 


{dz 

dy j 

y dx dz J 


2 

du dv 
-1-1- 

^dx dy dz j 


(2.17) 


This simplifies to 


0 = 


'du) 2 


Substituting (9.24) into (9.23) 


d 2 T 

dy 2 


k 


^ dn ^ 


\dy J 


(9.24) 


(9.25) 


Note that T is independent of x. This energy equation requires two 
boundary conditions. They are: 


and 


dT( 0) 
dy 


, dT(H) 

K 

dy 


= K(T S -TJ. 


(m) 


Using (9.20) to eliminate T s in the above, gives the second boundary 
condition 


dy 


1 + y Pr on 


(n) 


To solve (9.25) for the temperature distribution, the velocity solution (9.14) 
is substituted into (9.25) 

n2 


d T 
dy 2 


£_ 

k 


H( 1 + 2Kn) 


(o) 
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Defining the constant (p as 


<P 


ti 

k 



H( 1 + 2 Kn) 


Substituting (p) into (o) 


Integration of (q) gives 


d 2 T 

dy 2 


-cp. 


T = -^y 2 +Cy + D 


(P) 


(q) 

(r) 


where C and D are constants of integration. Application of boundary 
conditions (m) and (n) gives the two constants: 


and 


C = 0. 


D 


Hk(p H 2 (p 

~h^ + ^r 


+ 


2 y Kn 
y + 1 Pr 


H 2 cp + T ( 


(s) 


Substituting into (r) 


T 



kH(p 
+-—+ 


H 2 (p 

2 


+ 


2 y Kn 
/ + ! Pr 


H 2 (p + T m . 


(9.26) 


To determine the Nusselt number using (9.19), equation (9.26) is used to 
formulate T s , dT{H) / dy , and T m . Differentiating (9.26) 


dT(H) 

dy 


(t) 


Equation (9.26) and (9.20) give T s 


T=dK + T 


(U) 


Finally, T m is detennined by substituting (9.14) and (9.26) into (9.22) 



364 9 Convection in Microchannels 


T = 

± m 


H{ 1 + 2 Kn) 


r 


(77 + ^«)(- - 7 V 2 + D)dy, (v) 

H 1 


where Z) is defined in (s). Evaluating the integral, gives 


2 

1 + 2 Kn 


--H 2 (p--KnH 2 (p + (- + Kn)D 

8 6 2 7 


Substituting (s) into the above 


1 

1 + 2Kn 


— H 2 (p + — KnH 2 (p 
4 3 



2 y Kn 
y +1 Pr 


H 2 (p + T^. (w) 


Using (t), (u) and (w) into (9.19) gives the Nusselt number 


Nu = - 


2 H 2 (p 


1 


1 + 2Kn 


H “ 2 2 

- m H— KnH"(p 

4 3 


kH(p 2yH z 


Kn 


y +1 Pr 


<P + T<x 




This simplifies to 

8(1 + 2 Kn) 


, 8 8v (1 + 2Kn)Kn ' 

1 + -ZT/7 + —--- 

3 y + 1 Pr 


(9.27) 


We make the following remarks: 

(1) The Nusselt number is independent of Biot number. This means that 
changing the heat transfer coefficient h 0 does not affect the Nusselt 
number. 


(2) The Nusselt number is independent of the Reynolds number. This is 
also the case with macrochannel flows. 

(3) Unlike macrochannels, the Nusselt number depends on the fluid. 

(4) The first two terms in the denominator of (9.27) represent the effect of 
rarefaction (Knudsen number) while the second term represents the effect 
of temperature jump. Both act to reduce the Nusselt number. 

(5) The corresponding Nusselt number for macrochannel flow, Nu 0 , is 
determined by setting Kn = 0 in (9.27) to obtain 
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Nu 0 = 8 . 


(9.28) 


Taking the ratio of (9.27) and (9.28) 

Nu _ 1 + 2 Kn 

Nu 0 1 | 8 Kn | (I + 2Kn)Kn ' 
3 / + ! Pr 


(9.29) 


This result shows that ratio is less than unity. 

(6) If dissipation is neglected (tp = 0), equation (9.26) gives the 
corresponding temperature solution as 

T = T 

Thus, the temperature is uniform and no heat transfer takes place. 
Consequently, equation (9.27) for the Nusselt number is not applicable to 
this limiting case. 


Example 9.1: Micro Shaft Temperature 

A micro shaft rotates clockwise with angular 
velocity 0 )\ inside a housing which rotates 
counterclockwise with an angular velocity co 2 . 

The radius of the shaft is R and the clearance 
betw’een it and the housing is H. The fluid in the 
clearance is air and the inside surface 
temperature of the housing is T 2 . Consider slip 
flow domain and assume that H / R « 1, set up 
the governing equations and boundary> conditions for the determination of 
the maximum shaft temperature. List all assumptions. 

(1) Observations, (i) The effect of dissipation must be included; 
otherwise the entire system will be at uniform temperature T 2 . (ii) The 
shaft is at uniform temperature. Thus maximum shaft temperature is equal 
to shaft surface temperature, (iii) Velocity slip and temperature jump take 
place at both boundaries of the flow channel, (iv) For H / R « 1, the 
problem can be modeled as shear driven Couette flow between two parallel 
plates moving in the opposite direction, (v) To determine temperature 
distribution it is necessary to determine the velocity distribution, (vi) No 
heat is conducted through the shaft. Thus its surface is insulated. 
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(2) Problem Definition. Formulate the Navier-Stokes equations, energy 
equation, velocity slip, and temperature jump boundary conditions for shear 
driven Couette flow between parallel plates. 


(3) Solution Plan. Model the flow as shear driven Couette flow between 
two parallel plates. To formulate the governing equations, follow the 
analysis of Section 9.6.2. 

Modify velocity slip at the 
shaft and thermal boundary 


condition 

surface. 


at the housing 


u s 2 y> 




\_! 

H 

, u s i 


(4) Plan Execution. 


(i) Assumptions. (1) Steady state, (2) laminar flow, (3) H I R « \, (4) 
one-dimensional (no variation with axial distance x and normal distance z), 

(5) slip flow regime (0.001 < Kn < 0.1), ( 6 ) ideal gas, (7) constant 
viscosity, conductivity and specific heats, ( 8 ) negligible lateral variation of 
density and pressure, (9) the accommodation coefficients are assumed 
equal to unity, <J U = cr T = 1.0, (10) negligible dissipation, and (11) 
negligible gravity. 


(ii) Analysis. Since the shaft is at uniform temperature, its maximum 
temperature is equal to its surface temperature, T s] . Surface temperature is 
related to the temperature jump given by (9.11) 


r(x,0)-7; = 


2-<j t 2y A dT(x, 0) 
cr T 1 + y Pr dn 


(9.11) 


Applying (9.11) to the shaft surface, n=y = 0, and setting a T = 1, gives 


m-T sl = 


2y A dT( 0) 
1 + 7 Pr dy 


(a) 


where T ( v) is the fluid temperature distribution. Thus, the problem 
becomes one of determining T(y). To determine temperature distribution, 
it is necessary to determine the flow field. 

Flow Field. Following the analysis of Section 9.6.2, the axial component 
of the Navier-Stokes equations is given by (9.12) 
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(9.12) 


Boundary conditions for (9.12) are given by (9.10) 


u(x,0)-u s = 


2 -ar u du(x, 0) 


(9.10) 


Applying (9.10) to the lower surface, n = y = 0, and setting <j u = 1 

.. _ , du (°) 


where 


u( 0) - u sl = A- 


u sl = a> x R. 


For the upper surface, n = H-y, (9.10) gives 


u(H) - u s 2 = -A 


du(H ) 


where u s2 is the velocity of the upper surface, given by 

u s2 =~<d 2 (R + H). (e) 

Temperature Distribution. The energy equation for this configuration is 
given by (9.25) 

*AL = -tL[*L\. (9.25) 

dy 2 kydy) 


The boundary condition at y = 0 is 


dT( 0) 


At the upper surface, n = H - y, surface temperature is specified. Thus, 
(9.11) gives 

(g) 

1 + y Pr dy 
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(iii) Checking. Dimensional check : Equations (9.25), (b), (d) and (g) 
are dimensionally correct. 

Limiting Check : For the limiting case of no-slip, fluid and surface must 
have the same velocity and temperature. Setting A = 0 in (b), (d) and (g) 
gives u(0) = u sl , u(H) = u s2 , and T(H) = T 2 . These are the correct 
boundary conditions for the no-slip case. 

(5) Comments, (i) The problem is significantly simplified because no 
angular variations take place in velocity, pressure, and temperature, (ii) The 
effect of slip is to decrease fluid velocity at the upper and lower surfaces. 

9.6.3 Fully Developed Poiseuille Channel Flow: Uniform Surface Flux 

We consider heat transfer in 
microchannels under pressure 
driven flow conditions. Fig. 

9.7 shows two infinitely large 
parallel plates separated by a 
distance H. This configuration 
is often used to model flow 
and heat transfer in rectan¬ 
gular channels with large 
aspect ratios. Velocity and temperature are assumed to be fully developed. 
Inlet and outlet pressures are p, and p a , respectively. The two plates are 
heated with uniform and equal flux q ”. We wish to determine the 
following: 

(1) Velocity distribution 

(2) Pressure distribution 

(3) Mass flow rate 

(4) Nusselt number 

Poiseuille flow differs from Couette flow in that axial pressure gradient in 
Poiseuille flow does not vanish. It is instructive to examine how 
microchannel Poiseuille flow differs from fully developed, no-slip 
macrochannel flow. Recall that incompressible fully developed Poiseuille 
flow in macrochannels is characterized by the following: (1) parallel 
streamlines, (2) zero lateral velocity component (v = 0), (3) invariant axial 
velocity with axial distance (du l dx = 0), and (4) linear axial pressure 
{dp / dx = constant). However, in microchannels, compressibility and 
rarefaction change this flow pattern, and consequently none of these 
conditions hold. Because of the large pressure drop in microchannels, 
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density change in gaseous flows becomes appreciable and the flow can no 
longer be assumed incompressible. Another effect is due to rarefaction. 
According to equation (9.2), a decrease in pressure in microchannels results 
in an increase in the mean free path X. Thus the Knudsen number increases 
along a microchannel in Poiseuille flow. Consequently, axial velocity 
varies with axial distance, lateral velocity component does not vanish, 
streamlines are not parallel, and pressure gradient is not constant. 

Poiseuille flow and heat transfer have been extensively studied 
experimentally and analytically. The following analysis presents a first 
order solution to this problem [16-19]. 

Assumptions. We invoke all the assumptions listed in Section 9.6.1. 
Additional assumptions will be made as needed. 

Flow Field. Following the analysis of Section 9.6.2, the axial component 
of the Navier-Stokes equation for constant viscosity, compressible flow is 
given by 


sdu du du 
p( - Yu — + v — 

dt dx dy 


) = Pgx 


P2 
d u 


dp 4 

— + —p „ 

dx 3 dx x 


- + M- 


d 2 u 

dy 2 


+ £i. ( *). (a) 

3 dx K dy J 


For steady state and negligible gravity 


du _ 
~dt~ gx 


0 . 


(b) 


To simplify (a) further, the following additional assumptions are made: 

(11) Isothermal flow. This assumption eliminates temperature as a variable 
in the momentum equations. In addition, density can be expressed in terms 
of pressure using the ideal gas law. 

(12) Negligible inertia forces. With this assumption the inertia terms 
p ( udu i ox + vdu / dy) can be neglected. This approximation is justified for 
low Reynolds numbers. The Reynolds number in most microchannels is 
indeed small because of the small channel spacing or equivalent diameter. 

(13) The dominant viscous force is ju(d 2 u/dy 2 ). Scale analysis shows that 

this term is of order H “while p(du ! dx) and pd / dx(dv/dy) are of 
_2 

order L . Thus these two terns can be neglected. Using (b) and the above 
assumptions, equation (a) simplifies to 
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dp 

dx 


+ M- 


d 2 u 
dy 2 


= 0 . 


(c) 


Since pressure is assumed independent of y, this equation can be integrated 
directly to give the axial velocity u. Thus 

u = j_dj^y2 +A y + B > 

2p dx 


where A and B are constants of integration obtained from boundary 
conditions on it. Symmetry at y = 0 gives using (9.10). 


du(x, 0) 
dy 


(e) 


Applying (9.10) to the upper plate, n = H-y, and setting <j u = 1 gives the 
second boundary condition 


u(x,H / 2) = -A. 


du(x,H / 2) 
dy 


(f) 


Applying (e) and (f) to (d), and using the definition of the Knudsen number 
in (9.13), give A and B 

A = 0, B = -^-^[l + 4Kn(p)]. (g) 

8 // dx 

Substituting (g) into (d) 

H 2 dp 

u =- 

8 // dx 


1 + 4 Kn(p) - 4 


y 


H- 


(9.30) 


Note the following: (1) The Knudsen number, which varies with 
pressure along the channel, represents rarefaction effect on axial velocity. 
(2) Pressure gradient is u nk nown and must be detennined to complete the 
solution. (3) Setting Kn = 0 in (9.30) gives the no-slip solution to Poiseuille 
flow in macrochannels. 

To complete the flow field solution, the lateral velocity component v 
and pressure distribution p must be determined. The continuity equation for 
compressible flow, (2.2a), is used to determine v 
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^ + -^-(pu) + ^(pv)+y(pw) = 0. ( 2 . 2 a) 

at ox dy dz 

Introducing the above assumptions into (2.2a), we obtain 


■^-{pii) + -^{pv) = 0. (h) 

ox oy 

Integration of this equation gives v. The density p is eliminated using the 
ideal gas law 


P 


P 

RT ’ 


(9.31) 


where R is the gas constant and T is temperature. Substituting (9.31) into 
(h), assuming constant temperature, and rearranging 

d 
dx 


(pu) ■ 


(i) 



Substituting (9.30) into (i) 


jr( pv ) 

oy 


H 2 8 

8 // dx 


P^j-( l + 4Kn (p)~ 4 — y) 

dx H~ 


O') 


Flow symmetry with respect to y gives the following boundary condition 
on v 

zi(x, 0 ) = 0. (k) 

A second condition is obtained by requiring that the lateral velocity 
vanishes at the wall. Thus 


v(x,H/ 2) = 0. 

Multiplying (j) by dy, integrating From y = 0 to y = y, and using (k) 



H 2 d 
8 // dx 


dp 

dx 


fo 

•'n 


+ AKn{p) 



( 1 ) 


dy . (m) 
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Evaluating the integrals and solving for v 


H i Id dp 

v =- < p — 

8 // p dx dx 


y 4 y i 


[l + 4 Kn(p)]^- - 

L n H 3 H j 


(9.32) 


It remains to determine the pressure p(x ). Application of boundary 

condition (1) to (9.32) gives a differential equation for p 


d dp 

— i P — 
dx dx 


y 4f 


[l + 4Kn(p)]— - 

L n H 3 H" 


= 0 . 


(n) 


y=H 12 


To integrate (n), the Knudsen number must be expressed in terms of 
pressure. Equations (9.2) and (9.13) give 


A Li K 1 

Kn = — = — „ — RT — 


H H V 2 p 
Evaluating (n) at y = H / 2, substituting (9.33) into (n) and integrating 


(9.33) 


dp 

dx 


3 H p 


= C. 


Integrating again noting that T is assumed constant 

-p 2 +—J2nRT p = Cx + D, 
6 H V 


(o) 


where C and D are constants of integration. The solution to this quadratic 
equation is 


p(x) = -3 ■— ^2 kRT + 18 k RT + 6 Cx + 6 D 


H 


H- 


(P) 


The constants C and D are determined by specifying channel inlet and 
outlet pressures. Let 


p(0) = pi, p(L) = p a . 


(q) 


where L is channel length. Application of (q) to (p) gives C and D 
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c = ~ (pI -/>;)+ 4r -/>,■). 

6 / HL 


D = ^ + ^-^27rRT Pi . 

6 H 

Substituting the above into (p) and nonnalizing the pressure by p 0 , give 
Po H Po 


1 18//- jiRT 

H 2 pi ' 


i-4 + ^V2^r(i-A) x - + 1 + ^^r T pl. 


Po H Po 


L pi H Po 


(r) 


This result can be expressed in terms of the Knudsen number at the outlet 
using (9.2) and (9.13) 


K„ KEA = _>!_ * rt 

H H Po \2 0 


(9.34) 


where T in (r) is approximated by the outlet temperature T a . Equation (r) 
becomes 


P(x) 

Po 


= -6Kn 0 + 


- 

2 " 

6 Kn 0 + 

+ 

Po _ 



(1 - +12 Kn 0 (1 - —) 

Po Po 


(9.35) 


Note the following regarding (9.35): (1 unlike macrochannel Poiseuille 
flow, pressure variation along the channel is non-linear. (2) Knudsen 
number terms represent rarefaction effect on the pressure distribution. (3) 
The tenns (p t / p G ) 2 and [1 -( Pj /p 0 ) 2 ](x/L) represent the effect of 
compressibility. (4) Application of (9.35) to the limiting case of Kn 0 = 0 
gives 


P(x) _ p] ({ pf. x 
Po 1 p 2 o pI l ■ 


(9.36) 
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This result represents the effect of compressibility alone. Axial pressure 
distribution for this case is also non-linear. 

Mass Flow Rate. The flow rate m for a channel of width W is 

J .H/2 

pudy . (s) 

o 


Using (9.30), the above yields 


//" dp 

m = -2 Jr- p — 

8 // dx 


pI/2 

2 " 

1 + 4Kn(p) - 4 P-— 

Jo 

H 2 


dy. 


Since p and p are assumed uniform along y, they are treated as constants in 
the above integral. Evaluating the integral, gives 


m = - 


WH- 


[1 + 6 Kn{p)\p%. 


12 p L ' J ' dx 

The density p is expressed in terms of pressure using the ideal gas law 

P 


(t) 


P = 


RT 


(9.37) 


Substituting (9.33) and (9.37) into (t), gives 


WII 


m = 


12 pRT 




dp 

dx 


(9.38) 


Using (9.35) to formulate the pressure gradient, substituting into (9.38), 
assuming constant temperature (T = T a ), and rearranging, gives 


m = 


1 WH 3 p 2 0 
24 pLRT a 


Po Po 


(9.39) 


It is instructive to compare this result with the corresponding no-slip 
macrochannel case where the flow is assumed incompressible. The mass 
flow rate for this case is given by 
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1 WH 3 pI 

m o - - 

12 pLRT 0 

Taking the ratio of the two results 

m _ 1 

m Q 2 


^ + \ + \2Kn 0 
Po 


(9.40) 


(9.41) 


We make the following observations: 

(1) The mass flow rate in microchannels, (9.39), is very sensitive to 
channel height H. This partly explains the difficulty in obtaining accurate 
data where channel height is typically measured in microns. 

(2) Equation (9.39) shows the effect of rarefaction (slip) and compres¬ 
sibility on the mass flow rate. To examine the effect of compressibility 
alone (long channels with no-slip), set Kn a = 0 in (9.39). 

(3) Since p t / p 0 > 1, equation (9.41) shows that neglecting the effect of 
compressibility and rarefaction underestimates the mass flow rate. 

Nusselt Number. Following the analysis of Section 9.6.2, the Nusselt 
number is defined as 


Nu = 


2hH 

k 


(u) 


The heat transfer coefficient h for uniform surface llux q" s is 


Substituting into (u) 


where 



T -T 

M s m 


Nu = 


2 Hq" s 


k(T s ~T m ) 


(v) 


T m = fluid mean temperature 
T s = plate temperature 

As usual, the heat transfer coefficient in microchannels is defined in terms 
of surface temperature rather than fluid temperature at the surface. Plate 



376 9 Convection in Microchannels 


surface temperature T s is given by (9.11), which for the coordinate y 
selected, takes the form 


T(x,H/ 2) + 


2 y A dT(x,H / 2) 
l + y Pr dy 


(9.42) 


The mean temperature T m is defined in Section 6.6.2. Since density and 
specific heat are assumed invariant with respect to y, the mean temperature 
takes the fonn 



(9.43) 


Thus, equations (v), (9.42) and (9.43) show that axial velocity, u(x,y ) , 
and temperature distribution, T(x,y), are required for the determination of 
the Nusselt number. We consider first velocity distribution u(x,y). The 
solution obtained above, equation (9.30), is limited to isothermal flow, as 
indicated in assumption (11) listed above. To proceed with the solution, 
additional assumptions are made. However, in the heat transfer aspect of 
this problem the temperature is not uniform. We assume that the effect of 
temperature variation on the velocity distribution is negligible. Continuing 
with the list of assumptions, we add 

(14) Axial velocity distribution is approximated by the solution to the 
isothermal case. 


Temperature distribution is governed by energy equation (2.15) 


,dT dT dT x , , 
P c p\-^7 + u ^r + v ^r) = k \ 


d 2 r 


dt 


dx 


dy' 


dx" dy 


d Jl) + f! T(u d JL + v p + M0 . 

z dx dy 


(2.15) 

To simplify this equation, additional assumptions are made: 

(15) Negligible dissipation, 0 = 0 

(16) Negligible axial conduction, d 2 T/dx 2 « d 2 T / dy 2 

(17) Negligible effect of compressibility on the energy equation 

(18) Nearly parallel flow, V = 0 
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Equation (2.15) becomes 


dT 


P c p u 


dx 



(9.44) 


This equation requires two boundary conditions. They are: 


and 


dT(x, 0) 
dy 


dT(x,H!2) 

dy 


= q 


n 

S • 


(w) 


(X) 


To proceed with the solution to (9.44), we follow the analysis of Chapter 6 
and introduce the following important assumption: 

(T9) Fully developed temperature. Introducing the dimensionless tempera¬ 
ture (f) 


T(x,H/2)-T(x,y) 
T(x,H/2)-T m (x) ' 


(9.45) 


Fully developed temperature is defined as a profile in which ([> is 
independent of x. That is 

(j) = 4>(y) . (9.46) 


Thus 


d</> 

dx 


(9.47) 


Equations (9.45) and (9.46) give 


d<j> _ d 
dx dx 


T(x,H !2)-T{x,y) 
T(x,H/2)- T m (x) 


= 0 . 


Expanding and using the definition of (j) in (9.45) 

dT (x, H12) dT m (x) 


dT(x,H/2) dT ^ . 

- <p(y) 

dx dx 


dx 


dx 


= 0. (9.48) 
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The relationship between the three gradients, dT (x, v) / dx, 
dT(x, H 12)1 dx, and dT m (x)dx will be determined. The heat transfer 
coefficient h, is given by 


h = 


7 dT(x,H/2) 

K 

_ dy 

T m (x)- T s (x) 


(y) 


where T s (x) is given in (9.42). Temperature gradient in (y) is obtained 
from (9.45) 

T(x,y) = T(x,H /2) - [T(x,HI 2) - T m (x)]</>. 


Differentiating the above and evaluating the derivative at y = H / 2 

By dy 

Substituting (z) into (y) and using (9.42) for T s (x) 

_ k[T(x,HU)-T m (x)] d(j){H /2) 
T s( x )- T m( x ) d y 

Newton’s law of cooling gives another equation for h 

h = -^-. 

T s (x) - T m (x) 

Equating the above with (9.49) and rearranging 

ft 

Bl s 


T(x,H 12)- T m (x) = - 


d(p(H/2) 


= constant. 


Differentiating 


dy 


dT(x,H/2) 8T m (x) 


dx 


dx 


= 0 . 


(z) 


(9.49) 


(9.50) 


Combining this with (9.48), gives 
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dT(x,H / 2) _ dTJx) _ dT 
dx dx dx 


This is an important result since 
dT / dx in partial differential equa¬ 
tion (9.44) can be replaced with 
dT m / dx. The next step is to 
formulate an equation for the mean 
temperature gradient dT m / dx by 
applying conservation of energy. For 
the element shown in Fig. 9.8, 
conservation of energy gives 


(9.51) 



Fig. 9.8 


2 q" s Wdx + me p T m = me 


Simplifying 


However, 


T m + dT ^dx 
dx 


dT m 2 Wq" s 


dx me. 


s = constant. 


m = WHpu m , 


(aa) 


(bb) 


where u m is the mean axial velocity. Substituting (bb) into (aa) 


dT„ 


2q" s 


dx pc p u m H 
Substituting (9.52) into (9.51) 

dT(x,H/ 2) dT m {x) dT 


~ constant. 


2 q" s 


dx 


dx 


dx pc p u m H 


(9.52) 


(9.53) 


Equation (9.53) shows that T(x,r), T m (x) and T s (x) vary linearly with 
axial distance x. Substituting (9.53) into (9.44) 

d 2 T 2 q" s u 


dy A 


kH u . 


(9.54) 
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The velocity u is given by (9.30) and the mean velocity is defined as 

2 fd 

u m = — udy . 

H J 0 


Substituting (9.30) into (cc) 


H~ dp 


Integration gives 


4// dx 


u m 


.HI 2 

2 

1 + 4Kn 4 y , 

^0 

H 2 


dy. 


Combining (9.30) and (9.55) 


u m 1 + 6 Kn 


+ 6 Kn}. 

12 // dx 


— + Kn- — 


H- 


(9.56) into (9.54) 


d 2 T 12 q” 


dy 2 1 + 6Kn kH 


s 1 - + Kn - 


H' 


Integrating twice 


(cc) 


(9.55) 


(9.56) 


(9.57) 


T(x,y) = 


12 q" s 


(1 + 6Kn)kH 


— (— + Kn)y 
2 v 4 


2 y 


\2H~ 


+ f(.x)y + g(x), (dd) 


where fix) and g(x) are “constants” of integration. Boundary condition (w) 
gives 


/(*) = o. 


Solution (dd) becomes 


T(x,y) = 


12 q" s 


(1 + 6Kn)kH 


— (— + Kii)y 
2 v 4 


2 y 


\2H‘ 


+ g{x). (9.58) 
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Boundary condition (x) is automatically satisfied and thus will not yield 
g(x). To proceed, g(x) will be determined by evaluating the mean 
temperature T m using two methods. In the first method, (9.52) is integrated 
between the inlet of the channel, x = 0, and an arbitrary location x 


r 2a" r x 

dT m = -^- dx, 

“T m j P C p U m H Jo 

where 

TJ0) = T mi . (9.59) 

Evaluating the integrals 

T m (x)= 2qs x + T mi . (9.60) 

pc p u m H 


In the second method, T m is evaluated using its definition in (9.43). 
Substituting (9.30) and (9.58) into (9.43) 


T m (x) = - 


H dp I" 
8g dx Jq 


,HI2 r 


l + AKn-4- 


H l 


12 q" s 


(1 + 6 Kn)kH 


U\ + Kn)/-^ 


2 4 


\2H 


■ g(x ) \ d y 


H dp 
8// dx 


.HI 2 


\ + 4Kn-4^ 




dy 


Evaluating the integrals 


T m( x )=- 


3 q" s H 


k( 1 + 6 Kn) 
Equating (9.60) and (9.61) gives g(x) 

3 q" s H 


2 13 13 

(Kn) H- Kn H- 

40 560 


+ g(x). (9.61) 


S(x) = T mi + ——x- 


pc p u m H k(\ + 6Kny[_ 


.2 13 13 

(Kn) z H- Kn H- 

40 560 


. (9.62) 


Surface temperature T s (x,H / 2) is determined by substituting tempera¬ 
ture solution (9.58) into (9.42) 
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T s (x) = 


lq" s H 


k{ 1 + 6 Kn) 


1 ^ 5 
— Kn H- 

2 48 


+ 2/ Kn + g(x). (9.63) 
/ + 1 kPr 


Substituting (9.61) and (9.63) into (v), gives the Nusselt number 

2 


Nu = 


\-Kn + — -- 


1 


(1 + 6 Kn) [2 48 (1 + 6Kn) 


{Kn) 2 + — Kn+ 13 


40 


560 


2y 1 

H- Kn 

y + l Pr 


(9.64) 


Using (9.64), the Nusselt num¬ 
ber variation with Knudsen 
number for air, with y = 1.4 
and Pr = 0.7, is plotted in Fig. 
9.9. The following remarks are 
made: 

(1) The Knudsen number in 
(9.64) is a function of local 
pressure. Since pressure varies 
along the channel, it follows 
that the Nusselt number varies 
with distance x. This is 
contrary to the no-slip macro¬ 
channels case where the 
Nusselt number is constant. 



41_ I _!_1_ I _ I _I 

0 0.04 0.08 0.12 


Kn 

Fig. 9.9 Nusselt number for air flow between 
parallel plates at unifromi surface 
heat flux for air, = 1.4, Pr = 0.7, 
<?u=OT = 1 


(2) Unlike macrochannels, the 

Nusselt number depends on the fluid, as indicated by Pr and y in (9.64). 


(3) The effect of temperature jump on the Nusselt number is represented by 
the last term in the denominator of (9.64). 

(4) The corresponding no-slip Nusselt number for macrochannel flow, 
Nu 0 , is determined by setting Kn - 0 in (9.64) 


Nu 0 


140 

17 


= 8.235. 


(9.65) 


This is in agreement with the value given in Table 6.2. 
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(5) Rarefaction and compressibility have the effect of decreasing the 
Nusselt number. Depending on the Knudsen number, using the no-slip 
solution, (9.65), can significantly overestimate the Nusselt number. 

Example 9.2: MicroChannel Heat Exchanger: Uniform Surface Flux 

Rectangular microchannels are used to remove heat from a device at 
uniform surface heat flux. The height, width, and length of each channel 
are H = 1.26/./in, W = 90 //m, andL = 10 mm, respectively. Using air 
at fl = 20° C as the coolant fluid, determine the mass flow rate and the 
variation of Nusselt number along the channel. Assume steady state fully 
developed conditions. Inlet and 
outlet pressure are: 

Pi =210 kPa= 210,000 kg/s 2 3 4 * * * * * * (ii) -m 

p 0 =105 kPa= 105,000 kg/s 2 -m 

(1) Observations, (i) The problem can be modeled as pressure driven 
Poiseuille flow between two parallel plates with unifonn surface flux, (ii) 
Assuming fully developed velocity and temperature, the analysis of Section 
9.6.3 gives the mass flow rate and Nusselt number, (iii) The Nusselt 
number depends on the Knudsen number, Kn. Since Kn varies along the 
channel due to pressure variation, it follows that pressure distribution along 
the channel must be determined. 

(2) Problem Definition. Determine the flow and temperature fields for 
fully developed Poiseuille flow. 

(3) Solution Plan. Apply the results of Section 9.6.3 for the mass flow rate, 
pressure distribution, and Nusselt number. 

(4) Plan Execution. 

(i) Assumptions. (1) Steady state, (2) laminar flow, (3) two- 

dimensional (no variation along the width W), (4) slip flow regime (0.001 < 
Kn < 0.1), (5) ideal gas, ( 6 ) constant viscosity, conductivity and specific 

heats, (7) negligible lateral variation of density and pressure, ( 8 ) the 

accommodation coefficients are equal to unity, a u =a T = 1.0, (9) 

negligible dissipation, ( 10 ) uniform surface flux, ( 11 ) negligible axial 

conduction, and ( 12 ) no gravity. 

(ii) Analysis. Assuming isothermal flow, the results of Section 9.6.3 
give the mass flow rate as 








384 9 Convection in Microchannels 


i wh 3 pI p[ 

24 pLRT 0 [pi 


1 + 12 Kn 0 {~ 

Po 



(9.39) 


The Knudsen number at the exit, Kn 0 is 


Kn 0 


MPo) 

H 


r± 

H p 0 



(9.34) 


where the temperature T a at the outlet is assumed to be the same as inlet 
temperature and the viscosity // is based on inlet temperature. 

The Nusselt number, Nu, is given by 


Nu = 


1 Kn + 5_1_ 

(1 + 6 Kn) {2 n 48 (1 + 6Kn) L 


. 2 13 „ 13 

( Kn) + — Kn H- 

40 560 


1 is 

-i - Kn 

y + 1 Pr 

(9.64) 


The local Knudsen number, Kn, depends on the local pressure p(x) 
according to 


Kn = — = 


// \K 


H Hp\ 2 


-RT . 


(9.33) 


Equation (9.35) gives p(x ) 


P(x) 

Po 


= -6Kn 0 


lr -i 

2 

2 

6Kn 0 + 

+ 

(1 - + 1 2 Kn 0 (1 - —) 

L Po \ 


Po Po _ 


(9.35) 


Thus, (9.35) is used to determine p(x), (9.33) to determine Kn(x), and 
(9.64) to determine the variation of the Nusselt number along the channel. 


(iii) Computations. Air properties are determined at 20° C. To 
compute p{x), Kn(x), and Nu, the following data are used 

H - 1.26 //m 
L -10 mm 

p j = 210 x 10 3 kg/s 2 - m 
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p o = 105 x 10 3 kg/s 2 - 111 
Pr = 0.713 

R - 287 J/kg - K = 287 m 2 /s 2 -K 
T = T t =T a =20 °C 
IF = 90 n m 
7 = 1.4 

p = 18.17 x 10 ~ 6 kg/s - m 
Substituting into (9.34) 


Kn n = - 


18.17x 1(T 6 (kg /s-m) 

1.26 x lCT 6 (m)105 x 10 3 (kg/s 2 


l^287(m 2 /s 2 -K)(293.15)(K) -0.05 


Using (9.39) and noting that p l / p 0 = 2 


m = — ^0x10 6 ( m )(1.2 6 x 1 0~ 6 ) 3 (m 3 )( 105 x 1 0 3 ) 2 (kg 2 /s 4 — m2 ) T (2) 2 - 1 + 12 x 0.05(2 -1)1 
24 18.17x 10 -6 (kg/s - m)0.01(m)287(m 2 Is 2 - K)293.15(K) L 

m = 19.476 xlO -12 kg/s 


Axial pressure variation is obtain from (9.35) 



Equation (a) is used to tabulate 
pressure variation with x/L. 

Equations (9.33) and (9.64) are used 
to compute the corresponding 
Knudsen and Nusselt numbers. 

(iii) Checking. Dimensional check : 

Units for equations (9.33), (35), 

(9.39), and (9.64) are consistent. 

Limiting check'. No-slip macrochannel Nusselt number is obtained by 
setting Kn = 0 in (9.64). This gives Nu = 8.235. This agrees with the value 
given in Table 6.2. 

(5) Comments, (i) To examine the effect of rarefaction and compressibility 
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on the mass flow rate, equation (9.41) is used to calculate ml m a : 


m 



2 


^- + 1 + 12 Kn a 
Po 


^ (2 + 1 + 12x0.05) = 1.8. 


Thus, neglecting rarefaction and compressibility will underestimate the m 
by 44%. 

(ii) No-slip Nusselt number for fully developed Poiseuille flow between 
parallel plates with uniform surface heat flux is Nu = 8.235. Thus, no-slip 
theory overestimates the Nusselt number if applied to microchannels. 

(iii) It should be noted that the equations used to compute m, p(x). and 
Nu are based on the assumptions of isothennal conditions in the 
determination of the flow field. This is a reasonable approximation for 
typical applications. 


9.6.4 Fully Developed Poiseuille Channel Flow: Uniform Surface 
Temperature [14] 

The uniform surface flux of Section 9.6.3 is now repeated with the plates 
maintained at uniform surface temperature T s , as shown in Fig. 9.10. We 
invoke all the assumptions made in solving the uniform flux case. Since 
the flow field is assumed independent of temperature, it follows that the 
solution to the velocity, pressure, and 
mass flow rate is unaffected by changes 
in thermal boundary conditions. Thus, 

Equation (9.30) for the axial velocity u, 

(9.35) for pressure variation p(x)/p 0 , 

(9.39) for mass flow rate m , and (9.44) 
of the governing energy equation for 
temperature, are applicable to this case. 

However, thennal boundary condition at 
the surface must be changed. Therefore, 
a new solution to the temperature distribution and Nusselt number must be 
determined. This change in boundary condition makes it necessary to use a 
different mathematical approach to obtain a solution. The solution and 
results detailed in [14] will be followed and summarized here. 

Temperature Distribution and Nusselt Number. Using Newton’s law of 
cooling, the Nusselt number for this case is given by 
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2 Hh _ -2H dT(x,H/2) 

k T m (*) ~ T s d y 


9.66a) 


Thus, the problem becomes one of determining the temperature distribution 
T (x, y) and the mean temperature T m (x). One approach to this problem is 

to solve the more general case of Graetz channel entrance problem and 
specialize it to the fully developed case at x—»oo [14], This requires 
solving a partial differential equation. Although axial conduction was 
neglected in the uniform heat flux condition, it will be included in this 
analysis [14]. Thus energy equation (9.44) is modified to include axial 
conduction 


dT i ( 

pc n u — = k\ 
p Sx V 


d 2 T d 2 2T 


dx 1 dr 


The boundary and inlet conditions are 

dT(x, 0) 


dy 


= 0 . 


2yH dT(x,H/2) 


-Kn 


T(x,HI2) = T s - 

s y + lPr 

T(0,y) = T i , 
T(cc,y) = T s . 

The nonnalized axial velocity is given by (9.56) 


- + Kn-^~ 


dy 


1 + 6Kn 


W 


(9.67a) 


(9.68a) 

(9.69a) 

(9.70a) 

(9.71a) 

(9.56) 


Equations (9.66a)-(9.71a) are expressed in dimensionless form using the 
following dimensionless variables 


T-T 

9 =-^ = 

T-T 


---, rj = —, Re = lpUmH , p e = RePr. 

HRePr H 


M 


(9.72) 


Using (9.56) and (9.72), equations (9.66a)-(9.71a) are transformed to 
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Nu = _2 aStf.,/ 2 ). 

e m 0/7 

(9.66) 

6 A 2\dd 1 d 2 e d 2 e 

1 + 6Kn V 4 ’ dt; {Pe) 2 St; 2 dr/ 2 

(9.67) 

d0({,O) _ 

dr/ 

.(9.68) 

0(^,1/ 2) = 27 1 Kn d6 ^ ,ll2 \ 

y + 1 Pr dr/ 

(9.69) 

0(0, r/) = 1, 

(9.70) 

0(00,77) = 0 • 

(9.71) 


In Section 6.6.2, the criterion for neglecting axial conduction is given 
as 

Pe = PrRe >100, 

where Pe is the Peclet number. 

Because the Reynolds number is 
usually small in microchannels, 
the Peclet number may not be 
large enough to justify neglecting 
axial conduction. By including the 
axial conduction term in (9.67), 
the effect of Peclet number on the 
Nusselt number can be evaluated. 

This problem was solved using 
the method of separation of 
variables [14]. The solution is 
specialized to the fully developed 
temperature case far away from 
the inlet. The variation of Nusselt number with Knudsen number for air at 
various values of the Peclet number is shown in Fig. 9.11. Examination of 
Fig. 9.11 leads to the following conclusions: 

(1) The Nusselt number decreases as the Knudsen number is increased. 
Thus using no-slip results to determine microchannel Nusselt number can 
significantly overestimate its value. 



Fig. 9.11 Nusselt number for flow between 
parallel plates at uniform surface 
temperature for air, Pr = 0.7, 

7 = 1.4, <j u =a T =l » [14] 
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(2) Axial conduction increases the Nusselt number. However, the increase 
diminishes as the Knudsen number increases. 

(3) The limiting case of no-slip {Kn = 0) and negligible axial conduction 
(Pe = go) gives 


Nu 0 = 7.5407 . (9.73) 

This is in agreement with the value given in Table 6.2. 

(4) If axial conduction is taken into consideration at Kn = 0, the Nusselt 
number increases to Nu 0 = 8.1174 . Thus the maximum error in neglecting 
axial conduction is 7.1%. 

(5) With the Nusselt number known, the heat transfer rate, q s , is 
determined following the analysis of Section 6.5 

q s = m c p [T m (x) - T mi ], (6.14) 

where the local mean temperature is given by 

Ph 

T m O) = T s + ( T mi ~ T s ) eX P[ -- *]■ ( 6 -1 ■3) 

mc P 

The average heat transfer coefficient, h, is determine numerically using 
( 6 . 12 ) 

x 

h = -t r/7(x)fi&. (6.12) 

J o 

Example 9.3: MicroChannel Heat Exchanger: 

Uniform Surface Temperature 

Repeat Example 9.2 with the 
channel surface maintained at 
uniform temperature T s . 

(1) Observations, (i) Since the 
flow field is assumed inde¬ 
pendent of temperature, it 
follows that the velocity, mass flow rate and pressure distribution of 
Example 9.2 are applicable to this case, (ii) The variation of the Nusselt 
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number with Knudsen number for air is shown in Fig. 9.11. (iii) The 
determination of Knudsen number as a function of distance along the 
channel and Fig. 9.11 establish the variation of Nusselt number, (iv) The 
use of Fig. 9.11 requires the determination of the Peclet number. 

(2) Problem Definition. Determine the Nusselt number corresponding to 
each value of Knudsen number of Example 9.2. 

(3) Solution Plan. Use the tabulated data of Knudsen number and pressure 
in Example 9.2, compute the Peclet number, and use Fig. 9.11 to determine 
the Nusselt number variation along the channel. 

(4) Plan Execution. 

(i) Assumptions. (1) Steady state, (2) laminar flow, (3) two- 
dimensional (no variation along the width W), (4) slip flow regime (0.001 < 
Kn < 0.1), (5) ideal gas, (6) constant viscosity, conductivity and specific 
heats, (7) negligible lateral variation of density and pressure, (8) the 
accommodation coefficients are assumed equal to unity, o u = <J T = 1.0, 
(9) negligible dissipation, (10) uniform surface temperature, and (11) 
negligible gravity. 

(ii) Analysis and Computations. Since the velocity and pressure 
distribution of Example 9.2 are based on the assumption of isothermal 
conditions, the variation of Knudsen number and pressure with axial 
distance x/L for uniform surface flux is the same as that for uniform surface 
temperature. Thus, the tabulated results of Example 9.2 will be used with 
Fig. 9.11 to determine the variation of Nusselt number with axial distance. 
The Peclet number is defined as 

Pe = RePr, (a) 

where the Reynolds number is given by 


Re = 


pu m 2H (m/HW)2H 2m 


P P 

Using the data of Example 9.2, equation (b) gives 


flW 


Re = 2 


19.476 x 10~ 12 (kg/s) 


18.17 x 10 -6 (kg/s - m) 90 x 10~ 6 (m) 


= 0.0238 


(b) 


Using (a) 
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Pe = 0.02382x 0.713 = 0.01698 

Examination of Fig. 9.11 shows a small change in the Nusselt number as 
Pe is increased from zero to 
unity. Thus, we assume that the 
curve corresponding to Pe = 0 
applies to this example. The 
variation of pressure, Knudsen 
number and Nusselt number with 
axial distance x/L is tabulated. 

Also tabulated is the Nusselt 
number corresponding to negli¬ 
gible axial conduction (Pe = oo). 

(5) Comments, (i) Taking into consideration axial conduction, the no-slip 
Nusselt number for fully developed Poiseuille flow between parallel plates 
with uniform surface temperature is Nu = 8.1174. The tabulated values of 
Nusselt numbers are lower due to rarefaction and compressibility. Thus, 
no-slip theory overestimates the Nusselt number. 

(ii) Neglecting axial conduction underestimates the Nusselt number by less 
than 10%. 

(iii) The effect of axial conduction is to shift the values of the Nusselt 
number for constant surface temperature closer to those for constant 
surface flux of Example 9.2. 


x/L 

P/Po 

Kn 

with 

conduction 

Nu 

no 

conduction 

Nu 

0 

2.000 

0.0250 

7.38 

6.83 

0.2 

1.838 

0.0272 

7.31 

6.77 

0.4 

1.662 

0.0301 

7.22 

6.70 

0.6 

1.469 

0.0340 

7.12 

6.60 

0.8 

1.252 

0.0399 

6.91 

6.41 

1.0 

1.000 

0.0500 

6.65 

6.18 


9.6.5 Fully Developed Poiseuille Flow in Microtubes: 

Uniform Surface Flux [20] 

We consider now Poiseuille flow in microtubes at uniform surface heat 
flux. This problem is identical to Poiseuille flow between parallel plates at 
uniform flux presented in Section 9.6.3. Fig. 9.12 shows a tube of radius r o 
with surface heat flux q" s . 

Velocity and temperature 
are assumed fully develop¬ 
ed. Inlet and outlet pressures 
are p t and p Q , respective¬ 
ly. We wish to determine 
the following: 

(1) Velocity distribution 

(2) Nusselt number 
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As with pressure driven flow between parallel plates, rarefaction and 
compressibility alter the familiar flow and heat transfer characteristics of 
macro tubes. Slip velocity and temperature jump result in axial velocity 
variation, lateral velocity component, non-parallel streamlines, and non¬ 
linear pressure gradient. 

Assumptions. We apply the assumptions made in the analysis of Poiseuille 
flow between parallel plates (see Section 9.6.3). 

Flow Field. Following the analysis of Section 9.6.3, the axial component 
of the Navier-Stokes equations for constant viscosity, compressible flow in 
cylindrical coordinates simplifies to 

1 d / dv z x 1 dp 

-(r—-) =--, (a) 

r dr dr // dz 

where V y (r,z ) is the axial velocity. Assuming symmetry and setting 
< 7 U = 1, the two boundary conditions on V z are 


dv z (0,z) 


dr 


v z (r 0 ,z) = ~A 


= 0 . 


dv z (r 0 ,z) 

dr 


(b) 


(c) 


Integration of (a) and application of boundary conditions (b) and (c) give 
(Problem 9.13): 

2 ’ 


V z =~ 


r o dp 


1 + 4 Kn - 

.2 


4// dz 

The Knudsen number for tube flow, Kn, is defined as 

Kn= * 


2 r 


(9.74) 


(9.75) 


The mean velocity V zm is defined as 


V = 
w zm 


Af 

7i r~ Jo 


2 7trv z dr. 


Substituting (9.73) into the above, gives 
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v zm =-^^-(\ + %Kn). 
8 judz 

Combining (9.74) and (9.76) 

v z ^\ + AKn-(r/r 0 ) 2 
v zm 1 + 8 Kn 


(9.76) 


(9.77) 


Note that the Knudsen number varies with pressure along the channel. It 
represents the effect of rarefaction on the axial velocity. Following the 
derivation of Section 9.6.3 for the analogous problem of Poiseuille flow 
between parallel plates, axial pressures distribution is given by (Problem 
9.14): 


P(z) 

Po 


= -8 Kn 0 


If -1 

2 

2 

8Kn g + — 

+ 

(1 - ^nr) +16 ifrc (1 - —) 

|L Po \ 


O 

Cc 

4 O 


(9.78) 


Using (9.76) and (9.78), and assuming T = T 0 , gives the mass flow rate 
(Problem 9.15): 


n 


.4 2 


m = 


16 juLRT 0 


RR-\ + \6Kn 0 (—-l) 

Po Po 


(9.79a) 


The corresponding mass flow rate for incompressible no-slip (macroscopic) 
flow is given by 


m 


O 


r oPl rPi_ _ a 

8 juLRT y p 0 


(9.79b) 


Note that since (9.79a) accounts for rarefaction and compressibility, setting 
Kn a = 0 in (9.79a) does not reduce to the incompressible no-slip case of 
(9.79b). 

Nusselt Number. Following the analysis of Section 9.6.3, the Nusselt 
number is defined as 


Nu = 


2 r 0 h 


k 


(d) 
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The heat transfer coefficient h for uniform surface flux q'” is 


Substituting into (d) 



T -T 

s m 


Nu = ■ 


2r 0 q” s 
Ws ~ T m) 


(e) 


where T s is tube surface temperature determined from temperature jump 
condition (9.11) 


T(r 0 ,z) + 


2 / A dT(r a ,z ) 
1 + y Pr dr 


The mean temperature T m for tube flow is given by 


(f) 


T m =- 


!' 

•'n 


v z T rdr 


I 


v z rdr 


(9.80) 


Thus, the solution to the temperature distribution is needed for the 
determination of the Nusselt number. Based on the assumptions made, 
energy equation (2.24) simplifies to 


dT k d ( dT, 
pc p v z — = -—[r—). 
oz r or dr 

(9.81) 

The boundary conditions are 


dT(0,z)_ 

dr 

(g) 

k dT(r °’ z P q :. 

dr 

(h) 


We introduce the definition of fully developed temperature profile 


T(r 0 ,z)-T(r,z) 

T{r 0 ,z)-T m (z) 


(9.82) 
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For fully developed temperature, (j) is assumed independent of z. That is 


(t> = </>(r). 

Thus 

M = 0 . 

dz 

Equations (9.82) and (9.84) give 


(9.83) 

(9.84) 


o</> = d T(r 0 ,z) — T(r,z) 
dz dz T(r 0 ,z)-T m (z) 


Expanding and using the definition of (j) in (9.82) 


dT(r a ,z ) 
dz 


dT 

dz 


<j){r) 


dT(r a ,z) 

dz 


dT m (z) 

dz 


(9.85) 


The relationship between the three temperature gradients dT(r,z) / dz, 
dT(r 0 ,z)/dz, and dT m (z)dz will be determined. The heat transfer 
coefficient h, is given by 


h = 


j dT(r 0 ,z) 
dr 

T m (z)-T s (z) 


(i) 


where T s (z) is given in (9.11). Temperature gradient in (i) is obtained from 
(9.81) 

T (r, z) = T(r 0 ,z)-[T(r 0 ,z)~T m (z)\<j>. 

Differentiating the above and evaluating the derivative at r = r 0 


dr 

Substituting (j) into (i) 


e T M = z)] J<KO 


dr 


(j) 


h = — 


k\T(r 0 ,z)-T m (z)\ dtf>(r 0 ) 


(k) 


T SXz)-T m ( z ) dr 
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Newton’s law of cooling gives another equation for h 


h = 


c Js 


T s( z )~ T m( z ) 
Equating the above with (k) and rearranging 


T(r 0 ,z)~T m (z) = — 


c ls 


d<p(r 0 ) 


= constant. 


(9.86) 


Differentiating 


dr 


dT(r a ,z ) dT(z) 


= 0 . 


dz dz 

Combining this with (9.85), gives 

dT(r a ,z ) dT m (z) dT 


dz 


dz dz 


(9.87) 


Equation (9.87) will be used to replace dT / dz in partial differential 
equation (9.81) with dT m ldz. Applying conservation of energy to the 
element dx in Fig. 9.13 gives 


2 nr a q" s dz + mc p T m = me 


t dT »> ^ 
T n, + ~r dz 
dz 


Simplifying 

dT m 2nr 0 q" s 


dz me, 


However, 


m = pnr~ v 2 


(0 


(m) 


m 


dT... 


T 

~^T m + m dz 
m dz 


where V zm is the mean axial velocity. 
Substituting (m) into (1) 


Fig. 9.13 
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dT m _ 2q" s 

dz pc p r Q v zm 


(9.88) 


Substituting (9.88) into (9.87) 

dT_(r a , z) _ dT m (z) _dT _ 2 q" s 

dz dz dz pc p r Q v zm 


(9.89) 


Equation (9.89) shows that T(r,z), T m (z ) and T s (z) vary linearly with 
axial distance z. Substituting (9.89) into (9.81) 


d ( r dT \ = 2 <l" v z r 

-r \.. a rs.. ' 


K v zm 


dr dr 

Equation (9.77) is used to eliminate V z / V zm in the above 

4 n 

9s 


—( r —) = 
dr dr 1 + 8 Kn kr n 


1 + 4 Kn - — 
2 


r. 


Integrating twice 


T(r,z) = 


9s 


(1 + %Kn)kr 0 


1 4 

(1 + 4 Kn)r 2 - 

4 r 1 


(9.90) 


(9.91) 


+ f{z)y + g(z) ■ ( n ) 


Boundary condition (g) gives 


Solution (n) becomes 


f( z ) = 0 . 


T(r,z ) 


(1 + 8Kn)kr a 


(1 + 4Kn)r 2 



+ g(z) ■ 


(9.92) 


Boundary condition (h) is automatically satisfied. To determine g(z ) the 
mean temperature T m is evaluated using two methods. In the first method, 
(9.88) is integrated between the inlet of the tube, z = 0, and an arbitrary 
location z 
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PC pV Z m r o 



where 

T m (0) = T mi . (9.93) 

Evaluating the integrals 

T m =—^ L - z+T mi . (9.94) 

PC pV zl1 p o 

In the second method, T m is evaluated using its definition in (9.80). 
Substituting (9.74) and (9.92) into (9.80) and simplifying 


f 

•'n 


1 + 4 Kn- 


4 q" s 


T = — 

m 

Evaluating the integrals, gives 
9 s r o 


(1 + 8 Kn)kr 0 


(\ + Kn)r 2 - 


16r„ 



2 


f 

1 + 4 Kn 

rafr 


L r o J 



+ g(r) > rdr 


T =- 

m 


k(l + SKnY 
Equating (9.94) and (9.95), gives g(z ) 

ft ft 

2 q s _ 9s r o 


. , v 2 14 „ 7 

1 6Kn H- Kn H- 

3 24 


+ g(z). (9.95) 


&+) = T m 


- z — 


pc p ^"o’C zm k(l + SKny 


? 14 7 

1 6Kn H- Kn H- 

3 24 


. (9.96) 


Surface temperature 7) (r ,z) is determined using (f) and (9.92) 


T s( r o’ Z ) = 


4 q> 0 


k(l + 8Kn) _ 


+ 4/ q * r ° Kn + g(z). (9.97) 


&? + — 

16 J y +1 kPr 


Finally, the Nusselt number is determined by substituting (9.95) and (9.97) 
into (e) 
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Nu = 


(1 + 8 Kn) 




1 


16 (1 + 8 Kn) 2 


, 14 7 

l6Kn~ H- Kn + 


4y 1 ^ 

, H- Kn 

24 J 7 + 1 Pr 

(9.98) 


Using (9.98), the Nusselt number variation with Knudsen number for air, 
with 7 = 1.4 and Pr = 0.7, is plotted in Fig. 9.14. The effect of 
rarefaction and compressibility is to decrease the Nusselt number. 


As with Poiseuille flow 
between parallel plates, the 
Nusselt number for fully 
developed flow depends on 
the fluid and varies with 
distance along the channel. 
The variation of Nu with 
respect to z in (9.98) is 
implicit in terms of the 
Knudsen number, which is 
a function of pressure. The 
variation of pressure with 
axial distance can be 
determined following the 
procedure of Section 9.6.3. 



2 o i_!_ i _!_ i _ i _i 

0 0.04 0.08 0.12 

Kn 


Fig. 9.14 Nusselt number for air flow through 
tubes at unifrorm surface heat flux 
forair, = 1.4,Pr = 0.7, C7„ =a T = \, [20] 


The corresponding no¬ 
slip Nusselt number, Nu 0 , is obtained by setting Kn - 0 in (9.98) 


Nu n = — = 4.364. (9.99) 

o n 

This agrees with equation (6.55) of the macro tube analysis of Chapter 6. 

Example 9.4: Microtube Heat Exchanger: Uniform Surface Flux 

Microtubes of radius r Q = 0.786 ju m and length L = 10 mm are used to 
heat air at T i - 20° C. Assume uniform surface temperature and fully 
developed conditions; determine the axial variation of Nusselt number. 
Inlet and outlet pressures are: 

Pi =315 kPa= 315,000 kg/s 2 -m 
p 0 = 105 kPa= 105,000 kg/s 2 -m 
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(1) Observations, (i) This is a pressure driven Poiseuille flow problem 
through a tube, (ii) Axial Nusselt number variation is given in equation 
(9.98) in terms of the local Knudsen number, Kn. Local Knudsen number 
depends on local pressure. It follows that pressure distribution along a tube 
must be determined, (iii) Pressure distribution is given by equation (9.78). 

(2) Problem Definition. Determine the axial pressure distribution in a 
microtube for fully developed Poiseuille flow. 

(3) Solution Plan. Use the results of Section 9.6.5 to compute axial 
variation of pressure, Knudsen number, and Nusselt number. 

(4) Plan Execution. 

(i) Assumptions. (1) Steady state, (2) laminar flow, (3) two- 
dimensional (no angular variation), (4) slip flow regime (0.001 < Kn < 0.1), 

(5) ideal gas, (6) constant viscosity, conductivity and specific heats, (7) 
negligible radial variation of density and pressure, (8) the accommodation 
coefficients are assumed equal to unity, o u = <J T =1.0, (9) negligible 
dissipation, (10) uniform surface flux, (11) negligible axial conduction, and 
(12) negligible gravity. 

(ii) Analysis. Assuming isothennal flow, The Nusselt number, Nu, is 
given by 


Nu=- 


(1 + 8 Kn) 


O + 77)- 


16 


1 

(1 + 8 Knf 


, 14 7 

16 Kn H- Kn H- 

3 24 


4y 1 „ 

H- Kn 

y + 1 Pr 


(9.98) 

The local Knudsen number, Kn, depends on the local pressure p(z) 
according to 


Kn 


A_ 

2 r 
^' o 


f± 

2 r 0 p 



(a) 


P(z) 

Po 


= -8 Kn 0 


+ 


- 

2 

n 2 d 

8 Kn 0 + — 

+ 

(\-^-) + \6KnJ\-^) 

Po _ 


^2 

0 


z 

L ' 


(9.78) 


(iii) Computations. Equation (9.78) is used to determine the axial 
variation of pressure. Equation (a) gives the corresponding Knudsen 



9.6 Analytic Solutions: Slip Flows 401 


numbers. The Nusselt number is determined using (9.98). Air properties 
are evaluated at 20° C. Computations are based on the following data; 


r Q = 0.786 //m 
L- 10 mm 

Pj = 315 x 10 3 kg/s 2 - m 
p 0 = 105 x 10 3 kg/s 2 - m 
Pr = 0.713 

R = 287 J/kg-K = 287m 2 /s 2 - K 
T = Tf = T a = 20 °C 
Y = 1.4 

p = 18.17 x 10 -6 kg/s - m 


Substituting into (a) 


Kn 0 


_ 18.17 x 1Q~ 6 (kg/s - m) _ 

2x0.786xl(T 6 (m)105xl0 3 (kg/s 2 -m) 
0.04 



287(m 2 /s 2 -K)(293.15)(K) 


Axial pressure variation is obtain from (9.78) 


P(z) 


Po 
This gives 


= -8x0.04+ (8x0.04+ 3) 2 +[l-(3) 2 +16x0.05(1-3) 


p(x) 

Po 


= -0.32 + , 11.0224-9.28— 


(b) 


Equations (a), (b), and (9.98) are used 
to tabulate pressure, Knudsen number 
and Nusselt number at various values of 
z/L. 

(iii) Checking. Dimensional check'. 

Computations confirmed that pressure 
ratio, Knudsen number and Nusselt 
number are dimensionless. 

Limiting check : No slip macrochannel Nusselt number is obtained by 
setting Kn = 0 in (9.98), giving Nu = 4.364. This is close to 4.182 at 
z / L — 0. The difference is due to compressibility effect. 


z/L 

PIPo 

Kn 

Nu 

0 

3.000 

0.0133 

4.182 

0.2 

2.708 

0.0148 

4.161 

0.4 

2.384 

0.0168 

4.130 

0.6 

2.016 

0.0199 

4.083 

0.8 

1.577 

0.0254 

3.997 

1.0 

1.000 

0.0400 

3.766 
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(5) Comments. No-slip Nusselt number for fully developed Poiseuille flow 
through tubes at uniform surface heat flux is Nu = 4.364. The tabulated 
values for this example show that no-slip theory overestimates the Nusselt 
number if applied to microchannels. 


9.6.6 Fully Developed Poiseuille Flow in Microtubes: 

Uniform Surface Temperature [14] 

The uniform surface flux of 
Section 9.6.5 is repeated with the 
tube maintained at uniform surface 
temperature T s , as shown in Fig. 

9.15. The assumptions made in the 
solution of the uniform flux 
condition are applied to this case. T s 

The flow field solution is identical Fig. 9.15 

for the two cases since it is based 

on isothermal flow condition. Changing the boundary condition from 
unifonn flux to uniform temperature requires using a different 
mathematical approach to obtain a solution. Results obtained in [14] are 
summarized here. 



Temperature Distribution and Nusselt Number. The Nusselt number is 
given by 


Nu = 2 r 0 h _ = ~ 2r o ST(r 0 ,z) 

k T m( z )~ T s dr 


(9.100a) 


This requires the determination of the temperature distribution T (r, z) and 
the mean temperature T m (z). Following the analysis of Section 9.6.4, the 
solution is based on the limiting case of Graetz tube entrance problem. 
This approach requires solving a partial differential equation taking into 
consideration axial conduction. Energy equation (9.81) is modified to 
include axial conduction 


dT k d , 57\ 7 .d 2 T\ 

p c P v ^=-^v^) +k y—N)- 

oz r or or 


(9.101a) 


The boundary and inlet conditions are 






T(r 0 ,z) = T s 
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dT(0,z)_ n 

dr 

(9.102a) 

2 Y 2r o Fn dT(r 0 ,z) 

y + l Pr dr 

(9.103a) 

J'S 

© 

II 

2r3 

(9.104a) 

T(r,cc) = T s . 

(9.105a) 


The normalized axial velocity is given by (9.76) 

v z 1 + 4Kn-(r / r Q ) 2 
v zm 1 + 8 Kn 


(9.77) 


Equations (9.100a)-(9.104a) are expressed in dimensionless fonn using the 
following dimensionless variables 


T-T 

0 = s 


T-T 

1 l ± s 


4 = 


2r o RePr 


R=' Re= 2 -^ 


Pe = RePr. 


P 


(9.106) 

Using (9.77) and (9.106), equations (9.100a)-(9.105a) are transformed to 


Nu = 


2 90(1,4) 
0 m dR 


l + 4Kn-R 2 80 _ 1 8 ( R d0\ 1 d 2 0 

2(2 + 16 Kn) ~8^~~R8R^ ~8R + (2Pe) 2 d% 2 ’ 


(9.100) 


(9.101) 


80 ( 04 ) _ n 

dR 

on n = 2 y Kn d0 (\^) 
y + lPr dR 

W) = i, 

0(R,co) = 0. 


(9.102) 

(9.103) 

(9.104) 

(9.105) 
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Equation (9.100) shows that 
axial conduction becomes 
important at low Peclet 
numbers. This problem was 
solved using the method of 
separation of variables [14]. 

The infinite series solution is 
truncated to determine the 
Nusselt number for the fully 
developed case. Fig. 9.16 
shows the effect of Peclet 
and Knudsen numbers on the 
Nusselt number. Neglecting 
axial conduction corresponds 
to Pe = oo. According to 
Fig. 9.16, axial conduction 
increases the Nusselt number 
while rarefaction decreases 
it. Although axial conduction increases the Nusselt number, its effect 
diminishes as the Knudsen number increases. The maximum increase 



Fig. 9.16 Nusselt number for flow through 
tubes at uniform surface tempera¬ 
ture for air, Pr = 0.7 [14] 


corresponds to the no-slip condition of Kn — 0. Fig. 9.16 gives 
limiting case of no-slip and negligible axial conduction (Pe = oo) as 


the 


Nu 0 = 3.657 


(9.107) 


This agrees with equation (6.59) obtained in Chapter 6. If axial conduction 
is taken into consideration at Kn = 0, the Nusselt number increases to 
Nu 0 =4.175. Thus the maximum error in neglecting axial conduction is 
12.4%. 
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PROBLEMS 


9.1 The speed of sound, c, in an ideal gas is given by 

c = sj/RT , 

where y is the specific heat ratio, R is gas constant and T is temper¬ 
ature. Show that 


Kn = 


hr M 

—y — 

2 Re 


where M is mach number defined as 


M — V t c. 
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9.2 Reported discrepancies in experimental data on the fiction factor/are 
partially attributed to errors in measurements. One of the key 
quantities needed to calculate/is channel diameter/). Show that 

/ x D 5 . 

9.3 Consider shear driven Couette flow between parallel plates separated 
by a distance H. The lower plate is stationary while the upper plate 
moves with a velocity u s . Assume that no heat is conducted through 
the lower plate and that the upper plate is maintained at uniform 
temperature T s . Taking into consideration dissipation, velocity slip 
and temperature jump, determine the Nusselt number. Assume steady 
state ideal gas flow. 

9.4 A large plate moves with constant velocity u s parallel to a stationary 
plate separated by a distance H. An 
ideal gas fills the channel formed 
by the plates. The stationary plate 
is at temperature T a and the 
moving plate is at temperature T s . 

Assume laminar flow and take into 
consideration dissipation and 
velocity slip and temperature jump: 

(a) Show that temperature 
distribution is given by 

T _ T t 2/ Kn | y y 2 | T s -T a 2y Kn | y . 

° 2k(\ + 2Kn) 2 [_y + \ Pr H H 2 \ l , 2 2/ Kn y + \ p r H 

y + lPr 

(b) Determine the heat flux at the plates. 

9.5 Consider Couette flow between two parallel plates separated by a 
distance H. The lower plate moves with velocity u sl and the upper 
plate moves in the opposite direction with velocity u s2 ■ The channel 
is filled with ideal gas. Assume velocity slip conditions, detennine 
the mass flow rate. Under what condition will the net flow rate be 
zero? 

9.6 Determine the frictional heat generated by the fluid in Example 9.1. 
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9.7 Consider shear driven 
Couette flow between 
parallel plates. The upper- 
plate moves with velocity 
u s and is maintained at 
uniform temperature T s . 

The lower plate is heated 
with uniform flux q " 0 . The fluid between the two plates is an ideal 
gas. Taking into consideration velocity slip, temperature jump, and 
dissipation, determine the temperature of the lower plate. 



9.8 Pressure distribution in Poiseuille flow between parallel plates is given 
by 


P(x) 

Po 


■- -6Kn n 


jr -| 

2 

2 

6Kn 0 +^~ 

+ 

(1 “ ^y) +1 2 Kn 0 (1 - —) 

|L Po J 


Po Po _ 


L 


(9.35) 

This equation was derived in Section 9.6.3 using the continuity 
equation to detennine the jy-velocity component v. An alternate 
approach to derive (9.35) is based on the condition that for steady 
state the flow rate is invariant with axial distance x. That is 


dm 

dx 



= 0 . 


where W is channel width. Derive (9.35) using this approach. 

9.9 One of the factors affecting mass flow rate through microchannels is 
channel height 77. To examine this effect, consider air flow through 
two microchannels. Both channels have the same length, inlet 
pressure and temperature and outlet pressure. The height of one 
channel is double that of the other. Compute the mass flow ratio for 
the following: 77) = 5 pm, 77 2 = 10//m, 7) = 30 °C , p, = 420 kPa, 
p 0 =105 kPa. 

9.10 A micro heat exchanger consists of rectangular channels of height 
H -25 pm, width W - 600//m, and length 1 = 10 ram. Air enters 
the channels at temperature 7) = 20 0 C and pressure /;, = 420 kPa. 
The outlet pressure is p a =105 kPa. The air is heated with uniform 
surface heat flux q" s - 1 100 W/m 2 . Taking into consideration 
velocity slip and temperature jump, assume fully developed 
conditions and compute the following: 
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(a) Mass flow rate, m. 

(b) Mean outlet temperature, T mo . 

(c) Heat transfer coefficient at the outlet, h(L). 

(d) Surface temperature at the outlet, T s (L). 

9.11 Rectangular microchannels are used to remove heat from a device at 
uniform surface heat flux. The height, width, and length of each 
channel are H - 6.29 pm, W — 90//m, and Z. = 10 mm, respective¬ 
ly. Using air at T i — 20° C as the coolant fluid, determine the mass 
flow rate and the variation of 
Nusselt number along the 
channel. Inlet and outlet 
pressures are p t =410 kPa, 
p o =\05 kPa. Assume 
steady state fully developed 
slip flow and temperature 
jump conditions. 

9.12 A micro heat exchanger consists of 
rectangular channels of height 
H = 6.7 //m, width W = 400 pm, and 
length L = 8 mm. Air enters the 
channels at temperature 7j = 30 °C and 
pressure /;, =510 kPa. The outlet 
pressure is p Q = 102 kPa. Channel surface is at uniform temperature 
T s = 50° C. Assume fully developed flow and temperature, compute: 

(a) Mass flow rate, m. 

(b) Heat transfer coefficient at the inlet, h{0), and outlet, h(L). 

(c) Mean outlet temperature, T mo . 

(d) Surface heat flux at the outlet, q"(L). 




9.13 Consider isothermal Poiseuille flow of gas in a microtube of radius 
r o . Taking into consideration velocity slip, show that the axial 
velocity is given by 


V 


Z 


\ l+4Kn 

4 /j dz 



(9.74) 


9.14 Consider fully developed isothermal Poiseuille flow through a 
microtube. Follow the analysis of Section 9.6.3 and use the continuity 
equation in cylindrical coordinates to derive the following: 
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(a) The radial velocity component v r 


r ■ 1 <3 dp 

v r =— - \p— 

4/i p dz I dz 


1 r 1 r r 

- - + 2 — Kn{p) 

2 y q ,, 3 j* 


where Kn(p ) is the local Knudsen number, 
(b) The local pressure p(z) 


— l = -8Kn 0 + 

8 Kn n +^~ 

2 

+ 

(l-EL) + i 6 Kn 0 (l-^-) 

Po y 

Po _ 


L Po Po J 


(9.78) 

where p ,• is inlet pressure, p a outlet pressure, and Kn a is the outlet 
Knudsen number. 


9.15 Taking into consideration velocity slip, show that the mass flow rate 
for laminar, fully developed isothermal Poiseuille flow in a microtube 
is given by 


m - 


4 2 

X r oPo 


16 jjLRT 


Po 


L-1 + 16&T—-1) 


(9.79a) 


9.16 Pressure distribution for fully developed Poiseuille flow through tubes 
is given by 


P( z ) 


— —&Kn 0 + 


fr 71 

2 

2 

8 Kn 0 +-^~ 

l( L Po _ 

+ 

(1 _ ^y) + 16Kn 0 (1 - —) 
Po Po _ 


(9.78) 

Derive this equation using the condition that, for steady state, the mass 
flow rate is invariant with axial distance z. That is 


dm d 
dz dz 



Jo 

2n 

pv z rdr 

• 

0 


= 0 . 


9.17 Air is heated in a microtube of radius r 0 = 5 pm and length L = 2 mm. 
Inlet temperature and pressure are T j - 20 0 C and p, = 600 kPa. 
Outlet pressure is p a = 100 kPa. Uniform surface flux, < 7 " =1500 
W/m 2 , is used to heat the air. Taking into consideration velocity slip 
and temperature jump and assuming fully developed flow and 
temperature, compute: 
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(a) Mass flow rate, m. 

(b) Mean outlet temperature, 
T . 

mo 

(c) Heat transfer coefficient 
at the outlet, h(L). 

(d) Surface temperature at 
the outlet, T S (L). 


/ 1 i q "i l 


—-X 

* z 



T Ivt f 

c ls 



9.18 Determine the axial variation of the Nusselt number and heat transfer 
coefficient of the microtube in Problem 9.17. 


9.19 A micro heat exchanger uses micro tubes of radius r a = 3 pm and 
length L = 6 mm. Inlet air temperature and pressure are 7j =20 °C 
and pressure p t = 600 kPa. Outlet pressure is p 0 =100 kPa. Each 
tube is maintained at 
uniform surface tempera¬ 
ture T s =60 °C. Taking 
into consideration veloc¬ 
ity slip and temperature 
jump and assuming fully 
developed flow and tem¬ 
perature, determine the following: 

(a) Heat transfer coefficient at the inlet, h{0), and outlet, h(L). 

(b) Mean outlet temperature T mo . 

9.20 Air enters a microtube at temperature T i = 20 °C , and pressure 
Pj = 600 kPa. Outlet pressure is p Q = 100 kPa. Tube radius is 
r 0 = 1 //m and length is L- 6 mm. The surface is maintained at 
uniform temperature T s =40 °C. Taking into consideration velocity 
slip and temperature jump and assuming fully developed conditions, 
determine the variation along the tube of the following: 

(a) Nusselt number, Nu(z). 

(b) Heat transfer coefficient, h(z). 

(c) Mean temperature, T m (z). 
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APPENDIX A 


Conservation of Energy: The Energy Equation 


The derivation of energy equation (2.15) in 
Section 2.6 is presented in detail. We 
consider the element dxdydz in Fig. A.l 
and apply conservation of energy (first law 
of thermodynamics). We assume contin¬ 
uum and neglect nuclear, electromagnetic 
and radiation energy transfer. Our starting 
point is equation (2.14) [1]: 



A 

B 

Rate of change of 

Net rate of internal and kinetic 

internal and kinetic = 

energy transport by convection 

energy of element 


C 

D 

, Net rate of heat added _ Net rate of work done by 

by conduction 

element on surroundings 


Note that net rate in equation (2.14) refers to rate of energy added minus 
rate of energy removed. We will formulate expressions for each term in 
equation (2.14). 


(1) A = Rate of change of internal and kinetic energy of element 

The material inside the element has internal and kinetic energy. Let 

u = internal energy per unit mass 
V = magnitude of velocity 
Thus 


A 



+ V 2 / 2)1 dxdydz . 


(A-l) 
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(2) B = Net rate of internal and kinetic energy transport by convection 


(u + V 2 / 2)pwdxdy + 


Qz 


(u + V 2 / 2 )pu dvdz 


[( m + F 2 / 2 ) / 0 W'] dxdydz 


dz' 


dy 


•A 


dx 


(u + V 2 / 2 )pu dvdz + 

^ —[(u + V 2 / 2)pi\dxdvdz 
dx 1 


| (u + V 1 12) pWdxdy 

Fig. A.2 


Mass flow through the element transports kinetic and thermal energy. Fig. 
A.2 shows energy convected in the x and y-directions only. Not shown is 
energy carried in the z-direction. To understand the components of energy 
transport shown in Fig. A.2, we examine the rate of energy entering the 
dydz surface. Mass flow rate through this area is pudydz . When this is 
multiplied by internal and kinetic energy per unit mass, (u + V 2 I 2) , gives 
the rate of energy entering dydz due to mass flow (u + V 2 12)pudydz. 
Similar expressions are obtained for the energy transported through all 
sides. Using the components shown in Fig. A.2 and including energy 
transfer in the z-direction (not shown) we obtain 


B = (u + V 2 / 2) p u dydz + (u + V 2 / 2) v dxdz + (u + V 2 / 2) p wdxdy 

- (u + V 2 / 2) pU dydz - — [(« + V 2 / 2) p U dxdydz 

dx 

9 d \ ^ 2 

-(u + V IT)pvdxdz - \(u + V IT)pv dxdydz 

dy 

-(u + V 2 12) p wdxdy - — f(w + V 2 / 2) p w dxdydz. 

dz 

Simplifying 


b = -|a- 

(u + V 2 12) pu 

8 

+ — 

(u + V 2 12) pv 

8 

+ — 



dy 


dz 


12 )pw 


x dxdydz. 
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Making use of the definition of divergence (1.19) the above becomes 
B = - jv • [(w + L 2 /2) pv\ \dxdydz . 

(3) C = Net rate of heat addition by conduction 


(A-2) 


Let 

q" =heat flux = rate of heat conduc¬ 
tion per unit area 

Fig. A.3 shows the z-plane of the 
element dxdydz. Taking into consid¬ 
eration conduction in the r-direction, 
the net energy conducted through the 
element is given by 


A 


(q" y + ~^— dy)dxdz 


q"A’ dz d y 


dx 


(q" x + —^ dx)dydz 
_ dx 


q" v dxdz 

Fig. A.3 

ir, d( i"x 


C = q" x dydz + q” v dxdz + q'ldxdy - (q ' x -1- —dx)dydz 

d x 

dq" v dq’l 

- (q" + —— dy)dxdz - ( q " + —A dz)dxdy. 


Simplifying 


C = - 


S / V -L A S-) 

cy cz 


a?; + w + sjL\ dxdydz 


dx dy dz 

Introducing the definition of divergence 

C = -(V • q ") dxdydz. 


(A-3) 


(4) D = Net rate of work done by the element on the surroundings 

Rate of work is defined as force x velocity. Thus 

Rate of work = force x velocity. 

Work done by the element on the surroundings is negative because it 
represents energy loss. We thus examine all forces acting on the element 
and their corresponding velocities. As we have done previously in the 
formulation of the equations of motion, we consider body and surface 
forces. Thus 
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D = D b +D S , (A-4) 

where 

D b = Net rate of work done by body forces on the surroundings 
D s = Net rate of work done by surface forces on the surroundings 

Consider D b first. Let g x ,g v and g z be the three components of 
gravitational acceleration. Thus D b is given by 

D b = - (Sx u + §y v + gz w ) dxdydz , 
or 

D b =~P(V*g) (A-5) 

The negative sign is introduced so that when the product of gravity and 
velocity is positive, work is done on the element and when it is negative, 
work is done by the element. 

Next we formulate an equation for rate of work done by surface stresses 
D s • Fig. A.4 shows an element with some of the surface stresses. For the 

purpose of clarity, only stresses on two faces are shown. Each stress is 
associated with a velocity component. The product of stress, surface area 
and velocity represents rate of work done. Summing all such products, we 
obtain 
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du | 

u H- dx cr v 


dx dydz — u{— a xx )dydz 


dw , \ 

Wi- dx T xz 

dx A 

dv , Y 
dx | ^ 

dw Y 
w-\ - dz a 


dx dydz - w(- r xz )dydz 


dx dydz - z?(- x xy )dydz 


dz dxdy - vv(- a zz )dxdy 


dv . \ 

v H-az H 

& ){ * 

dv Y 
v + — dy a 

dy A 
du Y 

u + — dy t vx - 
dy A ’ 

dw Y 
w + —dy r 

& A 

du Y 

U H- dz Tyy ~\ 


dz dxdy - u(- t zv \ixdy 


dy dxdz - v(- a vv )dxdz 


\ 

dy dxdz - u(- r vx ]dxdz 


dy dxdz - iv(- r vz )dxdz 


dz dxdy - u{— r zx )dxdy. 


Note that negative sign indicates work is done by element on the 
surroundings. Neglecting higher order terms the above simplifies to 


n Lf da ™ i dT >’ x , dx -~ 

I & dy dz 


yx dx, x | f da dr ) 
— + —— + v ^ + —— + —— + 


dx dy dz 
du du du 


dr xz St yy da zz \ ( du du du 

-“-^-I-+ ^ XX -^ ^ VX -1" T 7 x - 

r\ r\ /-> Aa /-s yA , 

ox oy oz ) l ox oy oz 


dv dv dv) ( dw dw Avl , , , 

*xy-r + (T yy-Z- + T zy-r + T *z ^ * yz ^ & zz VT~ \dxdydz. 

ox oy oz y y ox oy oz J j 

(A-6) 


Substituting (A-5) and (A-6) into (A-4) 
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D = -p(v ■ g)dxdydz - 

“(«V + va yy + WT yz) + ^ UT zx 


— (j/o- xx + VT xy 


+ wt xz ) + 

+ VT zy +WCT zz ) 


dxdydz . (A - 7) 


Substituting (A-l), (A-2), (A-3) and (A-7) into (2.14) 


d_ 

dt 



f u + \v 2 " 

" 

Y 1 -Y 

u + -V 2 


p\ 

= -V • 

pV 


l 2 J 


A 2 ) 



-V-q" + p(v-g)+ 


d 8 

— (u°xx +VT xy +W T xz ) + — (it r yx + V(7 yy + W T yz ) 


+ -^( UT zx +VT zy + w °zz)- 


(A-8) 


Note that equation (A-8) contains the nine normal and shearing stresses that 
appear in the formulation of the momentum equations (2.6). We will now 
use (2.6) to simplify (A-8). Multiplying equations (2.6a), (2.6b) and (2.6c) 
by the velocity components it, v and tv, respectively, and adding the 
resulting three equations, we obtain 


Du Dv Dw 

p\ U - hV -h W - 

1 Dt Dt Dt 


] = 4 


= PVSx + v gy + w g : ) 


+ U 

' d(J xx , dr yx ! St zx 

+ V 

dr xy 8a yy dr zy ' 

+ w 

' dT xz , dr yz , 3cr zz " 


dx dy dz 


dx dy dz 


dx dy dz j 


However, 


and 


P 


( Du Dv Dw) p DV 2 

u - + v - + w - =- 

Dt Dt Dt) 2 Dt 

(itg x + Vgy +Wg z )=V'g 


(A-9) 

(A-10) 
(A-l 1) 


Substituting (A-10) and (A-l 1) into (A-9) 
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p DV 
2 Dt 


= pV ■g + u 


Qt r Qt vr Qt 

uu xx _j_ y x u L zx 


dx 


dy 


3z 


+ v\ 


( Qt Qrr Qt ^ 
u 1 xy vy u 1 zy 


dx 




dy 


- + ■ 


dz 


■ w 


0r v _ dr yz Q a zz 


■ + ■ 


dx dy 


■ + ■ 


dz 


(A-12) 


Returning to (A-8), the first and second tenns are rewritten as follows 


d_ 

dt 


p\ 

1 I + -V 2 


r i 

u + — V 2 

l dp 0i 

-h p - 

A 1 2^ 
u + — V 2 


l 2 J 


l 2 J 

1 dt dV 

l 2 J 


(A-13) 


V- 


f u + -V 2 ^ 

| pV 


f 1 2 'l 

u + -V 2 

< 

Si 

"St 

+ 

"St 

< 

11+-V 2 

_V 2 J 



V 2 j 


V 2 ) 


■ (A-14) 


Substituting (A-12), (A-13) and (A-14) into (A-8) 


0 


D . 1..2 
— u+-V 
Dt 




d I „ 1 2 1 - lA 1 2 
— U + -V 1 +V-V u+-V z 
dt I 2 ) l 2 




p DV 2 f 
+ —-+ 


2 Dt 


du du du 

^xx T yx X T :x ~ZT 

dx dy dz 


\ f 

+ 


dv dv dv 
Txy ~dx. JrGyy ~dy +Tyz ~dz 


dw dw dw 

7 XZ Tyz — °"zz ~P~ 

dx dy dz 


= 0 . 


The above equation simplifies to 


Du „ — 
p— = -V-q + 

Dt 


V 

dw 

dx 


du 

°xx ^ ^ yx ~ 

dx dy 
dw 

T yz q ® zz 


du du 

- 1 " T 7 V - 

** dz 


t r 
+ 
j 


dv 


Txy dx + Gyy dy 


dv dv 
~ + Tzy ~dz 


dw 

dz 


(A —15) 


Equation (A-15) is based on the principle of conservation of energy. In 
addition, conservation of mass and momentum were used. Note that the 
only assumptions made so far are: continuum and negligible nuclear, 
electromagnetic and radiation energy transfer. We next introduce 
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constitutive equations to express the heat flux q" in terms of the 
temperature field, and the normal and shearing stresses in terms of the 
velocity field. For the former we use Fourier’s law (1.8) and for the latter 
we apply Newtonian approximation (2.7). Application of Fourier’s law 
(1.8) gives the heat flux in the /7-direction as 

dT 

9,"=-^ — , (A-16) 

on 

where k n is thermal conductivity in the /7-direction. Assuming isotropic 
material, we write 

k n =k x =k y =k z =k. (A-17) 

Using the operator V , equation (A-16) is expressed as 

~q" = -kVT • (A-18) 

Substituting (A-18) and (2.7) into (A-15) and rearranging, we obtain 
nfi 

- p = -V kVT - pV ■ V + jU0, (A-18) 

where u internal energy and <X> is the dissipation function defined as 



( du^ 

2 

' dv' 

2 

f dw^ 
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r Qv 

du~\ 
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— 
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+ 
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+ 
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+ 
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UtJ 


V.0Z J 



L& 

dy J 


\_dz 

dx \ 


dw dv 

2 2 

du dv dw 

_|_ _ 

dy dz 

3 

_|__j_ 

dx dy dz 


(A-19) 


Equation (A-18) is based on the following assumptions: (1) continuum, (2) 
negligible nuclear, electromagnetic and radiation energy, (3) isotropic 
material, and (4) Newtonian fluid. 

The next step is to express (A-18) first in terms of enthalpy and then in 
terms of temperature. Starting with the definition of enthalpy h 

h = {, + -. (A-20) 

P 


Differentiating (A-20) 
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Dh Du 1 Dp P Dp 
Dt Dt p Dt p 2 Dt 


Substituting (A-21) into (A-18) 


Dh 


Dp 


p Dp 


p = V ■ kVT H—— + pQ- — —^ + pV-V 


Dt 


Dt 


P\Dt 


(A-21) 


(A-22) 


Application of the continuity equation (2.2c) to (A-22) eliminates the last 
two terms. Thus (A-22) simplifies to 


P 


— = y.kVT- 
Dt 


Dp 

Dt 


+ pO . 


(A-23) 


We next express enthalpy in (A-23) in terms of temperature using the 
following thermodynamic relation [2] 


dh = c p dT + 


-(1 ~pT)dp, 
P 


(A-24) 


where ft is the coefficient of thermal expansion, defined as 


ft = 


1 

P 


r dp^ 
ydT; 


Taking the total derivative of (A-24) 


Dh 

Dt 


DT 



p Dt 


Substituting (!-25) into (A-23) 


pc p 


DT 

Dt 


V ■ kVT + ftT 


Dp 

Dt 


+ pO . 


(A-25) 


(A-25) 


(2.15) 
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APPENDIX B: POHLHAUSEN’S SOLUTION 


The transformed energy equation is 


d 2 d Pr d0 

—— /(? 7 )— = 0 . 

dr] 2 ' dr] 

(4.61) 

The boundary conditions are 


0(0) = 0, 

(4.62a) 

0(°°) = 1, 

(4.62b) 

0 { 00) = 1. 

(4.62c) 

Note that boundaiy conditions (4.60b) and (4.60c) coalesce into a single 
condition, as shown in (4.62b) and (4.62c). Equation (4.61) is solved by 


first separating the variables as 

</(—) 

mdr > 


Integrating the above from rj = 0 to // 


{ 


!l d{—) 

= mdl1 - 
dr] 


i 


Evaluating the integral on the left-hand-side 

dd 


,n mo) = - T' fwd ’’ 

drj 


i 


Taking the anti log of the above 
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d6 _ d0( 0) 
drj drj 


exp 


1 


~^r I fWdri 


Integrating again from // to // = oo and using boundary condition (4.62b) 


f de=( ^P~ [ ex P 

K ^ \ L 4 ) 


This gives 


0(7) = 1- 


drj 

d0{ 0) 
drj 


f 

exp 

r 

Pr f 

f(v)dri 

4, 

4) 


drj. 


drj 


(a) 


The constant dd( 0)/ drj in (a) is unknown. It is determined by satisfying 
boundary condition (4.62a), which gives 


d6{ 0 ) _ 
drj 

Substituting (b) into (a) 

0 ( 7 ) = 1 - 


f 

r p r n 


1 exp 

~ fWdrj 

drj 


4) 



-l 


(b) 


oo r i 

I exp_ ^l 


fin)dv 


drj 


00 ' 

I CXP f 


f{ri)drj 


(c) 


drj 


The integral in (c) can be simplified using the transformed momentum 
equation (4.44) 


2 —^r + f(rj) = 0. 


drj~ 


drj~ 


(4.44) 


Solving (4.44) for f(rj) and integrating 
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-- f(v)dri = 


^r-dn = 

d 2 f d 2 f( 0) 


Multiplying both sides of the above by Pr and taking the anti log of the 
above 


exp —— f(rj)dri = 


d 2 W) 


Substituting (d) into (c) gives 


0 ( 7 ) = 1 -- 


r 00 r 2 i Pr 

f dr, 

Jn dn 2 


Similarly, substituting (d) into (b) gives the temperature gradient at the wall 


d6{ 0 ) 
drj 


d 2 m 


f \PA dn 

dn 2 


(4.63) 


d 2 f( 0) 

The constant —-—-— in (f) is obtained from Table 4.1 
di) 


d 2 f( 0) 


= 0.332. 
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Thus (f) becomes 


d0{ 0) 
dr/ 


[0.332] Pr 




(4.64) 
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APPENDIX C 

LAMINAR BOUNDARY LAYER FLOW OVER SEMI-INFINITE PLATE: 
VARIABLE SURFACE TEMPERATURE [1] 


Surface temperature varies with distance along the plate according to 

T s 0) ~T aa = Cx . (4.72) 

Based on the assumptions listed in Section 4.3, temperature distribution is 
governed by energy equation (4.18) 


dT dT d z T 
u - 1 - v — = a - 


dx dy dy 2 

The velocity components u and v in (4.18) are given in Blasius solution 

u df 

V* dr) ’ 


(4.18) 


v 

vl 


1 v 


df .. 
n -—/ 
v d, i 


_ 2 V^x 

The boundary conditions are: 

T(x,0) = T s =T oo + Cx\ 

T(x,co) = T a0 , 

T (0, y) = T , f .. 


(4.42) 

(4.43) 


(4.74a) 

(4.74b) 

(4.74c) 


The solution to (4.18) is obtained by the method of similarity 
transformation. We define a dimensionless temperature 0 as 


We assume that 


0 = 


T-T 

1 1 s 

T -T 

00 x S 


(a) 

(b) 


where 


9{x,y) = 6(i )), 
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n = y. 


Wrr 


V X 


(C) 


Equation (4.18) is transformed in terms of ()(/]) and rj. Equation (a) is 
solved for T(x,y) 

T = T s +(T (X> -T s )0. 

Substituting (4.72) in the above 

T = T m + Cx n - Cx n O . (d) 

The derivatives in (4.18) are formulated using (b)-(c) and the chain rule: 

dT «-i r n-ln r « dd 

— = tnx -Cnx 0 -Lx — . 

Gx Gx 

However, 

80 _ dd dr/ _ r/ dO 
dx dr/ dx 2x dr/ 

Substituting into the above 


dT n —\ n-l a c n-\ dO 

— = Cnx -Cnx 0-\—x 77 —. 
dx 2 dr/ 


Similarly 


= -Cx n ——=-Cx n v °° — 
Gy dr/ dy \vx dr/ 


(e) 


(f) 


G 2 T 

dy 2 


== -Cx 


;-l Vgo d Z 0 
V dr/ 2 


Substituting (4.42), (4.43) and (e)-(f) into (4.18) 

df_ 
dr/ 


V GL 


r ■> n— 1 «-l n , ^ n- 1 dO 

Cnx -Cnx 0- 1—x n - 

2 dr/ 


(g) 


v 


2 ]IV„x 


df . 
n -—/ 

dr/ 


Cx n ^ dT 
V vx dr/ 


= -a- 


d~6 


VX 


dr/' 
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This simplifies to 


where 


d 2 d 

dr/ 2 


+ nPr 4L( l-0) + ^/(7)^ = O ! 

dr/ 2 dr/ 


Pr- 



cc 


(4.75) 
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T 

C„ 

P 

P 

V 

k 

Pr 

°C 

J/kg-°C 

kg/m 3 

kg/s-m 

m 2 /s 

W/m-°C 


-40 

1006.0 

1.5141 

15.17x10 6 

10.02xl0~ 6 

0.02086 

0.731 

-30 

1005.8 

1.4518 

15.69xl0~ 6 

10.81xl0~ 6 

0.02168 

0.728 

-20 

1005.7 

1.3944 

16.20xl0~ 6 

11.62xl0~ 6 

0.02249 

0.724 

- 10 

1005.6 

1.3414 

16.71xl0 -6 

12.46xl0~ 6 

0.02329 

0.721 

0 

1005.7 

1.2923 

17.20xl0~ 6 

13.31xl0~ 6 

0.02408 

0.718 

10 

1005.8 

1.2467 

17.69xl0 -6 

14.19x10 6 

0.02487 

0.716 

20 

1006.1 

1.2042 

18.17x10 6 

15.09xl0~ 6 

0.02564 

0.713 

30 

1006.4 

1.1644 

18.65xl0~ 6 

16.01xl0~ 6 

0.02638 

0.712 

40 

1006.8 

1.1273 

19.11x10 -6 

16.96xl0~ 6 

0.02710 

0.710 

50 

1007.4 

1.0924 

19.57xl0~ 6 

17.92xl0~ 6 

0.02781 

0.709 

60 

1008.0 

1.0596 

20.03x10 6 

18.90xl0~ 6 

0.02852 

0.708 

70 

1008.7 

1.0287 

20.47x10" 6 

19.90xl0~ 6 

0.02922 

0.707 

80 

1009.5 

0.9996 

20.92xl0~ 6 

20.92xl0~ 6 

0.02991 

0.706 

90 

1010.3 

0.9721 

21.35xl0 -6 

21.96xl0~ 6 

0.03059 

0.705 

100 

1011.3 

0.9460 

21.78xl0~ 6 

23.02xl0~ 6 

0.03127 

0.704 

110 

1012.3 

0.9213 

22.20xl0~ 6 

24.10x10 -6 

0.03194 

0.704 

120 

1013.4 

0.8979 

22.62xl0~ 6 

25.19xl0~ 6 

0.03261 

0.703 

130 

1014.6 

0.8756 

23.03xl0~ 6 

26.31xl0~ 6 

0.03328 

0.702 

140 

1015.9 

0.8544 

23.44xl0 -6 

27.44xl0~ 6 

0.03394 

0.702 

150 

1017.2 

0.8342 

23.84xl0~ 6 

28.58xl0~ 6 

0.03459 

0.701 

160 

1018.6 

0.8150 

24.24x10 -6 

29.75xl0~ 6 

0.03525 

0.701 

170 

1020.1 

0.7966 

24.63xl0^ 6 

30.93xl0~ 6 

0.03589 

0.700 

180 

1021.7 

0.7790 

25.03xl0~ 6 

32.13x10 6 

0.03654 

0.700 

190 

1023.3 

0.7622 

25.41xl0” 6 

33.34xl0~ 6 

0.03718 

0.699 

200 

1025.0 

0.7461 

25.79xl0~ 6 

34.57xl0~ 6 

0.03781 

0.699 

210 

1026.8 

0.7306 

26.17xl0~ 6 

35.82xl0~ 6 

0.03845 

0.699 

220 

1028.6 

0.7158 

26.54xl0 -6 

37.08xl0~ 6 

0.03908 

0.699 

230 

1030.5 

0.7016 

26.91xl0~ 6 

38.36xl0~ 6 

0.03971 

0.698 

240 

1032.4 

0.6879 

27.27xl0 -6 

39.65x10 6 

0.04033 

0.698 

250 

1034.4 

0.6748 

27.64xl0~ 6 

40.96xl0~ 6 

0.04095 

0.698 

260 

1036.5 

0.6621 

27.99xl0~ 6 

42.28xl0~ 6 

0.04157 

0.698 

270 

1038.6 

0.6499 

28.35xl0~ 6 

43.62xl0~ 6 

0.04218 

0.698 

280 

1040.7 

0.6382 

28.70xl0~ 6 

44.97xl0~ 6 

0.04279 

0.698 

290 

1042.9 

0.6268 

29.05xl0” 6 

46.34xl0~ 6 

0.04340 

0.698 

300 

1045.2 

0.6159 

29.39xl0~ 6 

47.72xl0~ 6 

0.04401 

0.698 

310 

1047.5 

0.6053 

29.73xl0~ 6 

49.12xl0~ 6 

0.04461 

0.698 

320 

1049.9 

0.5951 

30.07xl0~ 6 

50.53xl0~ 6 

0.04521 

0.698 

330 

1052.3 

0.5853 

30.41xl0 -6 

51.95x10 6 

0.04584 

0.698 

340 

1054.4 

0.5757 

30.74xl0~ 6 

53.39x10 6 

0.04638 

0.699 

350 

1056.8 

0.5665 

31.07xl0” 6 

54.85xl0~ 6 

0.04692 

0.700 
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T 

°C 

C p p 

J/kg-°C kg/m 3 

A 

kg/s-m 

V 

2 / 
m Is 

k 

W/m-°C 

a 

2 . 
m is 

P 

1/K 

Pr 

0 

4218 

999 8 

1.791 * 10 -3 

1 . 792 x 10 -* 

0.5619 

1 . 332 xl 0" 7 

- 0.0853 * 10" 3 

13.45 

5 

4203 

1000.0 

1 . 520 * 10" 3 

1 . 520 x 10 "* 

05723 

1 . 362 * 10" 7 

0 . 0052 xl 0" 3 

11.16 

10 

4193 

999.8 

1 . 308 * 10" 3 

1 . 308 x 10 "* 

0.5820 

1 . 389 xl 0" 7 

0 . 0821*1 O ' 3 

9.42 

15 

4187 

999.2 

1 . 139 * 10" 3 

1 . 140 x 10 "* 

0.5911 

1 . 413 xl 0" 7 

0 . 148 * 10" 3 

8.07 

20 

4182 

998.3 

1 . 003 * 10" 3 

1 . 004 x 10 "* 

0.5996 

1 . 436 xl 0" 7 

0207 * 10" 3 

6.99 

25 

4180 

997.1 

0 . 8908 * 10" 3 

0 . 8933 x 10 "* 

0.6076 

1 . 458 xl 0" 7 

0259 * 10" 3 

6.13 

30 

4180 

995.7 

0 . 7978 * 10' 3 

0 . 8012 x 10 "* 

0.6150 

1 . 478 * 10" 7 

0306 * 10" 3 

5.42 

35 

4179 

994.1 

0 . 7196 * 10" 3 

0 . 7238 x 10 "* 

0.6221 

1 . 497 xl 0" 7 

0349 * 10" 3 

4.83 

40 

4179 

992.3 

0.6531 * 10" 3 

0 . 6582 x 10 "* 

0.6286 

1 . 516 * 10" 7 

0389 * 10" 3 

4.34 

45 

4182 

990.2 

0 . 5962 xl 0" 3 

0 . 6021 x 10 "* 

0.6347 

1533 * 10" 7 

0 . 427 * 10" 3 

3.93 

50 

4182 

9880 

0 5471 x 1 O ' 3 

05537 x 10 "* 

0 6405 

1550 X 10" 7 

0 462 * 10" 3 

3.57 

55 

4184 

985.7 

0 . 5043 X 10" 3 

05116 x 10 "* 

0.6458 

1 366 xl 0" 7 

0 . 496 * 10" 3 

3.27 

60 

4186 

983.1 

0 4668 x 10 -3 

0 4748 x 10 "* 

0.6507 

1 . 381 xl 0" 7 

0 . 529 * 10" 3 

3.00 

65 

4187 

980 5 

0 . 4338 * 10" 3 

0 4424 x 10 "* 

0.6553 

1 . 596 * 10" 7 

0560 * 10" 3 

2.77 

70 

4191 

977 7 

0 4044 x 1 O ' 3 

0 4137 x 10 "* 

0.6594 

1 609 * 10' 7 

0 590 * 10" 3 

2.57 

75 

4191 

974.7 

0 . 3783 X 10 -3 

0 . 3881 x 10 -* 

0.6633 

1 . 624 * 10" 7 

0 619 * 10" 3 

2.39 

80 

4195 

971 6 

0 . 3550 * 10" 3 

0 3 653 x 10 "* 

0 6668 

1 . 636 * 10" 7 

0 647 * 10" 3 

2.23 

85 

4201 

9684 

0 3339 * 10" 3 

0 3448 x 10 "* 

0 6699 

1 647 * 10" 7 

0 675 * 10" 3 

2 09 

90 

4203 

965 1 

0 . 3150 * 10" 3 

0 . 3264 x 10 "* 

0.6727 

1 . 659 * 10" 7 

0 . 702 * 10" 3 

1.97 

95 

4210 

961 7 

0 . 2978 * 10" 3 

0 3097 x 10 "* 

0.6753 

1 . 668 * 10" 7 

0 . 728 * 10" 3 

1.86 

100 

4215 

958.1 

0 - 2822 * 10" 3 

02945 x 10 "* 

0.6775 

1 . 677 * 10" 7 

0 . 755 * 10" 3 

1.76 

120 

4246 

942.8 

02321 * 10" 3 

0 3461 x 10 "* 

0.6833 

1 . 707 * 10" 7 

0 . 859 xl 0" 3 

1.44 

140 

4282 

925.9 

0 . 1961 * 10" 3 

0 . 2118 x 10 "* 

0.6845 

1 . 727 * 10" 7 

0566 * 10" 3 

1.23 

160 

4339 

907.3 

0 . 1695 * 10" 3 

0 . 1869 x 10 "* 

0.6815 

1 . 731 * 10" 7 

1 . 084 * 10" 3 

1.08 

180 

4411 

886.9 

0 . 1494 x 1 O ' 3 

0 . 1684 x 10 "* 

0.6745 

1 . 724 * 10" 7 

1216 * 10" 3 

0.98 

200 

4498 

864.7 

0 . 1336 * 10" 3 

0 . 1545 x 10 "* 

0.6634 

1 . 706 xl 0" 7 

1372 * 10" 3 

0.91 

220 

4608 

840.4 

0 . 1210 X 10' 3 

0 . 1439 x 10 "* 

0.6483 

1 . 674 * 10" 7 

1563 * 10" 3 

0.86 

240 

4770 

8136 

0 1105 * 10" 3 

0 1358 x 10 "* 

0.6292 

1 . 622 * 10" 7 

1 806 * 10" 3 

0.84 

260 

4991 

783.9 

0 1015 xl 0' 3 

0 . 1295 x 10 "* 

0.6059 

1 549 * 10" 7 

2 . 130 * 10" 3 

0.84 

280 

5294 

750 5 

0 0934 xl 0' 3 

0 1245 x 10 -* 

0 5780 

1 455 * 10" 7 

2589 * 10" 3 

0 86 
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absorptivity, 8 
accuracy 

correlation equations, 295 
integral method, 163 
axial conduction, 109, 113, 213 
223, 228, 233, 236, 242, 262, 
345,348,353,376,387,389, 
391,400, 402 
B 

Blasius, 118, 119-131, 140, 144 
body force, 28, 39 
boundary conditions, 48, 204, 264, 
temperature jump, 354 
velocity slip, 354 
boundary layer, 99 
thermal, 100 

thickness, 103, 108, 110, 116, 
117, 121, 123, 125, 128 
viscous, 100, 101, 118, 269 
Boussinesq approximation, 46, 
261 
C 

Cartesian coordinates, 22, 27, 37, 
40 

coefficient of thermal expansion, 
39, 46, 47, 260 
compressibility, 39, 345, 349, 
353,356,368,373-376,386, 
391- 393,399, 401 


conservation of 

energy, 37, 38, 379, 413 
mass, 22 
momentum, 27 
constitutive equations, 29 
continuity equation, 22 
Cartesian coordinates, 22 
cylindrical coordinates, 24 
spherical coordinates, 25 
continuum, 2, 343-351 
convective derivative, 11 
correlation equations, 293-296, 
348 

accuracy, 295 
enclosures, 319-324 
external forced convection, 
294, 296 
cylinders, 302 
plates, 296-298 
spheres, 303 

external free convection, 311 
horizontal cylinders, 315 
horizontal plates, 314 
inclined plates, 313 
spheres, 316 
vertical cylinders, 315 
vertical plates, 311 
internal forced convection, 303 
entrance region, 303, 304 
fully develop, 309, 310 
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non-circular channels, 310 
limitations, 295 
other correlations, 328 
procedure for selecting, 295 
Couette flow, 71, 345-355, 356, 
365,368 

Cylindrical coordinates, 24, 32, 
41,42,392 

differential formulation, 21, 161 
dimensionless variables, 52 
dissipation, 39-43, 53, 350, 353, 
356,362 
divergence, 9 

Eckert number, 53, 353 
emissivity, 8 

energy equation, 37-48, 53, 69, 
101, 109-111, 123, 125, 141, 
146, 165, 175, 179, 180, 183, 
186, 190, 228,233,236, 243, 
252, 261,263,343,348,352, 
361,376,386,394, 402,413 
entrance length, 205-209 
entrance region, 203-207, 225 
exact solution, 69, 71, 161, 185, 
288 

external flow, 99, 115, 164, 166, 
167, 206, 207, 225,295,302 

film temperature, 130, 271, 275, 
295,299,314 
flow classification 

continuum, no-slip, 347 
continuum, slip, 347 
free molecular, 347 
transition, 347 
forced convection, 21,54 
correlation, 293-310 
Fourier’s law, 3 
free convection, 21, 259 

correlations, 311-316, 319-324 
enclosures, 319-324 
inclined plates, 313 
free molecular flow, 347 


friction coefficient, 117, 122, 172, 
351 

friction factor, 310, 350 
fully developed flow, 70, 205, 
214, 236, 238,243,350,351, 
399 

fully developed temperature, 206, 
229-237, 377, 388, 394, 395 
G 

governing equations, 51,54, 260, 
349 

gradient, 10 
Graetz, 242, 402 
Grashof number, 53, 260, 264 
H 

heat flux, 4, 123,204,212, 225, 
231,236, 237,387, 391,402 
heat transfer coefficient, 6, 55, 86, 
123, 128, 136, 148, 177, 180, 
190, 222, 226, 245, 267, 273, 
285, 290, 297, 306, 346, 375 
hydrodynamic entrance length, 
206-209 

hydrodynamic entrance region, 
206, 209 

I 

ideal gas, 41,371,374 
inclined plates, 279, 313 
integral 

formulation, 161,279 
method, 161, 279 
solutions, 170, 283 
isotropic, 5 
J 

joule, 13 
K 

Knudsen number,2, 343, 347, 

349, 364, 370, 373, 382, 388, 
391, 399, 404 
L 

laminar boundary layer, 99, 116, 
140, 143, 426 
local derivative, 11 
local Nusselt number, 55, 124, 
129, 142, 149, 178, 179, 184, 
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254, 268, 269, 275, 276, 285, 
296, 298,311 
M 

Mach number, 353, 354 
mass flow rate, 357, 359, 361, 
368,374,375,386,389,393 
mean free path, 2, 343-349, 369 
mean temperature, 211-220, 233, 
235, 244-246, 269, 304, 306, 

360.361.375.376.379.381, 
387, 389, 394,397, 402 

microchannels, 343, 346-348, 370, 
389 

micron, 346 
N 

Navier-Stokes equations, 27, 31, 
32, 53, 99, 343, 348, 352, 392 
Newton, 13 

Newton’s law of cooling, 6 
no-slip condition, 48, 100 
no-slip flow, 368 
no-temperature jump, 343, 347 
no-velocity slip, 343 
Nusselt number, 55, 129, 142, 

149, 177, 179, 186, 224, 227, 
230, 231,235,237, 245,246, 
253, 268, 285, 287, 288, 296, 
298,303,304,311,312,315, 

316.352.360.364.375.382, 
384, 393, 404 

O 

operator V, 9 
other correlations, 328 
P 

Peclet number, 100, 112, 228, 
302,353,404 

Pohlhausen, 125, 127, 130, 298, 
422 

Poiseuille, 77, 355, 368, 386, 391, 
402 

Poiseuille number, 351 
Prandtl number, 53, 54, 66, 68, 
101, 126-129, 143, 147, 148, 
175, 187, 192, 207,212, 225, 
228, 236, 260, 266, 267, 269, 


275, 280, 288, 289, 294, 302, 
309, 320, 349 

Properties 
air, 429 
water, 430 

rarefaction, 345, 349, 364, 368, 
369,370,373,375,383,391, 
392, 393, 399, 404 
Rayleigh number, 187, 188, 195, 
208,225,260, 261,271,275, 

276, 278, 287 

Reynolds number, 22, 53, 54, 

100, 108, 112, 122, 130, 149, 
177, 184, 188,206, 207,226, 
228,240, 241,309,351,364, 
390 

rotating flow, 86 

scale analysis, 59, 103, 110, 117, 
123,206, 224, 231,369 
slip flow, 348, 350, 355, 356, 365, 
366, 383, 390 

similarity parameters, 54, 55 
similarity transformation, 119, 
125, 141, 146, 248,274, 427 
spherical coordinates, 21, 25, 33, 
34, 42 

Stefan-Boltzmann law, 8 
substantial derivative, 11 
surface force, 28, 344 

temperature jump, 344, 344, 347- 
349,354,355,361,364,365, 
382, 392, 394, 407 
thermal 

boundary layer, 100, 109-111, 
113, 122, 123, 125, 128, 136, 
153, 169, 174,, 178, 183, 191, 
260, 262, 272, 279 
conductivity, 4 
tables, 429, 430 
diffusivity, 260 
entrance length, 206, 208, 209 
entrance region, 242 
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thermodynamic equilibrium, 2, 3, 
343, 344, 347-350 
total derivative, 11 
total differential, 10 
transition 
flow, 347 

Rayleigh number, 260 
Reynolds number, 22, 203 
turbulent flow, 22 
U 

units, 12 
V 

variable surface temperature, 140, 
426 

velocity 

derivative, 9 

slip, 343-345, 347, 348, 350, 
354,355,365 
vector, 9 

viscous boundary layer, 70, 87 
W 


watt, 13 



